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Abstract
Black holes (BHs) are one of the most exotic objects found in the Universe. They fall into
a class of astrophysical objects termed as compact objects. Apart from BHs, neutron stars
(NSs) and white dwarfs (WDs) also fall into this classification. Such a name ‘compact’
is derived because, all these objects have very high values of compactness ratio (CR )
which is defined as the ratio of the mass of the object to its radius. CR of compact
objects are generally > 100 times than that of a normal Sun-like star. This high CR
is responsible for their large surface gravitational potentials and hence, they exhibit a
phenomena called accretion, which is the most efficient mechanism known till now, to
convert the gravitational potential energy of the matter into radiation. The accretion
flows around compact objects carry imprints of the nature of the central object. Hence,
modelling of accretion flows is necessary. Based on this theme, we carried out our thesis
work.
One of the processes that play a significant role in the accretion physics of a BH
system as well as in shaping the spectrum is — production of e+

e

pairs and their

annihilation. In this thesis, we aim to address and study the e↵ect of pairs in accretion
flows around BHs, in addition to computing the emitted spectrum. The pairs are mostly
assumed to be produced from the interaction of photons present in radiation fields created
due to di↵erent dissipative processes like bremsstrahlung, synchrotron and their respective
inverse-Comptonizations. These pairs can annihilate giving rise to an additional radiation
field. We found from the analysis done, that pairs are indeed responsible for shaping
the observable spectrum. They play a significant role, especially in those systems which
harbour large radiation fields. One of the interesting results of this work is the presence
of a distinct annihilation bump near ⇠ me c2 in the spectrum. This feature was found
consistently in all the solutions, where ample of pairs were produced. Also, we found an
increase in luminosity in the accreting system, due to the production of pairs.
The above work was done in one-temperature regime. One-temperature solutions are
important to the extent that, it gives a general idea about the flow behaviour, its dynamics
as well as energetics. It can extract the essential qualitative features of the flow without
getting involved into the other complexities of an accreting system. But, to accurately
extract the luminosity and spectra of an accretion flow, one needs to have information of
electron temperature (Te ) inside the flow, which may or may not be comparable to proton
temperature (Tp ). Thus, we also investigated extensively two-temperature accretion flows
in this thesis.
xi

We identified one of the major problems present in two-temperature theory which
is ‘degeneracy’. This degeneracy is caused because of the increase in number of flow
variables, without any increase in the number of governing equations, i.e. now instead of a
single temperature, we have two di↵erent temperatures, Te and Tp . But, there is no known
principle dictated by plasma physics which may constrain the relation between these two
temperatures, at any point of the flow. This problem is not new and has been skirted out
by many authors by parametrising Te and Tp or assuming Te (or Tp ) value at any boundary
or by some other arbitrary assumptions. This thesis work addressed and investigated this
issue for the first time. Also, a novel methodology has been proposed to remove the
degeneracy such that a given set of constants of motion harbour a unique solution. This is
the main highlight of my thesis work. We validated the proposed methodology on di↵erent
compact objects (BHs and NSs) as well as di↵erent types of accretion flows (spherical,
rotating and accretion along magnetic funnels). The degeneracy is irrespective of the
nature of central object. This is the first time, to the best of our knowledge, that such
work has been done. After constraining degeneracy we studied and analysed the spectrum
of the unique two-temperature accretion solutions around these objects.
Thus, in short, this thesis aims to study accretion flows around compact objects, specifically BHs and NSs, alongwith analysing their spectrum, for a broad range of parameter
space.
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NOTATIONS AND ABBREVIATIONS
The most commonly used notations and abbreviations in the thesis are given below. If a
symbol has been used in a di↵erent connection than listed here, it has been explained at
the appropriate place.

Notations
e or e

Electron

e+

Positron

p

Proton

M

Mach number

M⇤

Mass of a star

M

Mass of Sun

MBH

Black hole mass

R⇤

Radius of a star

R

Radius of Sun

CR

Compactness ratio

T

Temperature

⇥

Dimensionless temperature

n

Number density (in units of cm

nl

Number density of leptons (in units of cm

⇠

Composition parameter= np /ne

3)
3)

Ratio of mass of electron to mass of proton = me /mp
⇢

Mass density (in units of g/cm

e

Energy density

m

Mass

p

Isotropic gas pressure

h

Specific enthalpy

3)

Adiabatic index
N

Polytropic index

r

Radial distance

rs

Schwarzschild radius = 2GMBH /c2

rg

Unit of distance (radius), defined as GMBH /c2

rci

Inner sonic point

rcm

Middle sonic point

rco

Outer sonic point
xv

rsh

Shock location

rps

Primary shock location

rss

Secondary shock location

rcorot

Co-rotation radius

rd

Disc radius

v

Velocity

uµ

Components of four-velocity

g µ⌫

Metric tensor components
Lorentz factor

as

Sound-speed

t

Timescales

H

Half-height

✓c

Angle which the surface of the flow makes with the normal

✓o

Angle within which photons will be captured by the BH

P

Period

B

Magnetic field

a⇤

Black hole spin parameter
Specific angular momentum

l or u

Covariant azimuthal component of four-velocity

L

Luminosity

LEdd

Eddington luminosity

LA

Accretion luminosity

Lb

Local bulk angular momentum

L0

Bulk angular momentum at the horizon

⌘r

Radiative efficiency

⌘v

Viscosity coefficient

⌫

Frequency (in Hz)

⌫v

Kinematic viscosity

↵

Spectral index

↵v

Shakura-Sunyaev viscosity parameter

↵f

Fine-structure constant
Ratio of magnetic pressure to gas pressure

d

Uncertainties in the heating due to magnetic energy dissipation

v

Fraction of viscous energy dissipated which is transferred to protons

B

Fraction of magnetic energy dissipated which is transferred to protons
xvi

E

Canonical form of Bernoulli constant

E

Generalized Bernoulli constant

ENF

Energy from nuclear fusion

EA

Energy released due to accretion

Q+

Heating rate

Q

Cooling rate

Qv

Heating due to viscous dissipation

QB

Heating due to magnetic dissipation

Q

Di↵erence in heating and cooling rates (Q+

Q )

⇣

Enhancement factor relating to Comptonization

CR

Compression ratio

S

Shock strength
g

Gravitational potential energy

PWP

Paczyńsky and Witta potential

centri

Energy due to centrifugal force
Magnetic flux function

Ṁ

Accretion rate

ṀEdd
M˙

Eddington rate

in

Values near horizon

⌧es

Optical depth

G

Gravitational constant

c

Speed of light

k

Boltzmann constant

ec

Charge of an electron

re

Electron radius

ln ⇤

Coulomb logarithm

T

Entropy accretion rate

Thomson scattering cross-section

Abbreviations
ADAF

Advection-Dominated Accretion Flow

AGN

Active Galactic Nucleus

ARIES

Aryabhatta Research Institute of observational SciencES

BH

Black Hole
xvii

CR EoS

Chattopadhyay & Ryu Equation of State

CV

Cataclysmic Variable

EHT

Event Horizon Telescope

EoM

Equations of Motion

EoS

Equation of State

Eq

Equation

Fig

Figure

GR

General-Relativistic

HD

Hydro-Dynamic

HMXB

High-Mass X-ray Binary

ISCO

Inner Stable Circular Orbit

LMXB

Low-Mass X-ray Binary

MCP

Multiple Critical Point

MHD

Magneto-Hydro-Dynamic

MVB

Multi-Valued Branch

NP

Newtonian Potential

NS

Neutron Star

PA

Peitz & Appl

PWP

Paczyńsky & Witta Potential

SB

Supersonic Branch

SC19a

Sarkar & Chattopadhyay, 2019a

SLE76

Shapiro, Lightman & Eardley, 1976

SS

Shakura & Sunyaev

SSD

Shakura & Sunyaev Disc

TS

Transonic Solution

WD

White Dwarf

XRB

X-Ray Binary

YSO

Young-Stellar Object
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right side), while each panel shows curves corresponding to di↵erent L0 s.
The flow parameters are same as in Fig. 3.21. . . . . . . . . . . . . . . . . . 64
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with Ṁ (normalised with respect
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Chapter 1

Introduction
1.1

Overview

Black Holes (BHs) are one of the most exotic objects found in the Universe. They cannot
be directly observed (hence, ‘black’), but it is possible to map their environment and guess
their presence by studying the physics of matter around them. Using this concept, the
Event Horizon Telescope (EHT) gave us the first-ever image of a BH or, more appropriately, its ‘silhouette’ on April 10, 2019, ruining all the criticisms prevailing on its existence
(Event Horizon Telescope Collaboration et al., 2019). This major breakthrough in the
history of science has opened up a new window to understand BH physics and test the
general theory of relativity in an altogether new perspective and dimension. From science
to technology, EHT has indeed enlarged the horizon of physics. This chapter briefly introduces BHs and other compact objects like neutron stars (NSs) and white dwarfs (WDs).
The aforementioned objects also exhibit exotic phenomena around them, for example,
accretion. This will be discussed, along with a brief history of the developments made to
model and hence understand these objects. In the end, the motivation behind this thesis
work will be presented.

1.2

Compact Objects

BHs fall into a class of astrophysical objects known as Compact Objects. NSs and WDs
also fall into this classification. These objects share some basic common features. Firstly,
they represent the end products of stellar evolution, that is, when a star dies. Thus, these
objects are unable to restrict the gravitational collapse by generating thermal or radiation pressure. While WDs are supported by the pressure exerted by degenerate electrons,
1
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NSs are supported by the pressure of degenerate neutrons. When these degeneracy pressures are insufficient to halt a gravitation collapse, BHs are formed. BHs are completely
collapsed objects: collapsed to singularities, making them one of the most spectacular
objects found in the Universe. The second reason, because of which these objects are
grouped together, is their extremely small size, which is quantified using a ratio called the
compactness ratio (CR ). This is defined as the ratio of the mass of the star (M⇤ ) to the
radius of the star (R⇤ ). Thus, CR = M⇤ /R⇤ , values of which, in the case of WDs, NSs and
BHs are written below in Table 1.1, in decreasing order.
Table 1.1: Properties of compact objects
Object
Black hole
Neutron star
White dwarf
Sun-type star
†

Mass (M⇤ )

†

Radius (R⇤ )

& 3 109 M
⇠ 1 3M
⇠ 1M
1M

†

rs ' 3(M⇤ /M ) km
⇠ 10 km
⇠ 7 ⇥ 103 km
⇠ 7 ⇥ 105 km

CR = M⇤ /R⇤
1
0.3 0.9
4.2 ⇥ 10 4
4.2 ⇥ 10 6

The values quoted are, as per the current understanding, and the limits are still highly
debatable (Shapiro & Teukolsky, 1983). Values of CR are in units of 2G/c2 .

In this table, rs = 2GM⇤ /c2 , is the Schwarzschild radius, where G is the Gravitational
constant and c is the speed of light. M
1.989 ⇥

1033

gm) and solar radius (R

and R

= 6.960 ⇥

represents the solar mass (M

1010

=

cm) respectively. The BH values

mentioned in the first row of Table 1.1, is for a Schwarzschild (non-rotating) BH. In the
p
case of rotating BHs or Kerr BHs, R⇤ = (1+ 1 a2⇤ )rs /2, where a⇤ is the spin parameter
that varies between 0, representing a Schwarzschild BH, to 1 which represents a maximally
rotating Kerr BH. This suggests that R⇤ is further decreased with the increase in spin of
the BH. This will increase the CR further. We can conclude that CR of compact objects
are generally more than 100 times the CR of a Sun-like star. The exceedingly small size
in compact objects is responsible for their large surface gravitational potentials, implying
that general relativity plays an important role in these systems.

1.3

Observing Compact Objects

WDs have long cooling timescales, because of which it can essentially be observed in the
optical wavelengths. NSs have strong magnetic fields, the magnetic moment of which, if
misaligned with the star’s rotation axis, gives periodic pulses. These objects are known as
pulsars and can be observed as a strong radio source in the sky. BHs, on the other hand,
are completely ‘black’ (as the name suggests) and hence cannot be observed directly. The
2
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gravity is so strong that no information can escape. However, it can be observed indirectly
through the e↵ect it exerts on its environment. The extreme CR enables them to exhibit
a phenomenon called ‘accretion’. BHs can solely be detected from the enormous amount
of energy they liberate through this process. In the Universe, BHs are found with mass
ranging from stellar-mass to super-massive. Stellar-mass BHs accrete matter from their
binary counterpart and are visible in the sky as X-ray binaries (XRBs). Super-massive
(⇠ 106

109 M ) BHs, on the other hand, can feed on an entire galaxy. Centres of such

active galaxies are famously known as the Active Galactic Nuclei (AGN) and are one of
the brightest sources observed in the Universe. Some super-massive BHs could also be
inactive, like Sgr A⇤ , a 106 M

BH located at the center of our own galaxy, the Milky

Way. Not only BHs, NSs and WDs have also been found to be accreting matter from
a companion star and are popularly known as accreting X-ray pulsars and Cataclysmic
Variables (CVs), respectively.

1.4

The Theory of Accretion

Before the 21st century, when stars and their assemblies were the sole observable objects in
the sky, people believed that nuclear energy is the primary energy source in the Universe.
But things got revolutionised after the discovery of quasars, which made it apparent
that nuclear energy is insufficient to power these quasi-stellar objects. At this time,
accretion onto compact objects was realised as a potential mechanism to explain the
enormous amount of energies released. Presently, the observational evidence of accretion
discs around young-stellar objects (YSOs), CVs, accreting X-ray pulsars, high-mass X-ray
binaries (HMXB), low-mass X-ray binaries (LMXB) and AGNs, have placed us beyond
doubt that accretion is a natural, efficient and powerful mechanism to explain high-energy
emissions.
Accretion is defined as the accumulation of matter from the ambient medium, onto an
object, due to its gravitational pull. During this process, the gravitational potential energy
of the accreted matter is extracted, leading to the release of huge amount of energies. We
compare below the efficiency of the energy sources mentioned before.
(a) Nuclear energy: Nuclear fusion involves the conversion of four hydrogen atoms to
one helium atom. The energy released during this process is:
ENF = 7 ⇥ 10

3

mc2 ,

(1.1)

suggesting that the efficiency of this reaction is ⌘NF = 0.007, which is adequate enough to
3
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power a star.
(b) Gravitational energy: If a mass ‘m’ falls from infinity onto a star of mass M⇤ and
radius R⇤ , then the energy released due to accretion is:
EA =

GM⇤ m
.
R⇤

(1.2)

From the above formula, it is evident that the efficiency of accretion strongly depends on
the M⇤ /R⇤ ratio or the compactness ratio (CR ).
But it is important to note here that Eq. 1.2 refers to 100% efficient energy conversion
(gravitational energy to radiation). In general, this energy conversion is limited by an
efficiency factor, ⌘ r . Thus, we have:
EA = ⌘ r

GM⇤ m
.
R⇤

(1.3)

The inner boundary conditions, flow structure and other factors regulate the efficiency.
This will be dealt with, in more details, in the later chapters.
If we express the radius of the star in terms of Schwarzschild radius (rs = 2GM⇤ /c2 ),

that is R⇤ = Frs , then from Eq. 1.3, we have,

EA = ⌘ r

mc2
.
2F

(1.4)

Thus, the energy released due to accretion is of the order of rest-mass energy of the matter
(mc2 ) falling onto the object. Thus, for compact objects whose radius is small (value of
F is low), the amount of energy released is significant. For objects other than these, e.g.
normal stars, the energy yield is small, and accretion is not a viable mechanism that can
power them.

1.4.1

Eddington Limit

Increasing the accretion efficiency of a system suggests that the luminosity obtained would
also increase. But this increase in luminosity cannot go on forever and hence cannot be
infinite. Eddington limit helps to set an upper limit on the maximum luminosity of an
astronomical object. Let us consider a particle of mass ‘m’ being accreted by a central
gravitating object. But the radiation pressure present inside this gas cloud would try to
push the particle outwards. When this pressure is significant, the accretion process can
be halted. This limiting value, when the gravitational attraction on a particle is balanced
by the radiation pressure, is called the Eddington limit. The corresponding luminosity
4
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and accretion rate is known as Eddington luminosity (LEdd ) and Eddington rate (ṀEdd )
respectively. The expression for Eddington luminosity is:
LEdd =
where,

T

4⇡GM⇤ mp c
T

38

' 1.26 ⇥ 10

✓

M⇤
M

◆

erg s

1

(1.5)

is the Thomson scattering cross-section. To derive the above expression, a

spherically symmetric fully ionized gas cloud was considered, where the protons and electrons were assumed to be coupled strongly through Coulomb force. Thus, the above
estimation is crude. Despite all the caveats, this limit gives us a proper qualitative picture
of the system and is frequently used as a standard unit in many astrophysical cases.
We define here a relation between accretion luminosity and accretion rate of a system.
The accretion luminosity obtained, when kinetic energy of the infalling matter, accreted
at the rate of Ṁ (g/s) is converted into radiation:
LA = ⌘ r

GM⇤ Ṁ
= ⌘ r Ṁ c2 .
R⇤

(1.6)

where, ⌘ r has been defined in Eq. 1.3. Equating this equation with Eq. 1.5, we define the
Eddington rate as:
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M⇤
M

◆

gs

1

(1.7)

The above standard Eddington values discussed are of prime importance and will be
frequently used throughout this thesis work, as and whenever required.

1.4.2

Foundations Of Accretion Theory: Advances In Modelling Of
Accretion Flows

The theory of accretion began in 1939 with the seminal work by Hoyle & Lyttleton. This
paper introduced the concept of accretion and obtained for the first time, a formula for
the accretion rate of an object. Thereafter, a lot of accretion models have been developed
from time to time in order to match with the latest observations. In this section, we briefly
introduce them, based on accretion flow structure.
Spherical flows or Bondi flows
In 1952, Bondi gave the first full analytical solution for spherical accretion flows (also
known as ‘Bondi flows’), around a static gravitating star. In this type of flow, the matter
is assumed to be radially falling upon the gravitational attraction of the central object.
Fig. 1.1a represents a spherically symmetric accreting system. This theory is also relevant
5
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for the case of stellar winds (Blumenthal & Mathews, 1976; Holzer, 1977; Parker, 1962,
1965). But it took ten years, until the discovery of quasars and X-ray sources in 1960s,
after which accretion phenomena gained popularity. Salpeter (1964) and Zel’dovich (1964)
concluded that accretion onto “extremely massive objects of relatively small size” is the
only plausible mechanism that could drive and power the luminous objects found in the
Universe. But unfortunately, these authors could not explain the observed luminosities
using the Bondi accretion model (known at that time). The matter being radially falling
have short infall timescales compared to their cooling timescales, leading to low radiative
efficiency of such flows (Michel, 1972).

(a) Spherical accretion

(b) Rotating flow

(c) Magnetised accretion flow

Figure 1.1: Accreting systems distinguished on the basis of flow structure, where (a)
represents a spherical accretion flow or popularly known as Bondi flow, (b) general rotating
flow or a flow with angular momentum and (c) magnetised accretion flow or funnel flow.

Rotating flows
The low radiative efficiency of Bondi flows led to the development of the famous Shakura
& Sunyaev disc model (SSD) or the Keplerian disc model in 1973. In this model, mat6
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ter is assumed to be rotating in Keplerian orbits with an anomalous viscosity removing
angular momentum outwards, to accrete matter inwards. Fig. 1.1b represents a general
rotating accretion flow. The assumption of a rotation-dominated disc, allowed the matter
to radiate for longer durations, increasing the radiative efficiency. An SSD disc produces
a multicoloured blackbody spectrum, owing to its optically thick nature. Hence, it could
successfully regenerate the thermal component in the spectrum of compact objects, but
could not explain the high energy non-thermal part present in those spectrums. In addition, the assumption of Keplerian angular velocity at each annulus implied that the
disc is arbitrarily terminated at the inner stable circular orbit or ISCO. Soon, SSD was
found to be thermally and secularly unstable (Lightman & Eardley, 1974; Pringle et al.,
1973). Thorne & Price (1975) argued that this instability could expand the inner region of
SSD into a gas-pressure dominated region, which is optically thin and geometrically thick.
Shapiro et al. (1976) (hereafter, SLE76) assumed this pu↵ed up region to be fully ionised
and composed of protons and electrons, described by two di↵erent temperature distributions. This theory is popularly known as two-temperature modelling. Using this model, the
non-thermal component of Cygnus X-1 spectrum (available at that time), spanning from
8 to 500 keV, was successfully explained. Unfortunately, this model was also found to be
thermally unstable (Piran, 1978), but this paper served as one of the cornerstones in the
two-temperature accretion theory. Thick-accretion disc models then came into existence,
which could explain the observation of sources with high Eddington rates (Abramowicz
et al., 1980; Paczynski & Abramowicz, 1982).
The models that have been discussed hitherto did not deal with the advection term
properly. The heating and cooling rates inside a system need not be equal, and some
part of the heat could be advected inwards, along with the bulk motion of the flow.
In 1988, Abramowicz et al. extensively investigated advection in their ‘slim’ optically
thick accretion disc model and found that the solutions obtained were thermally and
viscously stable. The importance of advection in inducing stability in the system was
further demonstrated, using self-similar solutions, by Abramowicz et al. (1995); Narayan &
Yi (1994, 1995). These discs are today broadly classified as advection-dominated accretion
flows or ADAFs (Bisnovatyi-Kogan & Lovelace, 1997, 2001; Ichimaru, 1977).
A conclusion can be drawn from the above discussions that an accretion flow need
not be Keplerian everywhere but can also be sub-Keplerian or a combination of both
(Chakrabarti & Titarchuk, 1995). Also, flows around compact objects are generally transonic in nature. Subsequently, there was a significant body of work done by several authors
on advective, transonic flows where they did not focus on any particular accretion disc-type
7

1. INTRODUCTION

but obtained global class of accretion solutions (Chakrabarti, 1989, 1996; Chattopadhyay
& Chakrabarti, 2011; Chattopadhyay & Kumar, 2016; Fukue, 1987; Kazanas et al., 1997;
Kumar et al., 2013; Liang & Thompson, 1980).

High energy pair-production processes: It is interesting to note here that, the hot
accretion flows around compact objects predict electron temperatures which are conducive
for the production of e+

e pairs. The production, as well as annihilation of pairs might

play a significant role in accretion disc dynamics as well as in shaping the observable
spectrum. Herterich (1974) concluded that this process could significantly change the
composition of the flow as well as the radiative output of the system. In 1979, Liang
proposed one of the first models of an optically thin accretion disc solution, including pair
production. He found an order of magnitude reduction in electron temperature because
of enhanced cooling by these pairs. Lightman & Zdziarski (1987) studied the importance
of pairs in AGNs and concluded that luminosities could be significantly reduced in the
presence of pair production. Kusunose & Takahara (1988, 1989, 1990) in a series of papers,
extensively investigated the e↵ect of pairs in two-temperature accretion flows around BHs,
where they assumed pair equilibrium. These papers covered almost all photon generation
processes leading to the production of pairs: bremsstrahlung, synchrotron, their inverseComptonizations and external soft photons. But they found that forbidden regions would
be formed when accretion rates exceed a certain critical value, which is characteristic of the
type of photon distribution present in the system. No steady-state solutions are possible in
these regions. The reason for its formation was later found to be the enforcement of pair
equilibrium, even in situations where pair production rate exceed the pair annihilation
rate (White & Lightman, 1989).
Self-consistent two-temperature works, including pairs, were conducted by Park & Ostriker (1989) and Park (1990), where they assumed spherical flows and implemented proper
radiation hydrodynamic equations. They found that pair production and its annihilation
rates are generally unequal and hence, the system does not satisfy pair equilibrium. They
concluded that pair production can make the system 10-100 times more luminous. After
ADAFs became popular, Kusunose & Mineshige (1996) investigated the e↵ect of pairs in
these disc models (also see, Esin, 1999). They concluded that advection provides stability
to the solutions, and pairs have negligible e↵ect in these systems. Even after the host of
works done till now, the importance of pairs in accretion flows around BHs is still highly
debatable.
8
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Flows around strongly magnetised stars
In 1970s, a large number of pulsating X-ray sources were discovered, like Centaurus X-3
and Hercules X-1 (Giacconi et al., 1971; Schreier et al., 1972; Tananbaum et al., 1972).
These observations led to the realisation that the central object can be a rotating magnetised star, emanating huge luminosities due to the accretion of matter from a binary
companion. The misalignment between the star’s magnetic axis and rotation axis, gives
rise to this peculiar pulsating behaviour. Qualitative features of accretion flow around
magnetised rotating stars were first described in details by Lamb et al. (1973). The magnetic field of a compact star has negligible influence on the matter which is very far away.
But, for matter near the star’s surface, strong magnetic fields dictate the dynamics of the
accretion flow (Davidson & Ostriker, 1973; Pringle & Rees, 1972). In such a case, accretion
occurs in the form of a disc up to a certain radius, where gas pressure and matter energy
density are comparable to the magnetic energy density, after which matter gets channelled
along the magnetic field lines until it hits the poles of the star. This phenomenon is known
as a magnetised accretion flow or funnel flow. For matter to channel from the disc and
rise along the field lines, field penetration theories were proposed (Ghosh & Lamb, 1979).
Study on magnetised rotating stars, where the central object could either be an NS, WD,
YSO or a T Tauri star, with aligned dipole magnetic field in the magnetohydrodynamic
(MHD) regime, has been carried out by Ghosh & Lamb (1979); Koldoba et al. (2002);
Lovelace et al. (1986, 1995) etc. Although the axes were aligned, these works successfully
brought out the essential features, allowing us to deeply understand magnetised funnel
flows.
The compact stars discussed here, possess hard surface; thus, the study of surface
boundary condition is necessary (Fukue, 1987). Most of the works discussed above did
not deal with this properly or took recourse to simplifying assumptions (Karino et al.,
2008; Koldoba et al., 2002). Li et al. (1996) suggested that, as the matter reaches the
star’s surface supersonically, it will form a shock there. This shock would enhance the
dissipation processes, making the flow radiate away all its kinetic energy, such that the
matter can slowly settle down onto the star’s surface. Thus, it was conjectured that most
of the emission would be contributed from the post-shock region. A lot of works hence,
focused just on this post-shock accretion column, which enabled them to study in detail
the emission processes leading to the observable spectrum (Arons et al., 1987; Becker,
1998; Becker et al., 2012; Becker & Wol↵, 2005a,b, 2007; Davidson, 1973; Wol↵ et al.,
2019). It was emphasised in these works that Comptonisation is a very important radia9
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tion mechanism in accretion-powered pulsars and contribute significantly to the observed
spectrum.
To obtain a proper picture of accretion flow around magnetised compact stars, it is
imperative to obtain the global accretion solution that connects the flow from the accretion
disc to the NS surface via a surface shock. Also, proper treatment of radiative processes
should be considered, which help in cooling and settling down the matter at the star’s
surface. This was done by Singh & Chattopadhyay (2018a,b) (hereafter, KSC18a; KSC18b,
respectively). They obtained global accretion solutions for a wide range of parameter
space. In addition, the transonicity of the flow and the surface boundary conditions were
also taken care of.

1.5

One-Temperature And Two-Temperature Accretion
Flows

The extreme gravity around compact objects makes the infalling matter very hot, such
that it is fully ionised. Hydrogen being the most abundant element in the Universe, an
ionised plasma consists of protons (p) and electrons (e ). Each species, because of their
di↵erent masses, exhibit di↵erent values of relaxation timescales. Apart from the intraspecies interaction, they are bound together by a Coulomb coupling term, which serves to
exchange energy between them.
The importance of the Coulomb force in astrophysical flows has been investigated by
several authors, few important being by Colpi et al. (1984); Gould (1981); Park (1990);
Spitzer (1962); Stepney (1983); Yuan & Narayan (2014); Yuan et al. (2003). They argued
that, in accretion flows around compact objects like BHs, NSs and WDs, electrons and
protons are thermally decoupled and possess di↵erent temperature distributions (Te 6= Tp ,
where Te is the electron temperature and Tp is the proton temperature). There are various
reasons which support this conjecture. They have been elaborately discussed below.
(1) Timescales: The timescale of the Coulomb coupling interaction (te

p)

is larger than

the infall timescale (tinf ). Thus, before the electrons and protons interact and achieve a
one-temperature distribution, they fall towards the central object. We investigate this in
greater details below.
A system is said to be thermally relativistic when the thermal energy (kT , where k
is the Boltzmann constant, T is the temperature of the matter flow) is greater than or
equal to the rest-mass energy of the matter constituting the system (mc2 ). For protons
to be relativistic, Tp > mp c2 /k ' 1.01 ⇥ 1013 K, value of which is too high to be viable
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1.5 One-Temperature And Two-Temperature Accretion Flows

inside accretion flows around compact objects. On the other hand, because of the lower
mass of electrons, they become relativistic even at lower temperatures. A temperature
of Te > me c2 /k & 6 ⇥ 109 K is sufficient for electrons to become relativistic. It is to be
noted that subscripts e and p used before represent electrons and protons, respectively.
In astrophysical scenarios, the temperatures present in accretion flows are such that,
electrons are generally relativistic in nature while protons remain non-relativistic. Or, in
other words, ⇥e = kTe /(me c2 )

1 or relativistic and ⇥p = kTp /(mp c2 ) ⌧ 1 or non-

relativistic. Under these circumstances, the relaxation timescales for e-p collisions (in
units of second) can be simplified to (Gould, 1981; Stepney, 1983):
te

3ck me mp
=
4⇡e4c ln ⇤ n

p

✓

Te
me

◆

' 3.1 ⇥ 107

1
Te .
n ln ⇤

(1.8)

Here, ec is the charge of an electron, ln ⇤ is the Coulomb logarithm, and n is the number
density in units of cm

3.

Assuming charge neutrality in the system, ne = np = n.

We define here another timescale, which is called the infall timescale (tinf ). This is the
time taken by a fluid element at radius r (say, in units of rs ), with velocity v (in units of
c), to get accreted by the compact object of mass M⇤ . The expression (in units of second)
is given as,
tinf

rrs
=
' 10
vc

5

⇣r⌘✓ M ◆
v

M

⇤

.

(1.9)

To compare the infall timescale with the Coulomb coupling timescale, we assume a simplified model, where the infall velocity is equal to the free-fall velocity. This will give
p
a relation, v = 1/r. The number density would then vary as, n / r 3/2 , assuming
a spherical accreting system with constant mass-flux (Ṁ ). Thus, we can define n(r) as
(Colpi et al., 1984):
n(r) =

Ṁ
' 1.8 ⇥ 1017 r
4⇡(me + mp )(rrs )2 (vc)

3/2

Ṁ18 M10

2

.

(1.10)

where, M10 is the mass of the compact object in terms of 10M , and Ṁ18 is the accretion
rate in units of 1018 g/s. Simplifying Eqs. 1.8 and 1.9, using Eq. 1.10 we have:
te
and

p

tinf

1 3/2

= 0.2 ln ⇤
= 10

r

4 3/2

r

M10 .
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Dividing tinf by te

p

using the above expressions, we get:
tinf
' 5 ⇥ 10
te p

3

Ṁ18 M101

✓

Te
109 K

◆

1

,

(1.13)

where, we have assumed ln ⇤ = 10. Thus, as mentioned before, the condition for a flow
to be of two-temperatures is, tinf < te

p,

i.e., the flow does not give enough time (shorter

infall timescale) to the species to settle down into a single temperature distribution. We
can see from Eq. 1.13 that for any temperature Te > 106 K, tinf /te

p

< 1, for a 10M

object with accretion rate, Ṁ18 = 1. For M10 > 1, two-temperature condition is achieved,
even for low temperatures. It is to be noted that the aforementioned values are reasonable
for general astrophysical cases. Hence, we can conclude that the infall timescales are generally shorter than Coulomb coupling timescales, and a two-temperature accretion flow is
a reasonable expectation.
(2) Mass di↵erences: Protons are more than 1000 times heavier than electrons, because
of which it remains non-relativistic even if the temperature of the flow is high. In comparison, electrons become relativistic even at lower temperatures, as have been discussed
before. Thus, the adiabatic index ( ) of electrons is ⇠ 4/3, while for protons,

⇠ 5/3.

Under adiabatic conditions, compressional heating (arising due to accretion of matter onto
a compact star), would follow the relation for temperature as T / ⇢
Te /

⇢1/3 ,

while Tp /

⇢2/3 .

1.

Thus, we have

Hence, protons and electrons are di↵erently heated and a

two-temperature distribution is plausible.
(3) Electrons are the main radiators: Electrons scatter and radiate much more efficiently than protons and can emit most of the energy. This ensures the electron temperature to be sufficiently di↵erent from the protons.
To conclude, an accretion flow has a natural tendency to relax into two di↵erent temperature distributions: one defining protons and the other electrons, thus the name, twotemperature modelling. These flows gained prominence after the work done by SLE76 explained the high energy power-law part of Cygnus X-1. Thereafter two-temperature modelling has been widely used in interpreting the spectra of Sagittarius A*, XTE J1118+480
etc. Some notable works done in this regime are Chakrabarti & Titarchuk (1995); Dihingia et al. (2018, 2020); Mandal & Chakrabarti (2005); Nakamura et al. (1996); Narayan &
Yi (1995); Rajesh & Mukhopadhyay (2010). Two-temperature works on magnetised stars
were done by Langer & Rappaport (1982); Saxton et al. (2005) etc.
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But it is important to note here that, there have been apprehensions of more efficient
energy exchange processes, which might exist between protons and electrons, in addition
to Coulomb coupling. In that case, the accretion flow may settle down into a single temperature distribution (Phinney, 1981). Begelman & Chiueh (1988) used plasma waves,
and Sharma et al. (2007) used magneto-rotational instability to increase the energy exchange between the two species inside the flow. However, some authors have raised doubts
about the e↵ectiveness of these processes (Abramowicz & Fragile, 2013; Blaes, 2014). If
we assume that in special cases, these processes or the Coulomb coupling is strong enough,
then the flow would attain a one-temperature distribution. Although, in the present state,
it is still highly debatable whether these processes are efficient enough, but because of the
simplicity, numerous works have been done in this regime (Chattopadhyay & Chakrabarti,
2011; Chattopadhyay & Kumar, 2016; Fukue, 1987; Kumar & Chattopadhyay, 2014). Although simple, it can bring out the essential features of an accretion flow, without getting
involved in the complexities, like that present in two-temperature theory (Liang & Thompson, 1980; Rajesh & Mukhopadhyay, 2010).
In the discussions made till now, we did not consider the presence of positrons (e+ ).
There could be external positrons present, or some can be produced during pair producing
processes inside an accretion flow. If positrons are present, they would have a general
tendency to possess the same temperature as electrons (Te ) because of their same mass
(me ). So, the above arguments would remain unchanged.

1.6

Relativistic Equation Of State

Flows around compact objects are generally trans-relativistic in nature, i.e., very far away
from the central object, matter is thermally as well as kinetically non-relativistic, and as
it approaches the gravitating centre, it becomes kinetically relativistic and thermally subrelativistic/relativistic. As have been mentioned before, matter is said to be thermally
relativistic when ⇥ = kT /mc2 & 1 and adiabatic index
⇥ < 1 and

⇠ 4/3, and is non-relativistic if

⇠ 5/3. So, not only the temperature, but also the mass of the species decide

the thermal nature of a flow. Especially in two-temperature flows, where we consider
two species, with masses di↵ering by & 1000 times, an equation of state (EoS) with fixed
adiabatic index is untenable. To incorporate the trans-relativistic nature of the di↵erent
species, one needs to utilise a variable adiabatic index EoS.
Chandrasekhar (1939) obtained the exact, relativistically perfect EoS with variable
adiabatic index. Thereafter, Cox & Giuli (1968); Synge (1957) rederived it, giving their
own EoS for single-species flow. But these EoSs are difficult to implement in numerical
13
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calculations because of the presence of modified Bessel functions. Also, they considered
only single species. Inspired by these works, Chattopadhyay (2008); Chattopadhyay &
Ryu (2009), proposed an approximate EoS for multispecies flow with variable adiabatic
index (CR EoS, hereafter), which is analytical and computationally easy to handle. Although approximate, it matches perfectly well (Vyas et al., 2015) with that obtained by
Chandrasekhar (1939).

1.7

General-Relativity And Pseudo-Newtonian Potential

The general theory of relativity plays an important role in determining the environment
around compact objects. A general-relativistic (GR) treatment is necessary for modelling
flows around these objects, especially in the inner regions where gravity is very strong. But
extensive and tedious calculations along with computation are needed to correctly work
in the GR regime. In 1980, Paczyńsky & Wiita proposed a pseudo-Newtonian potential,
which can mimic the e↵ects of strong gravity around a Schwarzschild black hole. This
potential is famously known as the Paczyńsky & Wiita potential (PWP) and is expressed
as:
PWP

=

GM⇤
,
R rs

where, R = rrs and rs =

2GM⇤
c2

(1.14)

The above potential has been widely used to model astrophysical flows around Schwarzschild
black holes as well as other compact objects. The wide acceptance of PWP is because it
can accurately reproduce the:
(1) marginally stable circular orbit location (rms = 3rs )
(2) marginally bound orbit location (rmb = 2rs )
(3) Keplerian angular momentum expression.

PWP led to the development of a wide variety of other pseudo-Newtonian potentials,
trying to mimic other properties of a Schwarzschild BH (Kluźniak & Lee, 2002; Nowak
& Wagoner, 1991). Few also went ahead to define the space-time curvature around Kerr
BHs (Chakrabarti & Khanna, 1992; Mukhopadhyay & Misra, 2003; Semerák & Karas,
1999). But, even after the various studies conducted, PWP is still found to be the most
exact one, for application onto Schwarzschild space-times (Artemova et al., 1996).
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1.8

The Present Work

Based on the above mentioned theme, we briefly discuss below the motivation behind
carrying out this thesis. The thesis layout has thereafter been given.

1.8.1

Motivation

Modelling of accretion flows around compact objects is not new and has been rigorously
carried out to match the latest observations. Mapping of their environment is necessary
since the surrounding matter flow carry imprints of the nature of the central object.
One of the processes that play a significant role in the accretion physics of a BH
system as well as in shaping the spectrum is — production of e+

e

pairs and their

annihilation. Yahel & Brinkmann (1981) claimed that there would be a characteristic
spectral signature, a bump like feature near me c2 , due to e+

e

pairs. This signature

will always be detectable in the spectrum unless the number density of pairs in an accretion
flow is very low. Few works suggested that e+

e

pairs could significantly change the

observed luminosities. This is because the photons that escaped the accretion disc and
contributed to the spectrum are now being used to create pairs. But it may be noted
that cooling would also increase because of the creation of pairs, which might lead to an
increase in luminosity, rather than a decrease. Also, annihilation of pairs is an additional
component in the spectrum. The interplay between these processes will determine the
observed luminosity. Many works have criticised the importance of pairs and concluded
that they have negligible e↵ect on the spectrum and luminosity. Di↵erent conclusions were
drawn because of the inconsistency in modelling of these flows as well as the assumptions
used. Most of the initial works dealing with pair production either assumed a static plasma
flow or an enforced pair equilibrium or both (Kusunose & Takahara, 1988, 1989, 1990;
Lightman et al., 1987; Svensson, 1982a,b, 1984). This led to the formation of forbidden
regions or unstable solutions. Also, discrepancies arose because of the inclusion of di↵erent
radiative processes, which provided di↵erent radiation field environment for the production
of pairs. Thus, pair production was found to be significant in some cases while it was
negligible in others. To obtain a complete picture of the e↵ect of pairs in accretion disc
dynamics, it is essential to study and consider all the radiation fields that could be present
inside an accretion flow. Pair production and annihilation is a highly non-linear process
too. As correctly quoted by Lightman (1982) – “pairs produce photons, and photons
produce more pairs”. So, it is important to investigate its role in greater details. In this
thesis, we aim to address and study the e↵ect of pairs in accretion flows around BHs along
with obtaining their spectrum.
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One-temperature works (Te = Tp ), although simplified and easy to work upon, yield
temperatures around ⇠ 1011

1012 K, which are very high and not consistent with the

observations. Along with this fact, it has been found that, in most of the astrophysical
cases, the Coulomb coupling is weak, justification of which has been given in Section
1.5. This suggests that, before the leptons and protons interact and achieve a single
temperature distribution, they fall towards the central object. Also, leptons are the main
radiators. So it is important to study its temperature variation throughout an accretion
flow to compute the spectrum. A two-temperature modelling is, therefore, necessary to
get a proper picture of the system. BHs possess an event horizon, which ensures matter
to achieve the speed of light. Accretion process around NSs, on the other hand, is entirely
di↵erent due to the presence of strong magnetic fields and a hard surface, which dictates
the dynamics of flow around them. Thus, there is a need to model these flows in order to
have a knowledge of the underlying physics present in these systems.
The most striking feature of the earlier two-temperature works was the dependence of
solution obtained, on the choice of inner or outer boundary conditions, unlike in the case
of one-temperature hydrodynamics, where we know that transonic solutions are unique for
a given set of constants of motion. The problem with two-temperature solutions is that,
without any increase in the number of governing equations, the number of flow variables
increases, i.e., now instead of a single temperature, one has to consider two di↵erent
temperatures for the two di↵erent species. In addition, there is no known principle dictated
by plasma physics that may constrain the relation between these two-temperatures at
any boundary. Previous works done were dependent on arbitrary choices, which did not
‘haunt’ one-temperature solutions. This gives rise to degeneracy of solutions, i.e. multiple
transonic solutions for the same set of constants of motion. A wrong choice of solution
would provide us with a wrong spectrum and hence an incorrect picture of the system.
We attend and investigate this problem in greater details in this thesis. Our motivation
is to propose a general methodology to find unique transonic two-temperature accretion
solution around BHs as well as NSs, without taking recourse to any assumptions. This
issue has yet not been addressed so far, to the best of our knowledge. Apart from that,
we want to study the solutions and analyse the spectrum for two-temperature accretion
flows around BHs and NSs.
It is to be noted that the temperature of protons and leptons in an accretion flow, vary
by orders of magnitude from a large distance to the central object, so a non-relativistic
EoS or EoS with fixed adiabatic indices, is untenable. Thus, for all the above mentioned
16
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works, we use the CR EoS, which computes the adiabatic indices consistently throughout
an accretion flow, depending on the temperature and mass of the species.
In short, the motivation of this thesis is to study accretion flows around BHs and NSs
along with analysing their spectrum, for a broad range of parameter space.

1.8.2

Thesis Layout

The layout of this thesis is discussed below:
• Chapter 2: Mathematical Framework – We introduce the various equations
required to model an accretion flow around BHs and NSs. The radiative processes,
CR EoS, sonic point conditions and shock formation have been discussed.
• Chapter 3: One-Temperature Accretion Flows Around Black Holes –
We investigate viscous advective one-temperature accretion flows around Schwarzschild
BHs, and study the e↵ect of high-energy pair creation and annihilation processes.
We also compute and analyse the accretion disc spectrum.
• Chapter 4: Degeneracy – A Generic Problem In Two-Temperature Solutions; Entropy – A Tool To Remove It – We discuss the long outstanding
problem of degeneracy present in two-temperature accretion flows and propose a
general methodology to constrain it, such that a given set of constants of motion
harbour a unique solution.
• Chapter 5: Two-Temperature Flows Around Black Holes – I: Spherical
Accretion – We successfully validate the methodology to obtain a unique transonic
two-temperature accretion solution, first on spherical flows around Schwarzschild
BHs. We also discuss the properties of these unique two-temperature solutions.
• Chapter 6: Two-Temperature Flows Around Black Holes – II: Rotating
Accretion Flows – We extend the methodology of constraining degeneracy in twotemperature theory to more realistic, rotating accretion flows around Schwarzschild
BHs. Stability analysis of the unique solution was also performed. After removing
degeneracy, self-consistent two-temperature accretion solutions were obtained and
spectral analysis was also done.
• Chapter 7: Two-Temperature Accretion Flows Around Neutron Stars
– We further extend the work of studying unique two-temperature accretion flows to
NSs. The methodology discussed in the previous chapters for removing degeneracy in
17
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BHs was extended, including the e↵ect of a hard surface present in an NS. Again we
successfully validated the proposed mechanism and obtained self-consistent accretion
solutions along with analysing the spectrum around NSs.
• Chapter 8: Highlights, Conclusions And Future Prospects – We summarise the work carried out in this thesis and highlight the major outcomes. We
also discuss briefly the future plans relevant to the field.
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Chapter 2

Mathematical Framework
2.1

Overview

In this chapter, we introduce the mathematical structure and discuss the equations required to model an accretion flow. To capture the e↵ects of strong gravity around BHs,
we work in the pure general-relativistic (GR) regime. We assume stochastic magnetic
fields in these accretion flows. Thus, a hydrodynamic (HD) approach suffice the problem.
But this is untenable in the case of NSs where strong magnetic fields are present. Hence,
we use MHD equations assuming Paczyńsky & Wiita (1980) potential (PWP) to study
accretion flows around NSs.

2.2

General-Relativistic Hydrodynamic Equations

In this section, we have employed a unit system where, G = MBH = c = 1, such that
the unit of length is rg = GMBH /c2 , velocity is in units of c and time is in units of
tg = GMBH /c3 . Here, MBH = mass of the BH. The horizon is hence at rs = 2rg .
The space-time metric around a Schwarzschild BH is given by:
ds2 = gtt c2 dt2 + grr dr2 + g✓✓ d✓2 + g d

2

,

(2.1)

where g µ⌫ ’s are the metric tensor components, with Greek indices µ and ⌫ taking values
(0, 1, 2, 3), 0 representing the time-coordinate, and 1, 2, 3 are the usual spatial coordinates.
The metric components are defined as, gtt =
and g

(1

2/r), grr = 1/(1

2/r), g✓✓ = r2

= r2 sin2 ✓. Accretion flow is described about the equatorial plane, so we have

✓ = ⇡/2. The BH system modelled is in steady-state and is axis-symmetric, therefore
@/@t = @/@ = 0. Moreover, at any point, we assume that only the radial gradient of any
quantity is dominant; therefore, @/@✓ = 0.
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The matter energy-momentum tensor for a viscous accretion flow is :
T µ⌫ = (e + p)uµ u⌫ + pg µ⌫ + tµ⌫ ,

(2.2)

where e and p are the internal energy density and isotropic gas pressure, respectively,
measured in the local fluid frame and uµ s are the components of four-velocity. tµ⌫ is
defined as the viscous stress tensor and is given by tµ⌫ =

2⌘v

µ⌫ ,

assuming shear to be

the only reason giving rise to viscosity inside the flow. Here, ⌘v is the viscosity coefficient,
and

µ⌫

is the relativistic shear tensor. Following the prescription of Chattopadhyay &

Kumar (2016); Peitz & Appl (1997) and considering only the r

component of the shear

tensor we have,
2

r

= (g rr + ur ur )

du
dr

2u rr
g .
r

(2.3)

The equations governing a relativistic fluid are:
Conservation of energy

momentum :

T;⌫µ⌫

Continuity equation : (ni u⌫ );⌫

= 0,
= (Ssource

(2.4)
Ssink )i ,

(2.5)

where, Ssource , Ssink are the source and sink terms arising due to pair production and
annihilation, respectively. i represent the species: protons (p), electrons (e ) and positrons
(e+ ). We define the number density of electrons and positrons together as the number
density of leptons, nl = ne + ne+ . When particle production mechanisms or external
positrons are absent, ne+ = 0, then charge neutrality condition gives,
np = ne = n.

(2.6)

But, when there are positrons present in the system, then the following condition needs
to be satisfied:
ne = np + ne+ .

(2.7)

It is important to define here a composition parameter (Chattopadhyay, 2008; Chattopadhyay & Ryu, 2009),
⇠ = np /ne ,

(2.8)

where, ⇠ = 0.0 implies a flow with electron-positron pair plasma, ⇠ = 1.0 implies electronproton plasma, while 0.0 < ⇠ < 1.0 implies an electron-positron-proton plasma.
In the absence of particle creation and annihilation, Eq. 2.5 using Eq. 2.6 reduces to,
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conservation of particle density flux, which is given as:
1
(nu );⌫ = 0, ) p

@(

⌫

p

g

gnu⌫ )
= 0,
@x⌫

(2.9)

where, g is the determinant of the metric tensor. Integrating Eq. 2.9, we get the accretion
rate (Ṁ ) of the system, which is a constant of motion throughout the flow, given by,
Ṁ = 4⇡⇢ur rH,

(2.10)

where, ⇢ is the mass density and H is the half-height. For a conical or wedge flow, it is
defined as, H = r cos ✓c , where, ✓c is the co-latitude of the surface of the conical flow.
If the flow is in hydrostatic equilibrium in the transverse direction, then it is defined as
(Chattopadhyay & Chakrabarti, 2011; Lasota, 1994):
H=
where,

s

pr3
,
⇢ 2

(2.11)

is the Lorentz factor in the azimuthal direction.

Relativistic Navier-Stokes equation is obtained by projecting the four-divergence of
T µ⌫

(Eq. 2.4) along the space direction and is given by:
[(e + p)u⌫ ui;⌫ + (g i⌫ + ui u⌫ )p,⌫ ] + hiµ tµ⌫
;⌫ = 0.

(2.12)

Radial component of the above equation is:
ur

dur
1
+ 2
dr
r

(r

3)u u + (g rr + ur ur )

1 dp
= 0,
e + p dr

(2.13)

,

(2.14)

while the integrated form of the azimuthal component is:
⇢ur (Lb

L 0 ) = tr =

2⌘v

r

where, L0 and Lb = hu = hl are the bulk angular momentum defined at the horizon and
local bulk angular momentum respectively. The specific angular momentum of a fluid is
=

u /ut =

l/ut . h = (e + p)/⇢ is the specific enthalpy of the flow (Chattopadhyay

& Kumar, 2016). We define, ⌘v = ⇢h⌫v , where, ⌫v = ↵v as rfc is the kinematic viscosity.
Here, ↵v is the usual Shakura & Sunyaev ↵–viscosity parameter. fc = (1

v 2 ) is defined

following the prescription given in Peitz & Appl (1997) and this term ensures that

r

=0

at the horizon.
The first law of thermodynamics or the energy equation is, uµ T;⌫µ⌫ =
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Q, which can
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be simplified to :
u
where,

Q = Q+

r

✓

◆

e+p
⇢

⇢,r

e,r =

Q,

(2.15)

Q is the di↵erence between the heating (Q+ ) and cooling (Q ) rates

present in the system. These rates have been discussed in detail in Section 2.5. When
the flow contains electrons and protons equilibrating at two di↵erent temperatures, we
need to use the first law of thermodynamics separately for protons and electrons, unlike
in the case of one-temperature flows where the Coulomb coupling being extremely strong
allows protons and electrons to settle down to a single temperature and use of one first law
of thermodynamics is sufficient (Chattopadhyay & Chakrabarti, 2011; Chattopadhyay &
Kumar, 2016; Kumar & Chattopadhyay, 2017). The two energy equations in case of twotemperature flows are not completely independent and coupled by the Coulomb coupling
term, which allows protons and electrons to exchange energy.
If we integrate Eq. 2.13 with the help of energy equation (Eq. 2.15), we obtain the
generalized Bernoulli constant and is given by,
E=

h

v

r

1

2
exp(Xv + Xf ),
r

(2.16)

where, Xf term mainly arises due to the heating and cooling processes present inside the
system. Xv term arises because angular momentum is not constant in the presence of
viscosity. In the inviscid case, Xv = ln
E=

and Eq. 2.16 reduces to:
hut exp(Xf ).

(2.17)

The above expressions of generalized Bernoulli constant (in viscous case, Eq. 2.16 and
inviscid case, Eq. 2.17) is conserved all throughout the flow, even in the presence of
dissipation. In case of inviscid, adiabatic flows, with no dissipation, Xv = Xf = 0. Hence,
we have:
E!E =

hut ,

(2.18)

which is the canonical form of relativistic Bernoulli constant (Chattopadhyay & Chakrabarti,
2011; Chattopadhyay & Kumar, 2016).
We introduce few definitions here, which will be used throughout this thesis work.

v

and

are the Lorentz factors in the radial and azimuthal directions respectively and
q
p
p
are defined as v = 1/(1 v 2 ) and
= 1/(1 v 2 ) where v =
u u /ut ut and
v is the velocity in the local co-rotating frame, which is defined as, v 2 =
p
vr̂ =
ur ur /ut ut . The total Lorentz factor is therefore, = v .
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2 v2,
r̂

where,

2.3 Magnetohydrodynamic Equations

2.3

Magnetohydrodynamic Equations

For modelling accretion flows around NSs, we assume the flow to be steady, axisymmetric
and inviscid (Chandrasekhar, 1956; Contopoulos, 1996; Lovelace et al., 1986; Ustyugova
et al., 1999). The system of units used are same as that in the previous section except
that the unit of length is in units of rs = 2GM⇤ /c2 , where M⇤ is the mass of the NS.
Axisymmetry suggests that flow velocity : v = vp + v ê and magnetic field : B =
Bp + B ê . The subscripts p and

represents the poloidal and toroidal component

respectively, and ê is the unit vector. Using the above assumptions, the ideal MHD
equations can be written as:
Mass conservation equation :

r. (⇢v)

Momentum conservation equation :

(⇢v. r)v

Faraday0 s law using ideal Ohm0 s law :
Divergence constraint :
where,

g

= 0,

(2.19)
1
rp + (J ⇥ B)
c

=

r ⇥ (v ⇥ B) = 0,
r·B

⇢r

g,

(2.20)
(2.21)

= 0,

(2.22)

is the gravitational potential of the NS and J is the current density which is

= (r ⇥ B)c/4⇡ from Ampere’s law. In order to mimic the e↵ects of strong gravity we use
the Paczyńsky & Wiita potential, which has the form

g

=

GM⇤ /(r

rs ).

Apart from the above equations, we need the first law of thermodynamics to study
the temperature variation inside the system in the presence of advection and dissipation,
which is given by :

d(e/⇢)
Q+ Q
=
dr
⇢vp

p d⇢
⇢2 dr
We introduce a flux function

=

Q
.
⇢vp

(2.23)

(r, ✓) (Lovelace et al., 1986; Ustyugova et al., 1999),

representing a specific magnetic field line. On integrating the equations presented from
(2.19) to (2.22) along a given

, we obtain quantities that remain conserved along each

specific field line. They are: ( ), ⌦( ), L( ) and E( ) arising due to the conservation
of mass, angular velocity of field lines, total angular momentum and energy respectively.
The derivation of these quantities are discussed below.
Integrating continuity equation 2.19, gives the equation for conservation of mass flux,
which is given by,
Ṁ = ⇢vp Ap = constant,

(2.24)

where, Ṁ is known as the accretion rate of the system and Ap is the cross-sectional area
perpendicular to the magnetic field Bp . This accretion rate obtained is similar to Eq. 2.10
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obtained in GR HD regime. From Eq. 2.22, we obtain the magnetic flux conservation,
Bp Ap = constant.

(2.25)

Using Eqs. 2.24 and 2.25, we obtain a relation between vp , ⇢ and Bp which is given by,
vp =

( )
Bp ,
4⇡⇢

(2.26)

where, ( ) = constant, is the ratio of mass flux to magnetic flux.
The Faraday equation 2.21 gives the conservation of helicity or the angular velocity ⌦( )
of the field lines,
⌦( ) = !

( )B
= constant,
4⇡⇢r̃

(2.27)

where, r̃ = rsin✓ and ! = v /r̃ is the angular velocity of the matter.
From the azimuthal component of Euler equation 2.20, we get the conservation of total
angular momentum L( ),
L( ) = !r̃2

B r̃
= constant.
( )

(2.28)

On integrating the poloidal component of the Euler equation 2.20 with the help of Eq.
2.23 and simplifying using Eqs. 2.27 and 2.28, we get the generalized Bernoulli constant
or, in other words, the total energy E of the flow, which is given by,
1
1
E( ) = vp2 + (!
2
2

⌦)2 r̃2 + h +

g

⌦2 r̃2
+
2

Z

Qdr
= constant.
⇢vp

(2.29)

The last term arises due to the presence of dissipative processes in the system. E is a
constant of motion even in the presence of dissipative processes. If dissipation is absent
( Q = 0), the above equation reduces to what is called the canonical form of Bernoulli
constant in MHD regime. This equation is similar to Eq. 2.16 obtained in case of GR HD
regime.

2.4

Equation Of State

In order to solve the equations of motion discussed above, we need an EoS which relates
the temperature, pressure and internal energy of the system. As stated before, we use
the CR EoS throughout this thesis. The explicit form of CR EoS for multi-species flow is
given by,
e=

X
i

ei =

X

2

ni mi c + pi

i
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9pi + 3ni mi c2
3pi + 2ni mi c2

◆

,

(2.30)

2.5 Dissipative Processes
where, i = proton (p), electron (e ), positron (e+ ). This can be reduced to a generic
form:
e = ne me c2 f (⇥, ⇠),
where, ⇠ is the composition parameter, introduced in Eq. 2.8. ⇥ =

(2.31)
kT
m e c2

is the non-

dimensional temperature which has been defined w.r.t the rest-mass energy of electron. f
is a function of both ⇥ and ⇠. For a two-temperature flow, instead of a single ⇥, we need
to consider two di↵erent temperatures: ⇥e (= kTe /me c2 ) and ⇥p (= kTp /mp c2 ). Again, it
is worthwhile to remember that positrons, because of their same mass as electrons, have
the same temperature ⇥e .
The adiabatic index ( i ) and polytropic index (Ni ) for each ith species are given by,
i

2.5

=1+

1
dfi
, and Ni =
.
Ni
d⇥i

(2.32)

Dissipative Processes

Here, we briefly discuss the dissipative processes leading to heating and cooling of the
plasma in an accretion flow around BH and NS.

2.5.1

Viscous Heating

Viscosity serves the basic purpose of removing angular momentum outwards, such that
matter can get accreted inwards towards the central object. In addition to this mechanism,
viscosity acting between di↵erentially rotating annulus of an accretion flow around a BH,
would heat up the matter.

v

is the uncertainty parameter, which dictates the amount

of this heat absorbed by protons, the rest (1

v)

being shared by the leptons (Yuan &

Narayan, 2014). We write the expression of viscous heating as (Chattopadhyay & Kumar,
2016):
Q v = tr

2.5.2

r

.

(2.33)

Heating Due To Magnetic Dissipation

Magnetic field is generally frozen into the highly conductive infalling plasma surrounding
a BH. As the matter falls inwards, magnetic field strength increases by ⇠ 1/r2 , and hence

magnetic energy density (B 2 /8⇡) by 1/r4 . In 1971, Shvartsman argued that before the
magnetic energy density exceeds the thermal energy density, turbulence and hydromagnetic instabilities would lead to reconnection of magnetic field lines. In other words, it
means that the magnetic energy density is limited by equipartition with thermal energy
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density. This energy dissipated, would heat up the matter, either protons or electrons or
both (fraction of heat transferred to each species is dictated by

B,

similar to

v ),

ensuring

relativistic temperatures even far away from the BH (Yuan et al., 2006). Apart from reconnection, dissipation of turbulent energy can also act as a heating term. Let us assume
a parameter

d

which controls all these uncertainties in dissipative heating (Meszaros,

1975). The expression for dissipative heating rate as given by Ipser & Price (1982) is,
QB =

2.5.3

3ur c B 2
3ur c
=
2rrs 8⇡
2rrs

dp

erg cm

3

s

1

.

(2.34)

Coulomb Coupling

Coulomb coupling (Qep ) is an energy exchange term between the protons and leptons.
It serves as a cooling term for protons and a heating term for leptons. Stepney (1983);
Stepney & Guilbert (1983) did a detailed study of this interaction term and obtained a
general expression, form of which is given below (in units of erg cm
Qep =

3

s

1 ),

Tp Te
3 me
nl np T ck
ln⇤
2 mp
K2 (1/⇥e ) K2 (1/⇥p )

✓
◆
✓
◆
2(⇥e + ⇥p )2 + 1
⇥e + ⇥ p
⇥e + ⇥p
⇥
K1
+ 2K0
,
⇥e + ⇥p
⇥e ⇥p
⇥e ⇥p

(2.35)

where, Kn (x)’s are the modified Bessel functions of second kind and nth order.

2.5.4

Inverse-Bremsstrahlung

Inverse-bremsstrahlung (Qib ) is a radiative loss term for protons, expression of which is
given below (Boldt & Serlemitsos, 1969):
Qib = 1.4 ⇥ 10

2.5.5

27 2

n

r

me
Tp
mp

erg cm

3

s

1

.

(2.36)

Bremsstrahlung

Emissivity due to bremsstrahlung (in erg cm
Qbr =

3s 1)

3
↵f me c3 n2p
8⇡

is given by White & Lightman (1989),
T Fbr ,

(2.37)

where, ↵f is the fine-structure constant. Fbr is the dimensionless radiation rate due to
bremsstrahlung cooling, which has contributions from electron-proton and positron-proton
(e± p) collisions, electron-electron and positron-positron collisions (e± e± ), and electronpositron collisions (e e+ ). Thus, it can be represented as (Svensson, 1982a; White &
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Lightman, 1989) :
Fbr = Fbr

e± p

+ Fbr

e± e±

+ Fbr

e e+

(2.38)

Each term in the above equation is determined using the expressions given in Svensson
(1982a).

2.5.6

Synchrotron

We have used thermal synchrotron radiation in our model, following the prescription of
Wardziński & Zdziarski (2000). The emissivity is given by:
Qsyn =

2⇡ ⌫t3
me ⇥e
3 rrs

3

erg cm

s

1

,

(2.39)

where, ⌫t is the turnover frequency above which the plasma is optically thin to synchrotron
radiation and below which it is highly self-absorbed by the electrons itself (Narayan & Yi,
1995; Wardziński & Zdziarski, 2000).

2.5.7

Inverse-Comptonization

The soft photons generated from bremsstrahlung and synchrotron processes can upscatter
to higher energies on interacting with energetic electrons through a process called inverseComptonization (Qic ). This radiative process leads to cooling of electrons. The average
change in the photon energy upon scattering with electrons is quantified using an enhancement factor (⇣), which depends on the optical depth of the system. The expression for
optical depth has been used from Turolla et al. (1986).
h
⌧es = 0.4 1 + 2.22Te ⇥ 10
2.5.7.1

9 0.86

i

1

⇢Hrs .

(2.40)

Comptonized Bremsstrahlung

In case of Comptonized bremsstrahlung, we follow White & Lightman (1989). The Compton amplification factor is:
⇣br

 ✓
◆
3
⇥e
= fbr ln
4
xm

2

.

(2.41)

Here, fbr is the fraction of bremsstrahlung photons scattered into the Wien peak and xm =
h⌫m /(me c2 ), is the dimensionless photon frequency above which photons are scattered into
the Wien peak (Nakamura et al., 1996; Svensson, 1984).
The emissivity of bremsstrahlung Comptonization is obtained using Eq. 2.37 and is
given as:
Qcbr = ⇣br Qbr .
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2.5.7.2

Comptonized Synchrotron

The soft photons generated through thermal synchrotron process could be inverse-Comptonized
by the electrons present in the plasma. The expression is given by (Wardziński & Zdziarski,
2000),
Qcsy = ⇣syn Qsyn ,

(2.43)

where, ⇣syn is expressed as,
⇣syn = 3'
Here,

inc

✓

xt
⇥e

◆↵ 0

1

inc

✓

xt
↵0 ,
⇥e

1

is the incomplete gamma function, xt =

◆

+

h⌫t
m e c2

6

inc (↵0 )Psc

inc (2↵0

and ' =

+ 3)

.

[1+(2⇥e )2 ]
.
[1+10(2⇥e )2 ]

(2.44)
↵0 is the

slope of the power law photons generated due to inverse-Comptonization, at each radius.
It is defined as :

ln P
.
ln A

↵0 =

(2.45)

Here, P is the probability that an escaping photon is scattered. It is defined as P =
1

exp( ⌧es ). A = 1 + 4⇥e + 16⇥2e , is the average amplification factor in photon energy

per scattering. The net spectral index (↵) of the final inverse-Compton spectrum is
obtained from the contribution of all the ↵0 ’s.

2.5.8

Compton heating

Less energetic photons would cool the flow through the process of inverse-Comptonization.
But in case, the temperature of the electrons is less than the temperature of the ambient
photons, then the electrons will gain energy from the photons via Compton scattering.
This will lead to Compton heating of the electrons. We assume that this has the same
expression as that of inverse-Comptonization, but the sign changes (Esin, 1997). It causes
heating rather than cooling. Therefore, Q+
e = Qcomp .

2.5.9

Annihilation

In the presence of e+ e pairs, annihilation can occur, which acts as an additional cooling
mechanism, expression of which is given below (Svensson, 1982a,b):
Qann = ne+ ne re2 me c3
Here, ⌘E ⌘ exp(

E)

= 0.5616, where

E

2⇡
1
1+6⇥e

+

⇥e
ln(2⌘E +1)+ 14

.

(2.46)

= 0.5772 is the Euler’s constant and re is the

classical electron radius.
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2.6

Spectral Analysis

We included radiative processes like bremsstrahlung, synchrotron and their corresponding
inverse-Comptonizations. These radiative processes lead to emissions that can be observed
from radio to -rays. At each radius of the accretion flow, we have information of the
total amount of radiation emitted by all these processes, as well as the amount of radiation
emitted at each frequency (⌫). For every frequency bin, we add up the contributions from
all the regions of the flow to their respective values of frequency. This gives us the
spectrum. If the emission from all regions of an accretion flow, for all the energies, are
added up, we get the bolometric luminosity (L). The methodology to compute a spectrum
has been adopted from Shapiro (1973).
A spectrum is mainly a function of v, T and ⇢. Signatures of emission processes that
dominate inside an accretion flow is imprinted in a spectrum. Also, there could be other
features present, which can be functions of other flow parameters. To properly extract
a spectrum, incorporation of all the general and special relativistic e↵ects is necessary.
Below, we explain the methodology to compute a spectrum.
Let us assume that the isotropic emissivity per frequency interval per unit solid angle
in the fluid rest frame is j⌫ . If we transform this emissivity, as seen by a static observer in
the Schwarzschild frame, then by using special-relativistic transformations, this becomes
:
j

0

⌫0

1 v2
= j⌫
(1 v cos ✓⇤ )2

and

0

⌫ =⌫

p
(1

1 v2
.
v cos ✓⇤ )

(2.47)

Here, ✓⇤ is the angle which the velocity of the fluid element directed inwards makes with
the line of sight.
It is to be noted that all the photons emerging from the disc need not reach the
observer. If the central object is a BH, its extreme gravity will capture some of the
photons and hence will be permanently lost. The amount of emission captured depends
on the distance from the central BH. The expression to calculate this amount was given
by Shapiro (1973); Shapiro & Teukolsky (1983); Zeldovich & Novikov (1971) :
o

| cos ✓ | =

s

27
4

✓ ◆2 ✓
2
2
r
r

◆

1 + 1,

(2.48)

where ✓o is the angle within which photons will be captured by the BH and hence lost.
This has been represented in Fig. 2.1, where photon capture angles are represented using
black shaded cones.
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Figure 2.1: Photon capture by the strong gravity of BH is presented. Photons emitted at
r (in units of rg ) and propagating within the black shaded cone is trapped by the central
BH (inside the grey shaded region). Blue lines, represent the radiation which escapes. In
this plot, r = 2 is the location of the event horizon.
On integrating the emission coefficient of any given emission process, over the whole
volume of the disc, over all solid angles, taking into account ✓o : spectrum corresponding to
that particular emission process will be obtained. Combining the spectrum of all emission
processes gives the total observable spectrum. We have also accounted for the gravitational
p
redshift, which introduces a factor of 1 2/r in the observed frequency. Furthermore,

to calculate the bolometric luminosity of the system, we integrate the frequency dependent
emission coefficient over all the frequencies (see, Shapiro, 1973).

2.7

Critical Point Conditions

Matter very far away from the central object is subsonic, i.e, flow velocity (v) is less than
the speed of sound in the medium (as ), v ⌧ as . As matter gets accreted, the gravitational
potential energy,

g (r)

increases, which in turn increases the kinetic energy of the matter.

Thus, as a primary e↵ect, v increases. But the matter is also compressed to smaller and
smaller volumes, which increases the temperature and hence as . Thus, at certain point of
the flow, say rc , v = as . This point is called the critical point of the flow. After crossing
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this point, matter is supersonic. Thus, an accretion flow has to pass through at least one
critical point or has to be necessarily transonic in nature. Bondi showed that a transonic
solution is the only plausible solution with maximum entropy. Similar to Bondi flows
with single critical point, rotating flows possess multiple critical points (MCP). These are
formed because a centrifugal force acts in the opposite direction to gravity. In the MCP
regime, an accretion flow can also harbour shocks.
At the critical point, the di↵erential equation for velocity has the form:
dv
N
0
=
= .
dr
D
0

(2.49)

The value of (dv/dr)|rc is obtained using the L’Hospital’s rule.
In the hydrodynamic case, critical points are also called sonic points because there is
only one signal speed, which is the sound speed. In the MCP regime, an accretion flow
could possess a maximum of three types of sonic points: inner (rci ), middle (rcm ) and outer
(rco ) (named according to its distance from the central object). Out of these three sonic
points, rci and rco are X-type sonic points (real velocity slope) and are physical, while rcm
is unphysical and matter cannot flow through it. rcm is O-type (imaginary velocity slope)
for inviscid, adiabatic flow, and spiral type (complex velocity slope) when dissipation is
present.
In the MHD regime, a plasma has three signal speeds: Alfvén speed, slow and fast
magneto-acoustic speeds. Thus, a magnetised accretion flow has multiple kinds of critical points, apart from the general multiple types of critical points. In a special case,
when strong magnetic field assumption is satisfied, it does not allow for the formation
or propagation of Alfvén and magneto-acoustic plasma waves. Hence, the corresponding
critical points are absent. The only characteristic speed by which information can travel
in such an accretion flow, is the sound speed. Thus, we reduce to a situation similar to a
hydrodynamic accretion flow.

2.8

Shock Conditions

The general expression of hydrodynamic shock conditions or the Rankine-Hugoniot conditions are (Chattopadhyay & Chakrabarti, 2011; Kumar & Chattopadhyay, 2014; Taub,
1948):
• Conservation of mass flux: [Ṁ ] = 0,
• Conservation of energy flux: [Ė] = 0,
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• Conservation of radial momentum flux: [pram + pthermal ] = 0,
˙ = 0.
• Conservation of azimuthal momentum flux: [J]
The above equations are conservation of fluxes across the shock front (Chakrabarti, 1989).
The square brackets denote the di↵erence of the quantities across the shock. pram and
pthermal are the vertically averaged ram pressure and vertically averaged thermal pressure
respectively. J˙ represents the angular momentum flux.
The MHD shock conditions (Kennel et al., 1989) have a form similar to RankineHugoniot hydrodynamic shock conditions except that an additional magnetic pressure and
magnetic energy appears in the momentum flux conservation and energy flux conservation
equations respectively. Also, an electro-magnetic field flux conservation equation needs to
be satisfied across the shock.

2.9

A General Approach To Obtain A Global Transonic
Solution

The general procedure to obtain a transonic solution for a given set of flow parameters (E,
Ṁ , , MBH or MNS etc.) is to first locate the critical points. In MCP regime, there will
be many such locations. After the location has been identified, we integrate the continuity
equations and di↵erential equations of angular momentum, velocity and temperature(s),
from the critical point inwards and outwards using 4th order Runga-Kutta method, in
order to obtain self-consistent values of ni , v, ⇥ (or ⇥e and ⇥p ) respectively, throughout
the flow. But in case of a dissipative flow, the location of critical point(s) are not known a
priori, and finding these points is not trivial. The methodology to find such points di↵er
in one-temperature and two-temperature flows, an elaborate discussion of which has been
done in the coming chapters.
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Chapter 3

One-Temperature Accretion
Flows Around Black Holes

3.1

Introduction

Modelling of hot accretion flows around BHs, gained popularity from 1980s, as it could
model the thermal as well as non-thermal part of the spectrum obtained from observations
(Rees et al., 1982; SLE76). After the inclusion of advection, these flows became thermally
stable and have been since then, extensively used to explain the high energy emissions
coming from AGNs, XRBs, microquasars etc. These flows predict electron temperature in
accretion discs to be approximately equal to or greater than the electron rest mass energy
kTe & me c2 = 511 keV. It was soon realised that the production of e+

e

pairs and

their annihilation is an important process, and might play a significant role in accretion
disc dynamics as well as in shaping the emitted spectrum (Esin, 1999).
Shull (1979) and Wandel et al. (1984) obtained self-consistent solutions, including the
e↵ect of pairs, but details of the flow dynamics were ignored, and the radiative transfer part
was not properly dealt with. They did not consider the e↵ect of produced pairs back into
the system. Yahel & Brinkmann (1981) and Yahel (1982) investigated pair production in
the most self-consistent way. But their methodology to obtain solutions was too sensitive
to the boundary conditions, which inhibited them from getting a larger picture of the
Some part of the results in this chapter are published in: Sarkar, Shilpa and Chattopadhyay,
Indranil, 2020, Journal of Physics Conference Series, 1640, 012022.
Rest are to be communicated: Sarkar, Shilpa; Chattopadhyay, Indranil and Laurent,
Philippe, 2021.
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parameter space. Following them, more realistic self-consistent two-temperature works,
including pairs, were conducted by Park & Ostriker (1989) and Park (1990).
Pair processes can significantly change the radiative output of the system as well as
composition of the flow (Liang, 1979). Di↵erent emission processes lead to the formation
of di↵erent radiation fields in an accretion flow. Fraction of this radiation escapes and
contributes to the observable spectrum, and the rest is advected inwards, with the bulk
motion of the flow. However, this radiation field can also create pairs (depending on the
photon energies and other parameters). Thereby, the observed luminosity can decrease
because radiation is now used to create pairs. But we remember that, the new created
electrons and positrons can radiate, increasing the luminosity of the system. Also, annihilation of pairs would take place, which is an additional emission process. At the same time,
it serves as an additional radiation field that can give rise to pair creation. Thus, pairproduction and annihilation is a highly non-linear process and Lightman (1982) correctly
quoted, “pairs produce photons, and photons produce more pairs”.
There are three collisional processes which could lead to pair production: photonphoton, particle-particle and photon-particle interaction. The particle could either be an
e , e+ or p. Photon-particle interactions and particle-particle interactions are less important because their reaction cross-section decreases in the order of ↵f (= 1/137) and
↵f2 , respectively. Hence, we can safely ignore them. Therefore, the most dominant process leading to the production of pairs in accretion flows is photon-photon interaction.
Herterich (1974) showed that photon-photon pair production process has a threshold condition: E1 E2 (1

cos ✓pp )

2(me c2 )2 , where E1 = h⌫1 and E2 = h⌫2 are the energies

of the interacting photons and ✓pp is the angle between them. Thus, photons of higher
energies mainly contribute to the production of pairs.
To obtain a complete picture of the e↵ect of pairs in accretion disc dynamics, it is
essential to consider all the radiation fields. Also, the pairs which are not annihilated will
be advected inwards with the flow, towards the central object (assuming negligible pair
escape), and can radiate or annihilate there. Discrepancies in earlier works have arisen
due to selective radiation processes being considered inside the flow. We investigate this
matter in greater details in the GR regime, for one-temperature flows. One-temperature
solutions are important because it gives a general idea about the flow behaviour, its
dynamics, as well as energetics. Although simple, it brings out the essential qualitative
features of the system without getting involved into the other complexities, like that
present in two-temperature solutions, which is a matter of discussion in the upcoming
chapters. Apart from that, one-temperature flows are valid in situations where Coulomb
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Figure 3.1: A cartoon diagram representing an accretion disc around a BH. The disc is
assumed to be axisymmetric, advective, transonic in nature and rotating with viscous
stresses removing angular momentum outwards. At every radius of the flow, there are
radiative processes which gives rise to photon fields, conducive enough for the production
of pairs. These pairs can annihilate and produce an additional radiation field.
coupling is strong or if there are any other collective e↵ects present (Chattopadhyay &
Chakrabarti, 2011; Chattopadhyay & Kumar, 2016; Kumar & Chattopadhyay, 2013, 2014,
2017; Kumar et al., 2013). Also, as have been discussed before, we used the CR EoS, which
removed the constraint of specifying a fixed adiabatic index.

3.2

Assumptions And Equations Used

We assume an advective, viscous, transonic accretion disc around a Schwarzschild BH (see,
Fig. 3.1). The treatment is in the pure GR regime, where the line element in spherical
coordinate system is given by Eq. 2.1. We utilise the equations discussed in Section 2.2
to model the accretion flow. CR EoS for multi-species flow have been used throughout
this work, general expression of which is given in Eq. 2.31. The function f present in the
EoS, has the following form:
f = (2
where,

✓

9⇥ + 3
⇠) 1 + ⇥
3⇥ + 2

◆

+⇠

✓

1

9⇥ + 3/
+⇥
3⇥ + 2/

◆

,

(3.1)

= me /mp .

Accretion flows are governed by the continuity equation Eq. 2.4, Navier-Stokes equation Eq. 2.5 and the first law of thermodynamics Eq. 2.15, collectively called the equations
of motion (EoM), simplified forms of which in the one-temperature regime has been given
below:
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(1) Continuity equation: In the presence of pair production, particle four-flux is not
conserved. So, we define the continuity equation separately for individual particles (p, e+
and e ).
(a) Proton: In the presence of pair production, proton number density is not a↵ected,
and hence the continuity equation 2.5 can be integrated to obtain a form of conservation of proton mass flux or the proton-accretion rate of the system (Ṁp ). Thus,
we have:
Ṁp = 2⇡⇢p ur rH,

(3.2)

where, ⇢p = np mp is the proton mass density.
(b) Positron: The continuity equation for obtaining positron number density can be
written using Eq. 2.5 in the following form (Fukue, 1986; Yahel & Brinkmann, 1981):
dne+
(ṅC ṅA )
=
dr
ur

ne+ d(rHur )
,
rHur
dr

(3.3)

where, ṅC and ṅA are the creation and annihilation rates per unit volume respectively, expressions of which will be discussed in Section 3.2.2.
(c) Electron : Charge neutrality demands that the number of positive charges equals
the number of negative charges. This gives us the electron number density (in units
of cm

3 ):

ne = ne+ + np .

(3.4)

(2) First law of thermodynamics: Simplifying Eq. 2.15 using EoS (Eq. 2.31 combined
with Eq. 3.1), we get the simplified form of first law of thermodynamics:
d⇥
=
dr
where, Hx =

1 @H
H @x ,

⇥
⇥H⇥ + N

A = Hr +

r 1
r(r 2) ,

✓

dl
dv
A+B +C
dr
dr

B = Hl , C = Hv +

Q P
2⇥
1
v(1 v 2 )

◆

,

and Q =

(3.5)
Q(1+1/ )
.
⇢ur

The

term P has information on leptons internal energy consumed while creating pairs (Park,
1990). The expression is given by, P =

2(1+1/ ) el +pl
⇢ur
nl (ṅC

ṅA ), where, subscript l refers

to the leptons.

(3) Azimuthal component of Navier-Stokes equation: Simplifying Eq. 2.14 using
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Eq. 2.3, we have:
dl
=
dr

"

⇢ur (Lb
⌘v 1

L0 )
2
r

#
2l
+
(1
r

v 2 ),

(3.6)

where, l = u = Lb /h.
(4) Radial component of Navier-Stokes equation: On simplifying Eq. 2.13 using
Eqs. 3.1-3.6, we obtain the di↵erential equation for velocity:
dv
N
= ,
dr
D
⇣
3)l2
N as 2
dl
where, N = r(r1 2) + (r(r 2)r
A + C dr
+
3 2 + ⇥H +N
⇥
v
q
2
p
N as B
⇥H⇥ +N . The sound speed is defined as, as =
e+p .

(3.7)
(1 ⇥H⇥ )(Q P)
h(1+1/ )N as 2

⌘

and D =

v
1 v2

The generalized Bernoulli constant is a constant of motion even in the presence of

dissipation. Its simplified form is obtained from Eq. 2.16, which gives:
E=
where, Xv =

3.2.1

R

(r 3)l2 (1 v 2 )
dr,
(r 2)r3

h

v

r

Xf =

1

Rh

2
exp(Xv + Xf ),
r
Q
⇢hur

2 el +pl
⇢hur nl (ṅC

(3.8)
i
ṅA ) dr.

Heating And Cooling Mechanisms

• Cooling processes considered are: (1) bremsstrahlung (Qbr , see Eq. 2.37), (2) synchrotron (Qsyn , see Eq. 2.39), (3) inverse-Comptonization of bremsstrahlung photons
(Qcbr , see Eq. 2.42), (4) inverse-Comptonization of synchrotron photons (Qcsy , see
Eq. 2.43) and (5) annihilation (Qann , see Eq. 2.46).
• Heating due to viscous (Qv , see Eq. 2.33) and magnetic energy dissipation (QB , see
Eq. 2.34) have been taken into account. Also, Compton heating (Qcomp ) mechanism
have been considered, see Section 2.5.8.
• The pairs produced would have an overall heating e↵ect: Qpair

heat

=< h⌫1 + h⌫2 >

ṅC .
Thus to summarise : Q+ = Qv + QB + Qcomp + Qpair

heat

and Q

= Qbr + Qsyn +

Qcbr + Qcsy + Qann . In addition, we have implemented all the special and general relativistic transformations while computing the actual energy loss as well as while plotting
the spectrum.
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3.2.2

Pair Production And Annihilation Rates

Photons generated from the di↵erent radiation mechanisms interact with each other, leading to the production of e+

e

pairs. Hence, the details of photon generation and

propagation are necessary. The optical depth of a system determines the e↵ectiveness
of interaction between the photons and leptons, and also the photon escape timescales,
which is given by, tesc ⇡ (1 + ⌧es )H/c, where the expression of optical depth is given by
Eq. 2.40.
The photon distribution function is necessary to define the interaction between them.
Radiation field produced by bremsstrahlung photons, along with its inverse-Comptonization,
follow a relatively flat spectrum with an exponential cut-o↵, and a Wien component (White
& Lightman, 1989). Synchrotron photons follow Rayleigh-Jeans law (Narayan & Yi, 1995),
and its inverse-Comptonized part can be approximated as a combination of cut-o↵ powerlaw and a Wien peak (Wardziński & Zdziarski, 2000; Zdziarski, 1985). The spectrum
for annihilation photons is given in Svensson (1982a,b). As have been previously argued,
only the energetic (or hard) photons can meet the threshold criteria for pair production,
thereby creating pairs. But most of the photons produced by synchrotron emission are
too soft to satisfy the requirements. When inverse-Comtponized, these photons become
hard, and consequently can contribute to the pair production process. Thus, we can safely
neglect the contribution from synchrotron soft photons and only consider its Comptonized
component, while estimating the number of pairs produced (Esin, 1999).
After we have information about the radiation fields present in the system, we identify all possible photon combinations that could lead to pair production. They can be
collisions: (1) between Wien photons (ṅWW ), (2) between Wien and flat unscattered
bremsstrahlung photons (ṅWF ), (3) between the photons belonging to the same unscattered flat part (ṅFF ), (4) power law photons and Wien photons (ṅPW ), (5) power-law
photons and flat bremsstrahlung continuum photons (ṅPF ), (6) between the same power
law photons (ṅPP ), (7) annihilation and Wien photons (ṅAW ), (8) annihilation and flat
bremsstrahlung photons (ṅAF ), (9) annihilation and power-law photons (ṅAP ) and (10)
between annihilation photons themselves (ṅAA ) . Thus the creation rate can be written
as:
ṅC = ṅWW + ṅWF + ṅFF + ṅPW + ṅPF + ṅPP + ṅAW + ṅAF + ṅAP + ṅAA .

(3.9)

All these ten combinations have been included in this work. The annihilation rate is given
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by (Stepney & Guilbert, 1983; Svensson, 1982a,b):
ṅA = ne+ ne cre2

3.3

⇡
1+

2⇥2e
ln (1.12⇥e +1.3)

.

(3.10)

Methodology To Obtain Solutions

In Section 2.9, we briefly discussed the general methodology to obtain a transonic accretion
solution. Here, we address it in more details. First, we enumerate the steps to obtain a
one-temperature, viscous, radiative, transonic accretion flow around a BH, without any
pair processes. Then, we proceed to obtain a transonic solution in the presence of pairs.

3.3.1

Finding A General One-Temperature Transonic Solution – I :
Without Pairs

The system we are dealing with is dissipative in nature (viscous dissipation, as well as
radiative processes, are included); hence information regarding the sonic point is not
known a priori. For a given set of flow parameters (E,

in ,

↵v , Ṁ , MBH etc.), a solution

may harbour one or more sonic points (see Section 2.7). Finding of sonic points is not
trivial. The first step is to specify the boundary conditions. Horizon being a co-ordinate
singularity, we select a point asymptotically close to the horizon, say rin = 2.001 (in terms
of rg ). It is to be noted that, in the sections to come, the subscript ‘in’ will be used to
represent the values at rin . The reason behind this choice of boundary is, near the horizon,
values of many variables are known, r ! 2rg and v ! c. Also, E ! E =

hut (from

Eq. 2.18), because asymptotically close to the horizon, gravity overpowers any process or
interaction, preventing the matter from interacting with itself or its environment, making
the region adiabatic in nature. We discuss below a step-by-step procedure for finding
solutions. The methodology developed is inspired from the solution procedure given by
Becker and his collaborators (Becker et al., 2008; Becker & Le, 2003; Gu & Lu, 2004).
1. Specify the flow parameters: E, ↵v ,

,

d,

Ṁ and MBH . These are constants of

motion throughout the flow and, thereby, characterise a flow.

is defined as the

ratio of the magnetic pressure to gas pressure and is important in the estimation of
B and hence synchrotron radiation while

d

as defined in Section 2.5.2, is required

in the estimation of magnetic energy dissipated in the system. s are the fraction of
viscous and magnetic energy transferred to protons, respectively (see Section 2.5.1
and 2.5.2 for more details).
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2. Select rin = 2.001 (in units of rg ) as the inner boundary and supply
Since there is viscosity present in the system,

in

at rin .

is not constant, and we need to

self-consistently calculate its value at every point of the flow.
3. Compute the other inner boundary values (vin , lin and L0 ): We first assume any arbitrary value of ⇥in . Also, adiabatic condition near the horizon reads, E ' E =

hut .

• Evaluate the value of lin from the definition of specific angular momentum,
which is:
in

=

u
=
ut

where, hin is a function of only ⇥in .
p
• Simplifying, E = hin ut = hin (1

2/r)

lin
E
hin

,

v

near the horizon, gives an

analytical expression for velocity near the horizon (vin ). Supplying the values
of E, hin (⇥in ) and lin will provide the value of vin .

• E ' E implies, exp(Xv ) =

from Eq. 2.16. Calculating its derivative w.r.t

r and then simplifying it would give a quadratic equation in Lbin

L0 (where,

Lbin = Lb|r!rin = lin hin ). Solving this equation would allow us to estimate the
value of L0 , which is the bulk angular momentum at the horizon.
4. Finding sonic point (obtaining a correct value of ⇥in ): After finding vin , lin and
L0 corresponding to a given arbitrary value of ⇥in , we integrate the EoM Eq. 3.3
and Eqs. 3.5-3.7, from rin outwards (increasing r), using 4th order Runga-Kutta
integration technique and obtain a solution. We check whether this solution, pass
through a sonic point or not. If it does not, we change ⇥in and again find the values
of vin , lin and L0 (step 3) and integrate to find another solution. We iterate on ⇥in ,
until the sonic point conditions are satisfied (see Section 2.7, Eq. 7.19).
5. Obtaining the transonic solution: As soon as we locate the sonic point (rc ), we find
the derivative dv/dr|rc using L’ Hospital’s rule and integrate further outwards, until
we reach a point which is very far from the central object (say, around r ! 104 rg =
rout ) where, the velocity of the solution becomes negligible.

6. Checking for other sonic points: Since angular momentum and relativistic e↵ects
induce the formation of multiple sonic points, we need to check whether any other
sonic point exists for the same L0 . For this, we change ⇥in by a considerable value
and repeat steps described from 3-4. If there is another sonic point present, then
we follow step 5 to obtain a transonic solution. It should be remembered that the
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supplied combination of flow parameters (step 1 and 2) decide whether the flow
harbours MCP or not.
7. Checking for shock transitions: When the flow possess MCP, we need to check
whether the solutions passing through them satisfy shock conditions (see Section
2.8 for shock conditions). If satisfied, the global solution first passes through the
outer sonic point (rco ) and becomes supersonic. Then, this matter encounters a
centrifugal force driven shock transition (rsh ), after which it becomes subsonic. This
matter then enters the horizon supersonically after passing through the inner sonic
point (rci ). At the shock location, although flow velocity becomes subsonic, the
temperature and density jump to higher values.
These steps have been represented in the form of a flowchart given in Fig. 3.2. To
explain this further, we obtain a transonic solution for flow parameters E = 1.001,
2.65, ↵v = 0.01,

= 0.5,

d

in

=

= 0.01, Ṁ = 0.5ṀEdd and MBH = 10M , and plot it

in Fig. 3.3. The solution is represented using Mach number, defined as M = v/as , vs
r plot. At r = rin = 2.001, first we supply ⇥in = 0.2084 = ⇥in1 (see Fig. 3.3a) and
follow steps 3–5 to get a solution. The solution obtained for this case is a completely
supersonic branch (SB), dashed-dotted violet curve. This solution does not satisfy the
outer boundary condition, which insists matter to be subsonic very far away from the
central object. Thus, we can safely reject this branch of solution since it is unphysical.
On changing the ⇥in to 0.2110 = ⇥in2 , we obtain a multi-valued branch (MVB) solution,
dashed-dotted orange curve. This solution is also unphysical since, at any given radius,
a solution cannot have two values. We iterate on ⇥in (between the limits ⇥in1 and ⇥in2 )
until dv/dr = 0/0 is satisfied at any r. This point is called the sonic point of the flow (rc ).
For the current set of flow parameters used, at ⇥in = 0.2096 = ⇥in3 we obtain a transonic
solution (TS) (dashed red curve) passing through rci = 6.898 (marked with solid black
circle). This is represented in Fig. 3.3a. The given combination of flow parameters possess
another sonic point rco , apart from the rci . Keeping L0 same at the horizon, we follow
the procedure mentioned in step 6 and obtain another sonic point for ⇥in = 0.1547. The
corresponding TS (solid red line) now passes through rco = 203.809 (marked with a black
star), see Fig. 3.3b. We then checked for the shock conditions (step 7) and found that this
solution does not harbour a shock. The global solution, therefore, passes through rco only
(solid red curve in Fig. 3.3c). Because of the absence of any shock jump, the TS passing
through rci remains a non-global transonic solution (dashed red curve).
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Figure 3.2: Flowchart representing the methodology to obtain a transonic solution.

42

3.3 Methodology To Obtain Solutions

Method to find rci
⇥in1 = 0.2084
⇥in2 = 0.2110
⇥in3 = 0.2096

(a)

3

Method to find rco

Full TS

⇥in1 = 0.1447
⇥in2 = 0.1648
⇥in3 = 0.1547

(b)

2

(c)

SB

M

SB

1
MB

TS

0

MB

1

log r

1

log r

TS

2

1

2
log r

3

4

Figure 3.3: Methodology to obtain a general transonic solution (TS) is presented using
iteration technique on ⇥in . Panel (a) finds rci (marked using solid black circle) and the
TS is represented using dashed red curve, (b) finds rco (marked using black star) and
the corresponding TS is plotted using solid red curve. Thus, for the present set of flow
parameters used, we have MCP. The flow does not harbour a shock, hence the final global
TS (solid red line) passes through rco and is plotted in panel (c). Flow parameters used are,
E = 1.001, in = 2.65, ↵v = 0.01, = 0.5, d = 0.01, Ṁ = 0.5ṀEdd and MBH = 10M
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Figure 3.4: Finding of transonic solution with pairs, using feedback iterative technique. Iteration 1 is pair-free. From iteration 2 onwards, pair-production and annihilation processes
are included. Iteration process continues until the solutions converge. The corresponding
change in Mach number, M = v/a (panel a) and composition of the flow, ⇠ = np /ne+
(panel b) with the change in iteration are plotted. Stars in panel (a) represent the sonic
points. The flow parameters used are, E = 1.001, in = 2.5, Ṁ = 0.6ṀEdd , ↵v = 0.05
and MBH = 10M .
The methodology described above is for a pair-free model. As soon as we get a selfconsistent, pair-free TS, we compute the maximum positron density, ne+ at each r, that
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could be obtained if pair production had been present. We name it: iteration 1. In
iteration 2, we repeat steps 3-7 meant to obtain a TS, but now include additional pair
creation and annihilation processes, using ne+ calculated from iteration 1. Now, we have
a TS with pairs, and name it as iteration:2. Thereafter, we again compute the maximum
ne+ of this TS (as was done with TS obtained in iteration 1), and feed it back to the
system. We continue this process of iterating, until the TSs converge.
To explain it further, we plot in Fig. 3.4, panel (a) global TSs and (b) corresponding composition of the flow, defined using ⇠ = np /ne . We have for the time being,
ignored the stochastic magnetic field in the system.

Thus, synchrotron, its inverse-

Comptonization and heating due to magnetic dissipation is absent. The flow parameters
used are, E = 1.001,

in

= 2.5, ↵v = 0.05, Ṁ = 0.6ṀEdd and MBH = 10M . Iteration

1 is denoted using dotted red line. We can see that, the solution passes through a single
rco (marked with a red star in Fig. 3.4a, clearly visible in inset) and ⇠ = 1 for the first
iteration (Fig. 3.4b), i.e. ne+ = 0. As we perform iterations, there is an interplay between
pair production, annihilation as well as change in radiative cooling due to increase in
number density of e

and e+ . Coloured stars in Fig. 3.4a depict the sonic point, which

shifts to di↵erent location with each iteration. After the iterations converge to a given
solution, we select that to be the final pair producing TS. This is visible in Figs. 3.4a–b,
where, we have performed 10 iterations and during the last iterations the solutions have
almost converged (only intermediate iterations are plotted). The final transonic solution
(Fig. 3.4a) and composition of the flow (Fig. 3.4b), in the presence of pair production and
annihilation, for the given set of flow parameters, is shown in solid, black line. In Fig. 3.4c,
we plot the change in spectrum with iterations. Grey curves depict the emission due to
annihilation, corresponding to each iteration, while the rest of the spectral emission comes
from bremsstrahlung and its inverse-Comptonization. We see that, in iteration 1, there is
no emission from annihilation, because of the absence of positrons. While, as we increase
the number of iterations, the spectral shape changes depending on the pair processes and
annihilation, ultimately converging to the spectrum shown in solid, black line.

3.4

Results

We divide the result section into two parts, where the first part discusses with typical onetemperature accretion solutions without the presence of any pairs. Thereafter we include
pairs and discuss global transonic accretion solutions in the presence of pair-production
and annihilation. In all these cases we also analyse their corresponding spectrum assuming
relativistic e↵ects.
44

3.4 Results

3.4.1

One-Temperature Accretion Solutions – I : Without Pairs

In this section, we discuss and analyse global one-temperature, viscous, advective, transonic accretion solutions, without the presence of any pairs using the methodology discussed in Section 3.3.1. The solutions as parametrised by E,

in ,

,

d,

↵v , Ṁ , MBH . We

note that the accretion rates are quoted in terms of the Eddington rate (ṀEdd ), therefore,
the information on MBH also enters the solution. We also discuss the spectral properties
of the obtained solutions.
3.4.1.1

A Typical Accretion Solution
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Figure 3.5: (a) Global accretion solution, M (solid, red) and other flow variables like (b)
v (solid, orange), (c) l (solid, magenta), (d) E (solid, brown), (e) T (solid, green) and
(f) (solid, blue) are plotted against r. The sonic point is represented using black star.
The flow parameters used are, E = 1.0005, in = 2.639, = 0.1, d = 0.01, ↵v = 0.01,
Ṁ = 0.2ṀEdd and MBH = 10M . The corresponding L0 is 2.850.

In Figs. 3.5a–f, we present a global accretion solution along with its flow variables for
parameters E = 1.0005,

in

= 2.639,

= 0.1,
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= 0.01, ↵v = 0.01, Ṁ = 0.2ṀEdd and
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MBH = 10M . The corresponding L0 = 2.850. We represent the solution using M = v/as
vs r, and plot it in Fig. 3.5a using solid, red curve. The arrows represent the direction of
flow. We see that this solution passes through a single outer sonic point, rco = 355.672
(in terms of rg ) where M = 1, (dotted grey line) and is marked using a black star. Flows
with M > 1 is said to be supersonic while for M < 1 it is called subsonic. In Fig. 3.5b, v
is plotted using solid, orange line. It can be concluded that matter velocity is very low,
when it is far away from the central object (v ⌧ 0.001, in terms of c). But as it gets

accreted, the kinetic energy of the matter increases, which finally achieves the speed of
light near the event horizon (r ! 2rg = 2GMBH /c2 ), thus satisfying the BH boundary

condition. In Fig. 3.5c we plot covariant azimuthal component of four-velocity l(= Lb /h)
or u using solid magenta line. We see that it increases outward, which is mainly because
of the viscous transport of angular momentum in the outward direction. Viscosity helps
to reduce angular momentum, such that matter can get accreted inwards ultimately being
captured by the BH. The generalised Bernoulli parameter E is a constant of motion, even
in the presence of dissipative processes and can be seen in Fig. 3.5d (solid, brown curve).
We plot the T (in units of K) in and

as a function radius in Figs. 3.5e and f using

solid, green and solid, blue curves respectively. Use of CR EoS has helped to remove any
constraint of using fixed adiabatic index and we can see that it varies with r (solid, blue
curve).
Dissipative Processes
Accretion flows are subjected to heating and cooling mechanisms. The processes which
have been considered in this work has been discussed in Section 3.2.1. For the solution
obtained above, we plot the corresponding number density n (in units of cm

3)

in Fig. 3.6a

using solid, violet line. Since, the flow is converging n increases inwards. We plot the
magnitude of cooling processes (Q ) present in the system in Fig. 3.6b in dimensional
units, which is ergs cm

3

s

1.

We have considered here: bremsstrahlung (Br, dotted,

red), Comptonized bremsstrahlung (CBr, dashed, orange), synchrotron (Syn, single dotdashed, magenta) and Comptonized synchrotron (CSy, double dot-dashed, blue). The
total of all these emission processes have been plotted using solid, black curve. We see
that values of all the emission processes increase, as matter move inwards, which is mainly
because of the increase in T and n. But, as the matter nears the BH event horizon the
infall velocity of the matter sharply increases, such that the cooling timescales far exceed
the infall timescales, leading to low emission in these regions. Or in other words, the
matter does not get sufficient time to radiate and hence the radiation trying to escape,
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get advected with the matter and finally gets captured by the BH. For the present set of
flow parameters we see that bremsstrahlung is the most dominant emission mechanism
throughout the flow. The total emission in dimensionless units are plotted using dashed,
dark-green line in Fig. 3.6c. Also plotted in the same panel are dimensionless heating rates,
one caused by viscous dissipation (dotted, blue) and another due to magnetic dissipation
(solid, light-green). Most of the angular momentum near the horizon has been transported
outwards and there is less removal of angular momentum due to viscous dissipation in
these regions. Thus, low values of viscous heat dissipated are evident (dotted, blue).
However, we see that the heating due to magnetic dissipation does not decrease near the
horizon. This emission process is a function of B and v (see, Eq. 2.34) which are generously
increased when matter approaches the BH, and thereby does not cause any decrease in
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Figure 3.6: We plot against r in panel (a) n (solid, violet), (b) individual radiative
mechanisms Q in units of ergs cm 3 s 1 (see label given inset), and total of all these
processes (solid, black curve) and (c) total cooling (Q , dashed, dark-green), heating due
to magnetic dissipation (QB , solid, light-green) and heating due to viscous dissipation
(Qv , dotted, blue) all in dimensionless units. The flow parameters used are same as in
Fig. 3.5.

Spectrum
In Fig. 3.7b, we plot the spectrum corresponding to the accretion solution given in Fig. 3.5.
Since, electrons are the ones which radiate, a spectrum is predominantly formed because
of the emission processes acting on electrons. Since, we are dealing in this work with
one-temperature accretion flows, the information of Te is lacking here. Thus, we adopt
a methodology followed by Kumar & Chattopadhyay (2014); Singh & Chattopadhyay
(2018a,b), where they obtained an approximate formula to compute Te . The formula is
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given as,
Te =

⇥109
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Figure 3.7: We plot in panel (a) Te as a function of r. In panel (b) we plot the spectrum
in solid, black line. Individual contributions are also plotted in this panel (see inset for
label) The flow parameters used are same as in Fig. 3.5.
Using this Te value, we compute the spectrum. Although approximate, this formula helps
to qualitatively obtain and analyse the spectrum. This kind of factorisation has been extensively used in literature in multiple works to obtain the value of Te . For the present case,
the value of Te is plotted in Fig. 3.7a using solid, green curve. The corresponding spectrum
is plotted in Fig. 3.7b and represented by solid, black curve. In the same plot the individual contribution from di↵erent emission processes are also plotted: bremsstrahlung (Br,
dotted, red), Comptonized bremsstrahlung (CBr, dashed, orange), synchrotron (Syn, single dot-dashed, magenta) and Comptonized synchrotron (CSy, double dot-dashed, blue).
We have used the same colour and linestyle coding to represent the emission processes as
we have used in Fig. 3.6b. We see that the higher frequencies are mainly dominated by
the bremsstrahlung emission (dotted, red), while the low frequencies (⌫ < 1015 Hz) are
dominated by synchrotron (single dot-dashed, magenta).
3.4.1.2

A Typical Shocked Solution

We discuss in this section a typical shocked solution and the corresponding variation in flow
variables. For this purpose, we have used the following set of flow parameters, E = 1.002,
in

= 2.730,

= 0.4,

d

= 0.01, ↵v = 0.01, Ṁ = 0.3ṀEdd and MBH = 10M . The

corresponding L0 obtained is 3.03. In Fig. 3.8a, we plot M vs r in solid, red curve. The
solution first passes through rco = 100.928 (marked using black star) and then becomes
supersonic (M > 1). Due to the combined e↵ect of centrifugal and thermal gradient
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Figure 3.8: Plotted are (a) M , (b) v, (c) l, (d) E, (e) T , (f) , (g) n, (h) total cooling,
Q (solid, black) in units of ergs cm 3 s 1 along with the contribution from individual
components (see label inset), and (i) in dimensionless units, Q (dashed, dark-green), QB
(solid, light-green) and Qv (dotted, blue). There is a shock at rsh = 18.377 (marked using
arrows) and rco and rci are represented using black star and solid black circle respectively.
The flow parameters used are: E = 1.002, in = 2.730, = 0.4, d = 0.01, ↵v = 0.01,
Ṁ = 0.3ṀEdd and MBH = 10M .

forces acting against gravity, this solution encounters a shock at rsh = 18.377 and becomes subsonic (M < 1). The shock transition is marked using red arrow. As the matter
is accreted inwards, the flow again gains velocity and becomes supersonic after passing
through rci = 6.304 (marked using solid black circle) and finally enters the horizon supersonically. It is to be remembered that shocks are formed for certain combination of
flow parameters in the multiple critical point regime. Corresponding v (solid, orange),
l (solid, magenta), E (solid, brown), T (solid, green),

(solid, blue) and n (solid, vi-

olet) are plotted in Figs. 3.8b, c, d, e, f and g respectively. We see that the velocity
decreases at the shock front while l, T and n increases. A lower value of

is an indica-

tion of increased T or more relativistic, relative to a higher value of . Thus a decrease
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at shock front is observed in

(Fig. 3.8f), because of the corresponding increase in T

(Fig. 3.8e). The generalised Bernoulli constant E, is a constant of motion throughout the
flow (Fig. 3.8d). The total cooling, Q

(solid, black) due to di↵erent radiative processes

and their individual contributions have been plotted in Fig. 3.8h: bremsstrahlung (Br,
dotted, red), Comptonized bremsstrahlung (CBr, dashed, orange), synchrotron (Syn, single dot-dashed, magenta) and Comptonized synchrotron (CSy, double dot-dashed, blue).
All are in units of ergs cm

3

s

1.

Similarly, we plot in dimensionless units Q

(dashed,

dark-green), QB (solid, light-green) and Qv (dotted, blue) in Fig. 3.8i. We see that at
the shock front, the radiative losses increase sharply. In the pre-shock region, emission
is mainly dominated by bremsstrahlung, (dotted, red) but in the post-shock region the
Comptonized bremsstrahlung component (dashed, orange) dominates. QB is found to
decrease, which is mainly because of the decrease in v.
We plot the corresponding Te (solid, green) and spectrum (solid, black) of the above
solution in Figs. 3.9a–b respectively. We see an increase in Te at the shock front. The
obtained spectrum plotted in Fig. 3.9b is majorly dominated by bremsstrahlung in the
higher frequency range and by synchrotron and its inverse-Comptonization in the lower
frequency range.
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Figure 3.9: We plot in panel (a) Te as a function of r. In panel (b) we plot the spectrum
in solid, black line along with the individual contributions. The flow parameters used are
same as in Fig. 3.8.

3.4.1.3

Solutions In E

L0 Parameter Space

In this section, we study the variation of solutions in Fig. 3.10 and their corresponding
spectrums in Fig. 3.11, with change in E and L0 of the flow. For this purpose we have kept
fixed, rest of the parameters of the flow, whose values are

= 0.1,

d

= 0.01, ↵v = 0.01,

Ṁ = 0.1ṀEdd and MBH = 10M . We have increased L0 from left to right, where
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Figure 3.10: Variation of solutions with change in E and L0 of the flow. Rest of the flow
parameters are, = 0.1, d = 0.01, ↵v = 0.01, Ṁ = 0.1ṀEdd and MBH = 10M .

L0 = 2.80 ) Figs. 3.10a1–c1 (solid, violet), L0 = 2.88 ) Figs. 3.10a2–c2 (solid, blue),
L0 = 2.98 ) Figs. 3.10a3–c3 (solid, green), L0 = 3.08 ) Figs. 3.10a4–c4 (solid, orange),

L0 = 3.20 ) Figs. 3.10a5–c5 (solid, red). From top to bottom, we increased E, where E =

1.001 ) Figs. 3.10a1–a5, E = 1.003 ) Figs. 3.10b1–b5 and E = 1.005 ) Figs. 3.10c1–c5.
For low bulk angular momentum values (L0 ), the solution passes through a single rci ,
similar to a spherical Bondi flow, irrespective of the value of E (see, Figs. 3.10a1–c1). But
as L0 is increased, the centrifugal force starts to dominate and a centrifugal force mediated
shock transition occurs. This shock is formed even for lower values of L0 when E value
is large, because of the domination of a thermal pressure resisting the matter in addition
to centrifugal force. Thus, at E = 1.001, a shock is formed for L0 = 3.08 (Fig. 3.10a4)
but when E = 1.003, a shock is formed for a low L0 = 2.98 value (Fig. 3.10b3). For
even higher energy E = 1.005, the formation of shock happens at L0 = 2.88 (Fig. 3.10c2).
When angular momentum of the flow is very high, azimuthal component of velocity v is
large and the radial component (which is v) is low. So, for flows to become supersonic,
v > as , this condition will be satisfied only near the BH, where v will be larger. Thus, the
sonic points shift towards the BH.
When E is higher, the solution is already sampling a higher temperature at infinity or
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Figure 3.11: Variation of spectrum with change in E and L0 of the flow. Rest of the flow
parameters are same as in Fig. 3.10.

the as distribution of the flow is higher. This makes the sonic point to more further close
to the horizon. Thus, inner sonic points are obtained even at low L0 when E is higher
(Figs. 3.10c3–c5). The corresponding spectrums are plotted in Fig. 3.11. We see that as
L0 is increased the luminosity increases gradually and is two orders of magnitude higher at
L0 = 3.20 from the luminosity at L0 = 2.80, irrespective of the value of E. Increasing E,
keeping L0 constant, makes the system more luminous, which, as has been argued before
is because the solution is hotter for higher E.
3.4.1.4

Variation Of Solutions With Change In ↵v

In this section, we analyse the e↵ect of ↵v (usual Shakura & Sunyaev viscosity parameter),
which controls viscosity inside accretion flows. In Fig. 3.12a, solutions are plotted, where
each curve represent di↵erent values of ↵v : 0.005 (solid, orange), 0.01 (dotted red), 0.015
(dashed, green), 0.02 (single dot-short dashed, blue), 0.03 (single dot-long dashed, violet),
0.04 (double dot-short dashed, magenta) and 0.05 (double dot-long dashed, black). The
other flow parameters are, E = 1.0005, L0 = 3.023,

= 0.5,

d

= 0.01, Ṁ = 0.1ṀEdd

and MBH = 10M . We see that, as ↵v increases, l increases (see, Fig. 3.12b). This is
because, a higher value of ↵v will remove more angular momentum. Thus, at any given r,
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Figure 3.12: E↵ect of ↵v on (a) M , (b) l and (c) spectrum. The di↵erent curves represent
solutions with di↵erent values of ↵v (see top label). The other flow parameters used are,
E = 1.0005, L0 = 3.023, = 0.5, d = 0.01, Ṁ = 0.1ṀEdd and MBH = 10M .

a higher value of ↵v has a larger value of l. This increase in angular momentum would be
accompanied by an increase in cooling processes and hence an increase in luminosity of
the system is conjectured. This is clearly proved from Fig. 3.12c, where the corresponding
spectrums are plotted. Although, viscous dissipation has a heating e↵ect, the cooling due
to large values of angular momentum surpass any kind of heating. The luminosity for
↵v = 0.005 is 2.281 ⇥ 1031 ergs s

1,

while for ↵v = 0.05 its value is 1.106 ⇥ 1036 ergs s

1,

which is five orders of magnitude higher. Thus, we can conclude that a system with higher
viscosity would be more luminous and hence more efficient.
3.4.1.5

Variation Of Solutions With Change In Ṁ

We study here, the e↵ect of variation of accretion rate of the system on the global accretion
solution. In Fig. 3.13a, solutions are plotted, which is represented using M vs r plot.
Correspondingly we plot in panels (b) l, (c) T , (d), n, (e) Qv in dimensionless units
and (f) total cooling, Q

also in dimensionless units. Each curve inside these panels

represent di↵erent accretion rate values: 0.001ṀEdd (solid, yellow), 0.1ṀEdd (dashed,
orange), 0.5ṀEdd (dotted, red), 0.6ṀEdd (single dot-short dashed, brown), 0.7ṀEdd (single
dot-long dashed, magenta), 0.8ṀEdd (double dot-short dashed, violet), 0.9ṀEdd (double
dot-long dashed, blue) and 1.0ṀEdd (triple dot-short dashed, black). The rest of the
flow parameters used are: E = 1.001, L0 = 3.185,

= 0.8,

d

= 0.01, ↵v = 0.01 and

MBH = 10M . An increase in accretion rate increases the amount of matter supplied to
the system and n increases, which is clear from Fig. 3.13d. This increase in n increases
the cooling processes, thereby allowing the system to accrete more hotter flows, see T plot
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Figure 3.13: Plotted are (a) M , (b) l, (c) T , (d), n, (e) Qv in dimensionless units and (f)
total cooling, Q also in dimensionless units. Each curve represent solutions with di↵erent
Ṁ values labelled in the plot. Other flow parameters are: E = 1.001, L0 = 3.185, = 0.8,
d = 0.01, ↵v = 0.01 and MBH = 10M .

in Fig. 3.13c. This makes the system more luminous, Fig. 3.13f. However, since ↵v is
constant for all these solutions, l and Qv does not vary much and is clear from Figs. 3.13b
and e respectively. For solutions harbouring shocks, Ṁ = 0.001ṀEdd , 0.1ṀEdd and
0.5ṀEdd , the corresponding shock signatures are visible in all the flow variables. We plot
in Fig. 3.14a, Te and Fig. 3.14b the corresponding spectrum. We see that the increase in
luminosity is significant with the increase in Ṁ .

3.4.2

One-Temperature Accretion Solutions – II : Inclusion Of Pairs

In this section, we investigate pair-production and annihilation in viscous advective accretion discs, assuming radiation fields discussed in Section 3.2.1. We proceed step by step,
and at first include bremsstrahlung and its inverse-Comptonization as the sole radiative
process present in the system. Then we proceed to include all the radiative processes,
that could be present inside an accretion flow around BH. We utilise the methodology
discussed in Section 3.3.2 to obtain global accretion solutions. We also analyse the corresponding spectrum. The di↵erence between the solutions presented in this section and
the solutions presented in Section 3.4.1, is in the presence of e+ . Here, pair equilibrium
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0.1ṀEdd
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Figure 3.14: We plot (a) Te and (b) corresponding spectrum for di↵erent Ṁ values. Other
flow parameters used are same as in Fig. 3.13.

demands Eq. 2.7 to be satisfied. The accretion rates quoted throughout this section is Ṁp
or the proton accretion rate (see, Eq. 3.2), which is a constant of motion in the presence
of pair production. For the sake of simplicity we have represented them as Ṁ .
3.4.2.1

Bremsstrahlung Dominated Solutions

In this part, we assume that there are no stochastic magnetic fields present inside the flow.
Hence, synchrotron, its inverse-Comptonization and heating due to magnetic dissipation
are absent. Only bremsstrahlung and Comptonized bremsstrahlung are the most dominant
emission mechanisms. The pair creation rate (Eq. 3.9) now have six terms, the powerlaw photon field originating from inverse-Comptonization of synchrotron soft photons is
absent. The results of this section have reported in Sarkar & Chattopadhyay (2020).
3.4.2.1.1

A Typical Accretion Solution And Spectrum

In Fig. 3.15, we present a general transonic one-temperature solution, including pair
processes. Fig. 3.15a plots a typical accretion solution M vs log r (left Y-axis) and l (right
Y-axis), while the composition of the flow, ⇠ = np /ne

= np /(np + ne+ ) is plotted in

Fig. 3.15b. The di↵erent curves in each panel, represent di↵erent accretion rates of the
system: Ṁ = 0.1ṀEdd (dotted, red), Ṁ = 0.4ṀEdd (dashed, green) and Ṁ = 0.8ṀEdd
(solid, blue). Other flow parameters are, E = 1.001,

in

= 2.60, ↵v = 0.01 and MBH =

10M . From the plot it is apparent that for these set of flow parameters only rco exists.
As we increase the Ṁ of the system rc shifts inwards, towards the BH (clearly visible for
Ṁ = 0.8ṀEdd solution). This is mainly because of the increase in cooling of the system,
with the increase in Ṁ . We note that there is a minor decrease in the location of rc for the
solution with accretion rate 0.4ṀEdd as compared to 0.1ṀEdd . The solutions, are hence,
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Figure 3.15: (a) M , l and (b) ⇠ vs log r plotted for di↵erent accretion rates of the
system. Their corresponding spectrum is plotted in panel (c). The accretion rates used
are: Ṁ = 0.1ṀEdd (dotted, red), Ṁ = 0.4ṀEdd (dashed, green) and Ṁ = 0.8ṀEdd
(solid, blue). Rest of the flow parameters are E = 1.001, in = 2.60, ↵v = 0.01 and
MBH = 10M .

seemed to be overlapped in Fig. 3.15a. Fig. 3.15b suggests the presence of e+ in the flow.
A decrease in ⇠, means an increase in the number of e+ . Very far away from the central
object (or at infinity) and just near the horizon, ⇠ ⇡ 1, suggesting that ne+ is negligible in
these regions. At infinity, radiative mechanisms are less e↵ective due to low temperatures
and low number densities. Thus, the radiation field giving rise to pair production is weak,
leading to negligible production of e+ . While, near the horizon photon trapping e↵ects of
the BH dominate, thereby reducing the number density of photons and hence lowering of
pair production rates occur (also, see Fig. 3.6b). However, there could be ample amount
of advected e+ and e

in these regions, which can be responsible for higher number of

pairs in these regions. But we find that the high annihilation rate in these regions are
responsible for reducing ne+ to ⇠ 0 or ⇠ ⇡ 1. Now, as we increase Ṁ , matter supply
becomes more, hence, there is more cooling in the system. This will, in turn, increase
the amount of radiation field present in the system, thereby a higher pair production rate
is achieved. This leads to the rise in ne+ in the flow and a corresponding decrease in ⇠,
see Fig. 3.15b. In Fig. 3.15c, spectrums are plotted, where, with the increase in Ṁ , the
system becomes more luminous. There is a feature in all the spectrums near ⇠ me c2 ,
whose magnitude increases with the increase in Ṁ of the system and is distinctly visible
for Ṁ = 0.8ṀEdd . This bump is a signature of annihilation photons. More the Ṁ more
would be the pairs produced and hence more will be the photons generated through pair
annihilation.
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3.4.2.2

Bremsstrahlung And Synchrotron Dominated Solutions

Magnetic fields are ubiquitous and present everywhere in the Universe, hence, they play an
important role in accretion flows. Thus, inclusion of radiative processes like synchrotron
and inverse-Comptonization is necessary to get a correct picture and to know the importance of pairs in accretion flows around BHs. Therefore, we investigate in this section,
pair-production and annihilation, in the presence of all photon fields. The pair creation
rate used is that given in Eq. 3.9.
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Figure 3.16: General one-temperature accretion solution in the presence of pair production
and annihilation process. We plot against r the solution and the corresponding flow
variables: (a) M , (b) v, (c) ⇠, (d) T , (e)
and (f) l. The flow parameters used are,
E = 1.002, L0 = 2.880, = 0.1, d = 0.01, ↵v = 0.01, Ṁ = 0.98ṀEdd and MBH = 10M .

3.4.2.2.1

A Typical Accretion Solution

We present and discuss here a typical one-temperature accretion solution, in the presence
of pair creation and annihilation process as well as other heating and cooling mechanisms. Bremsstrahlung, synchrotron and their respective inverse-Comptonizations have
been taken into account for obtaining the solution. The flow parameters used for this
purpose are, E = 1.002, L0 = 2.880,

= 0.1,

d

= 0.01, ↵v = 0.01, Ṁ = 0.98ṀEdd and

MBH = 10M . In Fig. 3.16a, M vs r is plotted using solid, blue line. We see that the
global accretion solution passes through rco = 119.937. Flow variables (b) v (solid, green),
(c) ⇠ (solid, orange), (d) T (solid, violet), (e)

(solid, red) and (f) l (solid, magenta) are

also plotted against r. In Fig. 3.16c, the value of ⇠ decreases to a minimum of around
0.96 at r ⇠ 5, indicating that a large amount of positrons are formed near these regions.
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There is a corresponding dip in

(see, Fig. 3.16e) in the same region. The relativistic

nature of matter not only depends on the T but also on the mass of the species (see, Fig.
C1 of Vyas et al., 2015). A change in the composition of the flow, should, in general, be
reflected in the

index and CR EoS helps to smoothly adjust the

values inside the flow

accordingly. For a given T if the mass of the species is less, matter is more relativistic
(kT /mc2 > 1) and

value is low. Since, there is ample amount of pair production in the

region near the BH, masses of pairs being me << mp , the
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Figure 3.17: We plot against r in panel (a) B (solid, brown), (b) radiative mechanisms
Q in units of ergs cm 3 s 1 (solid, black), (c) Q (solid, light-blue), QB (dotted, darkblue) and Qv (dashed, violet) all in dimensionless units, and (d) spectrum (solid, black).
In panels (b) and (d), the individual components have also been plotted (see label inset).
We see a distinct annihilation line (single-dot long-dashed, red) present in the spectrum
(panel d). The flow parameters used are same as in Fig. 3.16.

3.4.2.2.2

Emissivities And Spectrum

To investigate further the reason for pair production, we plot in Fig. 3.17, (a) B (solid,
brown), (b) Q

(solid, black) along with the individual contributions from di↵erent ra-

diative processes, all in dimensional units, ergs cm

3

s

1,

(c) Q

(solid, light-blue), QB

(dotted, dark-blue) and Qv (dashed, violet) all in dimensionless units, and (d) spectrum
(solid, black) with the contribution from each emission mechanism. The flow parameters
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are same as in Fig. 3.16. In Figs. 3.17b–d both, the contributions from each radiative
process are plotted using the same colour coding: bremsstrahlung (Br, double-dot longdashed, light-green), Comptonized bremsstrahlung (CBr, dotted, magenta), synchrotron
(Syn, dashed, orange), Comptonized synchrotron (CSy, single-dot short-dashed, darkgreen) and annihilation (single-dot long-dashed, red). We see that the emission (see,
Fig. 3.17b) maximises in regions very near the BH, r < 20, where it is mostly contributed
from Comptonized synchrotron. Comptonized photons are majorly composed of higher
frequency photons which are hard enough to meet the threshold criteria for pair production. Thus, we can see a corresponding increase in ne+ or a dip in the value of ⇠ (see,
Fig. 3.16c) especially near these regions. At regions, r ! 2rg , where the extreme gravity
of BH traps all the photons, the emission decreases followed by a corresponding decrease
in ne+ . A discussion on the same line has been already made in Section 3.4.2.1.1. In
Fig. 3.17d, the observable spectrum is plotted (solid, black), where we can see that there
is a bump at ⌫ ⇡ 2 ⇥ 1020 Hz, which is a signature of annihilation present in the system. This feature is similar to what was observed in Section 3.4.2.1, where we took only
bremsstrahlung and its inverse-Comptonization to be the radiation field producing pairs
(see, Fig. 3.15c).
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Figure 3.18: We plot in panel (A) variation of ⇠ against r. We have shaded di↵erent
regions using di↵erent colours. The spectrum corresponding to the shaded region is plotted
in panels (a1)–(a5) using the same colour coding in solid curves. Individual emission
processes have also been plotted inset using di↵erent linestyles. The flow parameters used
are same as in Fig. 3.16. We see the signature of distinct annihilation line (single-dot
long-dashed line).
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3.4.2.2.3

Contribution Of Different Regions Of A Pair-Producing Accre-

tion Disc To The Total Spectrum
In this section, we investigate the dominance of di↵erent emission processes in di↵erent
regions of the accretion disc and their individual contribution to the total observable spectrum. For this purpose, we divide the accretion flow into small regions. In Fig. 3.18A we
have plotted the variation in ⇠ with r and shaded inside this panel are di↵erent regions
using di↵erent colours. The regions are: (1) 2 < r < 3 (violet), (2) 3 < r < 5 (darkblue), (3) 5 < r < 7 (light-blue), (4) 7 < r < 10 (magenta), (5) 10 < r < 20 (brown),
(6) 20 < r < 50 (red), (7) 50 < r < 100 (orange) and (8) 100 < r < 1000 (green).
The spectrums corresponding to these regions have been plotted from Figs. 3.18a1–a5
respectively in solid curves. The di↵erent emission processes have been plotted in grey
using di↵erent linestyles: bremsstrahlung using double-dot long-dashed linestyle, Comptonized bremsstrahlung using dotted line, synchrotron using dashed line, Comptonized
synchrotron using single-dot short-dashed line and annihilation is represented using singledot long-dashed line. As we move far away from the BH (regions r > 7), the luminosity
decreases, because of the decrease in T and n accompanied by a decrease in the emission
processes. However, very near the horizon, because of BH photon trapping e↵ects the
luminosity is also found to decrease. We see that di↵erent emission processes dominate in
di↵erent regions of the accretion disc and contribute to the emission spectrum. In regions
r > 20 (see, Figs. 3.18a5–a8), bremsstrahlung dominates and mostly contributes to the
spectral shape, while below this (see, Figs. 3.18a1–a4), Comptonized synchrotron shapes
the observable spectra. This is equivalent to the interpretation done for Fig. 3.17b, which
discusses the magnitude of each emission process at every r. In Figs. 3.18a1–a5, we see
that annihilation line is distinctly visible in all cases, but mostly its contribution comes
from a region below < 50 and maximises in the range 5 < r < 7 (Fig. 3.18a3, solid,
light-blue). This is the region, where ⇠ is found to be minimum (see, Fig. 3.18A). The
total bolometric luminosity of this system is L = 6.696 ⇥ 1037 ergs s
of ⌘ r = 4.704%, and the the annihilation luminosity is Lann =
is ⇠ 1/5th of L.
3.4.2.2.4

1

with an efficiency

1.344 ⇥ 1037

ergs s

1,

which

Variation Of Solutions With Change In E

In this section, we analyse the variation of solutions with change in E. The flow parameters
used are, L0 = 3.081,

= 0.1,

d

= 0.01, ↵v = 0.01, Ṁ = 0.7ṀEdd and MBH = 10M .

In Fig. 3.19, we plot M vs r for di↵erent values of E: (a1) E = 1.0001, (a2) E = 1.0005,
(a3) E = 1.001, (a4) E = 1.002, (a5) E = 1.003, (a6) E = 1.004, (a7) E = 1.005 and (a8)
E = 1.006. The solutions are colour coded where the colour bar represent the values of
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Figure 3.19: Variation in topology of the solution with change in E, values of which
are written inset. Each solution is colour coded with a colour bar representing ne+ . The
flow parameters for these solutions are, L0 = 3.081,
= 0.1, d = 0.01, ↵v = 0.01,
Ṁ = 0.7ṀEdd and MBH = 10M .

ne+ . Darker the colour more is the number of e+ . The change in topology of solutions
with increase in E is similar to Fig. 3.10, which was for a pair-free model. As the thermal
energy increase with the increase in E, the inflowing matter is restricted giving rise to
shock transitions as can be seen for E = 1.001, Fig. 3.19a3. For further increase in E, the
speed of sound increases because the flow will sample higher temperature at infinity. This
will make the sonic point to move gradually inwards towards the central object. Hence,
for E

1.002 (see, Figs. 3.19a4–a8) we find solutions passing through only a single rci .

Given a value of E, from the colour bar plot it can be inferred that, e+ s are formed in
regions very close to the BH horizon (darker shades seen). As E is increased, keeping the
value of r same, the ne+ value increases and becomes highest for the highest E. This can
also be concluded from Fig. 3.20b1–b8, where, the variation of ⇠ is presented. As, E is
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Figure 3.20: Panels (b1)–(b8) plots the variation in ⇠ with r and panels (c1)–(c8) plots
the corresponding observable spectrum (solid curve), where the annihilation spectrum is
represented using single-dot long-dashed grey line. Higher the value of E more will be the
production of pairs and a clear signature of annihilation is present in the spectrum. The
flow parameters used are same as in Fig. 3.19.

increased, ⇠ increases and reaches a minimum of ⇠ 0.89 for E = 1.006 (see, Fig. 3.20b8).

In case the solution harbours a shock, an interesting feature of shock jump is also reflected
in ⇠. This is seen for E = 1.001 and Fig. 3.20b3. The sudden decrease in the value of
⇠ suggests that there is a corresponding increase in ne+ at the shock front. We plot the
respective spectrums in Figs. 3.20c1–c8. The solid curves represent the total observable
spectrum and the single-dot long-dashed grey line represents the annihilation spectrum.
For lower values of E, although a bump is visible, but majority of the emission from the
solution masks this feature. However, annihilation is clearly visible in energies 1.005 and
1.006 (see, Figs. 3.20c7–c8 respectively). We can conclude that the appearance of this
feature is in direct relation with the amount of pairs formed inside the accretion flow.
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Figure 3.21: Variation in solution topology with L0 and Ṁ of the flow (corresponding
values written inside the figure). Rest of the flow parameters are, E = 1.0008, = 0.1,
d = 0.01, ↵v = 0.01 and MBH = 10M

3.4.2.2.5

Solutions In Ṁ

L0 Parameter Space

In this section, we analyse, the variation of solutions with change in L0 and Ṁ for flow
parameters, 1.0008,

= 0.1,

d

= 0.01, ↵v = 0.01 and MBH = 10M . We have increased

L0 from left to right, where L0 = 2.90 ) Figs. 3.21a1–c1 (solid, blue), L0 = 3.00 )
Figs. 3.21a2–c2 (solid, green), L0 = 3.02 ) Figs. 3.21a3–c3 (solid, orange), L0 = 3.08 )
Figs. 3.21a4–c4 (solid, red). From top to bottom, we have increased Ṁ , where Ṁ =

0.1ṀEdd ) Figs. 3.21a1–a4, Ṁ = 0.5ṀEdd ) Figs. 3.21b1–b4 and Ṁ = 1.0ṀEdd )
Figs. 3.21c1–c4.

The variation in solution topology with increase in value of L0 and Ṁ are similar and
the reasonings are exactly the same as discussed in Sections 3.4.1.3 and 3.4.1.5 respectively
for pair-free solution. However, because of the presence of pair producing processes, the
exact values of flow parameters where global solution either passes through rco or rci or
harbours a shock, only di↵ers. We plot flow variables like T (a1, b1, c1),
and dimensionless cooling rate, Q

(a2, b2, c2)

(a3, b3, c3) in Fig. 3.22. Each row corresponds to

di↵erent accretion rate systems. Inside each panel, di↵erent curves represent solutions
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Figure 3.22: Variation in T (a1, b1, c1), (a2, b2, c2) and dimensionless cooling rate Q
(a3, b3, c3). Each row is for di↵erent values of Ṁ (values written at the right side), while
each panel shows curves corresponding to di↵erent L0 s. The flow parameters are same as
in Fig. 3.21.
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Figure 3.23: Variation of ⇠ with r. Higher Ṁ solutions, show higher values of pair
production and hence a large decrease in ⇠. The flow parameters are same as in Fig. 3.21.
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Figure 3.24: Observable spectrum (solid curves) for the solutions given in Fig. 3.21.
Contribution from annihilation is represented using single-dot long-dashed grey line. A
consistent annihilation line is visible in almost all solutions with Ṁ = 1.00ṀEdd . Also,
inside each panel we represent the spectrum of a pair-free solution using dashed, black
curve.

with di↵erent L0 values. A higher L0 , for a given Ṁ (a given row in Fig. 3.22) possess a
higher temperature (see, Figs. 3.22a1–c1). The value of T becomes even higher with the
increase in the value of Ṁ . From Figs. 3.22a3–c3, we see that the cooling also increases,
with increase in L0 and Ṁ . At the shock front, T jumps to higher values along with a
corresponding enhancement in cooling (see, Figs. 3.22a1, b1, a3, b3, solid, orange curve
which corresponds to L0 = 3.02)
We plot the corresponding ⇠ variation in Fig. 3.23. A minimum value of ⇠ can be
seen for L0 = 3.08 and Ṁ = 1.00ṀEdd (Fig. 3.23c4). Here, the

is also very low (see,

Fig. 3.22c2, dot dashed red). A higher angular momentum and Ṁ is conducive of excessive
cooling and hence large radiation fields would be formed. This leads to the production of
pairs. For low Ṁ s (see, Figs. 3.23a1–a4 and b1–b4), the amount of pairs produced is very
low. We can conclude that a higher Ṁ solution is likely to produce more pairs, thereby
changing the solution and values of other flow variables. Shocked solutions, show jumps
in ⇠ at rsh (see, Figs. 3.23a3, b3).
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Table 3.1: Luminosity and efficiency of pair-producing and pair-free solutions for the flows
represented in Fig. 3.21
L0

Ṁ
(ṀEdd )

Pairs
L
(ergs s

1)

Without Pairs
L
⌘r
1
(ergs s )
%

⌘r
%

Fractional
increase in
L because
of pairs (%)†

2.90

(a1) 0.1
(b1) 0.5
(c1) 1.0

9.16922 ⇥ 1034
2.42392 ⇥ 1036
7.11621 ⇥ 1037

0.07085
0.37458
5.49851

9.16915 ⇥ 1034
2.42336 ⇥ 1036
7.03525 ⇥ 1037

0.07084
0.37449
5.43595

7.42896 ⇥ 10
0.02319
1.13766

4

3.00

(a2) 0.1
(b2) 0.5
(c2) 1.0

1.06587 ⇥ 1035
2.98827 ⇥ 1036
1.02295 ⇥ 1038

0.08236
0.46179
7.90411

1.06586 ⇥ 1035
2.98728 ⇥ 1036
9.85580 ⇥ 1037

0.08235
0.46163
7.61532

9.77838 ⇥ 10
0.03308
3.65368

4

3.02

(a3) 0.1
(b3) 0.5
(c3) 1.0

1.11016 ⇥ 1035
3.01743 ⇥ 1036
1.06810 ⇥ 1038

0.08577
0.46629
8.37867

1.11015 ⇥ 1035
3.01634 ⇥ 1036
1.00773 ⇥ 1038

0.08577
0.46613
7.90504

1.05743 ⇥ 10
0.03603
5.65282

3

3.08

(a4) 0.1
(b4) 0.5
(c4) 1.0

6.17449 ⇥ 1035
5.96115 ⇥ 1037
1.22283 ⇥ 1038

0.47708
9.21205
10.61628

6.17317 ⇥ 1038
5.93568 ⇥ 1037
1.13833 ⇥ 1038

0.47698
9.12734
9.88267

†

0.021399
0.433137
6.91019

We used 5 places after decimal in order to show the lowest change available in L because of the presence
of pairs, especially meant for low Ṁ s, where there is negligible change in L even in the presence of pairs.

We plot the corresponding spectrum in Fig. 3.24 using solid curves and contribution
from annihilation is represented using single-dot long-dashed grey line. The luminosity
increases with L0 (left to right across the figure), because matter gets sufficient time to
radiate. Also, the luminosity increases with Ṁ (top to bottom), because a large amount of
matter is supplied, which will allow more radiative cooling. The annihilation line feature is
only visible for solutions with Ṁ = 1.0 (see, Figs. 3.24c1–c4) and maximally for L0 = 3.08,
which is the solution producing maximum pairs (see, Fig. 3.23c4).
In this figure, for all panels we represent using dashed black line, the spectrum of a pairfree solution, obtained using the respective flow parameters. If the accretion flow did not
allow for any pair creation or annihilation, then the spectrum would look like to what has
been plotted in dashed, black curve. For Ṁ = 0.1ṀEdd and 0.5ṀEdd (see, Figs. 3.24a1–a4,
b1–b4), the spectrum remains almost unchanged. The same can be seen from Table 3.1,
where, we have written the bolometric luminosity (L) and efficiency (⌘ r ) for solutions with
and without pairs. Also in the last column of this table, we compute the percentage of
fractional increase in luminosity because of the presence of pairs in the accretion flow. We
can see from the tabulated numbers, that for low Ṁ values the fractional increase remains
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 0.05%, which suggests that pair production in these solutions have negligible e↵ect on

the observable spectrum. But as we increase the accretion rate, for Ṁ = 1.0 we can
infer from the table as well as Figs. 3.24c1–c4, that there is visible change in L. In these
solutions ample amount of pairs have been produced leading to a distinct annihilation
signature in the spectrum. In their corresponding pair-free solution spectrum (dashed,
black curve) we could not anymore see the annihilation line. The maximum increase in L
happens for L0 = 3.08, where, in the presence of pair production there is a 7% increase
in luminosity. We can thereby conclude that pair production can make a system more
luminous, only in cases where ne+ produced is large.

3.5

Discussions And Conclusions

In this chapter, we present one-temperature advective, viscous, transonic accretion solutions, in the presence of cooling processes like bremsstrahlung, synchrotron, their respective inverse-Comptonizations as well as incorporating pair production and annihilation
mechanisms. A full GR treatment has been considered, to capture the e↵ects of strong
gravity. Also, there was no fixed adiabatic index for the flow. CR EoS helped us in dealing with it. The use of a relativistic EoS like CR EoS in treating trans-relativistic flows
is necessary and important to incorporate in the model. Pair production was assumed
to be from the interactions between the photons generated through the above mentioned
radiative processes. The regime where the work has been performed is one-temperature,
which allowed us to bring out the qualitative features of an accretion flow, in the presence
of pairs. It helped us to focus on the e↵ect of pairs, without getting involved into the other
complexities as present in two-temperature flows, which will be discussed in the chapters
to follow.
In accretion flows around BHs, the temperatures are conducive for the production of
pairs. These pairs can also annihilate creating an additional radiation field. This radiation
field in addition to the other fields present inside the system can give rise to more pairs.
Thus, there is an interplay between pair production and annihilation, which will determine
the dynamics of the flow. Since, the solutions obtained are in steady state, we need to
feedback the information of pair production ! its annihilation ! again pair production,

into the system. For this, we use an iterative technique to find the number of pairs
produced at each location of the accretion flow. This information is then fed back into the
system to calculate the amount of annihilation possible. After that we again compute the
number of pairs produced. These iterations were carried on, until the solutions converged.
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Using this methodology, we obtained and thereafter analysed pair producing solutions and
their spectrum.
As a preliminary step and to give an overview of typical one-temperature transonic
solutions, we discussed first the pair-free solutions and analysed their spectrum. The
importance of di↵erent flow parameters (like, E, L0 , Ṁ , ↵v ) on accretion solutions were
investigated. It was seen that, depending on the combination of flow parameters, the
global solution either passes through a single outer sonic point (rco ), or inner sonic point
(rci ) or both the sonic points via a shock transition (rsh ). We saw that with increase in
E and L0 , the system becomes more hotter and luminous. The topology of the solutions
also changed. With increase in Ṁ , amount of matter supplied to the system increases
or in other words the number density increases. This in turn, increase the cooling rate
which is reflected through the increase in luminosity. For example, we saw an increase of
⇠ 7 orders of magnitude in L when Ṁ was increased from 0.1ṀEdd to 1ṀEdd . We also
investigated the variation of solutions with changed in viscosity in the system, which is
tuned using ↵v : Shakura & Sunyaev viscosity parameter. A larger transport of angular
momentum was found for higher values of viscosity. This caused the angular momentum
to increase, thereby allowing matter to cool for longer durations. Hence systems with
large ↵v s were more luminous.
Now, we extended the above work, to incorporate pair-production and annihilation.
First, we included only bremsstrahlung and it inverse-Comptonization as the only radiative
process present inside the flow, and ignored the presence of any stochastic magnetic fields.
We assume that the radiation field inside an accreting system is mainly dominated by these
two emission processes (Sarkar & Chattopadhyay, 2020). We find that the number of pairs
produced by bremsstrahlung, inverse-Compton and annihilation photons are significant for
only Ṁ = 0.8ṀEdd , where minimum ⇠ is around ⇠ 0.97. For accretion rates lower than

this, ne+ is so low, that we can safely neglect the presence of any pairs. Also, the maximum
number of pairs are produced in a region < 50rg . When the number density of pairs is not
very low, like for accretion rates > 0.8ṀEdd , there is a bump near me c2 in the spectrum.
This is a spectral signature of the annihilated photons.
Thereafter, to be more conclusive about the importance of pairs and the annihilation line in accretion flows having pairs, we carried out detailed analysis of this work
by incorporating all the radiative processes, starting from bremsstrahlung, synchrotron
to including their respective inverse-Comptonization components. Since, there have been
discrepancies in literature arising because of the selective radiative processes been taken
into account, we tried to incorporate all of them in order to get a correct picture of the
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importance of pairs. The e↵ect of variation of flow parameters like E, L0 , Ṁ etc on
pair-producing solutions were found to be on similar lines as for a pair-free solution. That
is, with increase in their values, the solution becomes more hotter and more luminous.
The only di↵erence is in the production of e+ . The solutions which were cooling efficient
or where the radiation field was large, it was found that the production of pairs were
significant. The value of ⇠ reached to a minimum of 0.88 in few cases. Interestingly, a
distinct annihilation feature near ⇠ me c2 in the spectrum was found consistently in all

the solutions, where ample pairs were produced. Yahel & Brinkmann (1981) also found
this line, in their model. This conclusion, is similar to what was obtained when we took
only bremsstrahlung and its inverse-Comptonization, except that this time, the number
pairs produced are more significant because of the presence of additional radiation fields.
In all other low pair producing cases this annihilation line was masked by the emission
from other radiative processes. We found that the origin of this line or the maximum
contribution to this emission feature, comes from a region very close to the BH event
horizon, especially from 5

10rg , where most of the radiation is produced.

When we compared a pair producing solution with a pair-free solution, we found
that there was always an increase in luminosity in an accretion solution producing pairs,
however low it might be. For very low Ṁ , the change in L can be neglected, but for higher
Ṁ s where the number of pairs produced are higher, the fractional increase in luminosity
is large and the maximum increase obtained was 7% for Ṁ = 1ṀEdd (where, L0 was also
higher, indicating a further increased cooling). For a pair-free solution, the annihilation
line contribution was absent.
Thus, to conclude, we found that pairs play a major role in accretion systems, which
harbour large radiation fields (solutions with higher Ṁ , E etc.) and can essentially be
responsible for shaping the observable spectrum.
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Chapter 4

Degeneracy: A Generic Problem
In Two-Temperature Solutions;
Entropy: The Tool To Remove
It
4.1

Overview

One-temperature solutions are important to the extent that, it gives a general idea about
the flow behaviour, its dynamics as well as energetics (Becker & Le, 2003; Chattopadhyay
& Chakrabarti, 2011; Kumar & Chattopadhyay, 2014; Le & Becker, 2005). To accurately
extract the luminosity and spectra of an accreting flow, one needs to have information of
the electron temperature (Te ) inside the flow, which may or may not be comparable to the
proton temperature (Tp ). In many astrophysical cases, Coulomb coupling is found to be
weak. Also, electrons are more prone to radiative cooling, compared to protons. This can
make the electron temperature deviate largely from the protons, especially in the inner
regions of an accretion disc. Therefore, an accretion flow is likely to follow two di↵erent
temperature distributions, one-temperature defining protons and the other electrons (see,
Section 1.5 for more discussion).

4.2

History Of Two-Temperature Accretion Flows

The theory of two-temperature accretion discs started way back in 1976, with the famous
work done by Shapiro et al. (1976). They argued that the instability persisting at the
inner region of SSD could swell into an optically thin gas pressure dominated region with
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electrons and protons maintaining two separate temperature distributions, because of weak
Coulomb coupling. Using this model, they successfully regenerated the hard X-ray, powerlaw part of Cygnus X-1 spectrum, available at that time. It was gradually concluded that
although one-temperature works (Te = Tp ) are easy to work upon, unfortunately yield
very high temperatures ⇠ 1011

1012 K, which are not consistent with the observations.

Thus, research on two-temperature accretion flow started to gain prominence and a host
of works have been done in this regime, few being discussed below.
Liang & Thompson (1980) investigated the formation and nature of MCP in rotating
accretion flows, assuming one-temperature regime, but they also discussed briefly, an
important fact regarding two-temperature flows. They pointed out that, in the absence of
any guiding principle coupling electrons and ions, the only way to obtain a transonic twotemperature solution, is to parametrise Tp /Te to a constant value. Further works done in
two-temperature regime by Chakrabarti & Titarchuk (1995); Colpi et al. (1984); Laurent
& Titarchuk (1999); Mandal & Chakrabarti (2005), focussed on implementing accurate
radiative processes and computing a spectrum, assuming freely falling matter around BHs,
thereby bypassing the issue of transonicity. In 1995, Narayan & Yi extensively discussed
the nature of two-temperature, optically thin advective accretion discs around compact
objects. The equations of motion were solved under the self-similar assumption, which is
plausible only at a very large distance from the central object and not near it. Additionally,
a self-similar solution is not transonic. The authors also neglected the electron advection
term and assumed that the heating and cooling rates of electrons to be equal, This extra
assumption helped them to deal away with any kind of parametrisation, that was otherwise
assumed by Liang & Thompson (1980) to obtain a consistent solution. Nakamura et al.
(1997, 1996), was amongst the first, who self-consistently solved two-temperature transonic
accretion solutions and properly dealt with the advection terms without any assumption.
However at the outer boundary, the authors assumed ion temperature to be a fraction
of the virial temperature and Coulomb coupling was equated with bremsstrahlung. This,
unfortunately, allowed them to obtain a limited class of solutions. Manmoto et al. (1997)
extended Nakamura et al.’s work and computed the spectrum. In addition, they slightly
modified the outer boundary conditions, where the total gas temperature (and not the
ion temperature) was assumed to be a fraction of the virial temperature and equated
Coulomb coupling with the total cooling of electrons (bremsstrahlung, synchrotron and
Comptonization).
Rajesh & Mukhopadhyay (2010) o↵ered a more complete picture of two-temperature
accretion flows around Schwarzschild as well as Kerr BHs. Recently, a more general
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transonic advective two-temperature accretion solution was obtained by Dihingia et al.
(2018), where they obtained global class of transonic two-temperature solutions including
accretion-shocks. They extended this work on magnetized accretion discs around Kerr
BHs as well (Dihingia et al., 2020).
Thus, two-temperature accretion flows have been popularly used to model the spectrum of BH accretion discs and other compact objects. They have been successful in
explaining the observations of BH binaries and AGNs e.g. Cygnus-X1, Sagittarius A⇤ ,
M87, XTE J1118+480 etc (Mandal & Chakrabarti, 2005, 2008; Yuan & Narayan, 2014;
Yuan et al., 2006).

4.3

Degeneracy: A Generic Problem

The most striking feature of a transonic two-temperature flow is that, the solutions depend
on the choice of inner or outer boundary conditions. But from one-temperature hydrodynamics we know that, a transonic solutions is unique for a given set of constants of
motion. In Chapter 3, which was based on one-temperature accretion flows, no arbitrary
assumptions were imposed, while obtaining a solution. Most of the works done in twotemperature regime either did not use the constants of motion of the flow (e.g., generalized
Bernoulli constant1 ) or did not utilise the information of entropy close to the horizon, to
obtain solutions. The hydrodynamics of one-temperature regime is more complete and
systematic, while this approach is sadly lacking in two-temperature regime.
The number of equations describing a flow, in one-temperature and two-temperature
regime, are exactly the same, but there is one more variable in case of two-temperature
flows (i.e. the existence of di↵erent proton and electron temperature distribution). Or in
other words, the problem with two-temperature solutions is that, without any increase
in the number of governing equations, the number of flow variable increases, i.e. to say,
now instead of a single temperature (T ), one has to consider two di↵erent temperatures
(Te , Tp ). In addition, there is no known principle dictated by plasma physics which may
constrain the relation between these two temperatures, at any point of the flow.
Obtaining a self-consistent two-temperature flow would require solving the basic hydrodynamic equations, but since there is one more flow variable in the two-temperature
regime, the system is degenerate. We obtain a large number of transonic solutions, each
with a di↵erent sonic point than the rest, for the same set of constants of motion of the
flow. Hint of this problem of degeneracy was reported briefly in Liang & Thompson (1980),
1
generalized Bernoulli parameter in steady state, is a constant of motion, even in presence of dissipation
Chattopadhyay & Kumar (2016); Kumar & Chattopadhyay (2013, 2014), see Eq. 2.16 and 2.29
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however, the problem was skirted out by parametrising the temperatures of proton and
electron to some constant value. A similar methodology was adopted by some authors,
where instead of parametrising, they specified either the electron or proton temperature
in a chosen boundary and then iterated the other flow variables to obtain a transonic
solution. However, a di↵erent combination of electron and proton temperature in that
boundary, can give rise to another transonic solution, but for the same value of generalized Bernoulli parameter (E). This gives rise to degeneracy of solutions, i.e., multiple
transonic solutions for the same set of constants of motion. Some authors even assumed
specific relations between electron heating and cooling, in order to obtain a solution. But
all these choices are arbitrary and a solution obtained assuming them, cannot be considered a unique solution. Such arbitrary choices were not encountered in one-temperature
works, since a transonic one-temperature solution is unique for a given set of constants of
motion.

4.4

Entropy: A Tool To Remove It

A two-temperature theory is degenerate, because of the reasons discussed above. We
obtain multiple transonic solutions, for the same set of constants of motion. But nature
would prefer only one solution but the question is which one. A global treatment of twotemperature theory would require, all the equations to be solved self-consistently, without
taking recourse to any arbitrary assumption on temperature values, at any boundary of
the flow.
Hydrodynamic equations of motion, even in the one-temperature regime, admit infinite
number of solutions (multi-valued branch and supersonic branch, abbreviated as MVB and
SB respectively, was discussed in Section 3.3, Fig. 3.3), but a transonic solution (TS) is
physically most favoured by nature, because it has the highest entropy among all possible
global solutions (Bondi, 1952). In addition, the location of sonic point corresponds to
a unique boundary. Following the footsteps of Bondi (1952), we can look for highest
entropy solution in two-temperature theory as well in order to remove degeneracy. But it
is di↵erent this time, since all the solutions are already transonic and among them only
one solution is correct (or, which nature should prefer). Not only Bondi, but Becker & Le
(2003) and Becker et al. (2008) utilised in a similar fashion, the concept of entropy close
to the horizon along with the information of generalized Bernoulli parameter, to find a
sonic point and therefore a transonic solution, in the one-temperature limit. Based on
this approach, many works were performed to model accretion flows around BHs, in the
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one-temperature limit (Chattopadhyay & Kumar, 2016; Kumar & Chattopadhyay, 2013,
2014; Le et al., 2016; Lee & Becker, 2017).
However, the two-temperature energy equation, in adiabatic limit, is not integrable,
unlike in one-temperature regime where an analytical expression of entropy can be obtained (Chattopadhyay & Kumar, 2016; Kumar & Chattopadhyay, 2013, 2014; Kumar
et al., 2013). Below, we extensively discuss this issue.

4.4.1

One-Temperature Accretion Flows: Entropy Accretion Rate
Expression

Here, we derive the entropy accretion rate formula for one-temperature flows. We use
the energy equation, which is defined in the GR regime by Eq. 2.15 and present the
methodology of obtain the entropy accretion rate measure of a TS.
For one-temperature flows, we have a single ⇥(= kT /(me c2 )), thus a single energy
equation needs to be solved. In the adiabatic limit, this is reduced to:
e + p d⇢ de
⇢ dr dr
p d⇢ d(e/⇢)
=) 2
⇢ dr
dr

= 0,

(4.1)

= 0.

(4.2)

When we consider PWP instead of GR, the first law of thermodynamics is given by
Eq. 2.23. In the adiabatic limit, it is reduced to the same expression as above (Eq. 4.2).
Integrating this equation using the CR EoS (Eq. 2.30) gives a relation between ⇥ and ⇢,
which is:
⇢ =  exp
where, ˜ = 2

⇠(1
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4

,

(4.3)

(composition parameter, defined

many times in the previous chapters), and  is an integration constant, which is a measure
of entropy. We define the entropy accretion rate of a system as:
Ṁ
M˙ =
.
4⇡

(4.4)

Using the form of Ṁ given in Eq. 2.10 for the case of a BH in GR regime, we get (Chattopadhyay & Kumar, 2016; Kumar & Chattopadhyay, 2017):
M˙1T

BH

= exp
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4

(Hrur ),

(4.5)

and using Eq. 2.24 as the expression of Ṁ , for the case of a NS assuming PWP potential,
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we get (Singh & Chattopadhyay, 2018a,b)
M˙1T
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= exp
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(4.6)

This equation has the same form as Eq. 4.5, except the last bracketed term. The last
term is di↵erent, because of the di↵erent expressions of Ṁ of a BH and NS, which is
basically a function of r, v, and ⇥. In the one-temperature regime, this entropy accretion
rate formula is an extra equation, which helps in simplifying the methodology to obtain a
transonic solution. This expression need not be necessarily used to obtain a solution. A
unique TS could be found even without the use of this equation.

4.4.2

Two-Temperature Accretion Flows: Entropy Accretion Rate
Expression

Unfortunately, in the two-temperature regime, instead of one energy equation, we have
two energy equations describing the temperature variation of the two species. But these
equations are not completely independent and coupled by a Coulomb coupling term, which
serves as an energy exchange term between protons and electrons. The integration of the
energy equation in the two-temperature regime, is hence, spoiled by the presence of this
Coulomb coupling term. We are thus prevented from obtaining an analytical expression
for measure of entropy in the two-temperature regime, unlike what we obtained in the
one-temperature regime (Eqs. 4.5–4.6).
But, we should remember that, near the horizon, gravity overpowers any other interactions or processes. Also matter just outside the horizon falls freely, where infall timescales
are shorter than cooling or Coulomb coupling time scales. Thus, we can neglect the
Coulomb coupling term. Henceforth, asymptotically close to the horizon, an analytical
expression of entropy is admissible. We reported in Sarkar & Chattopadhyay (2019a), for
the first time, a form of entropy measure, which could only be applied near the horizon.
Using the formula obtained, we measured the entropies at the horizon, of the multiple
transonic two-temperature solutions, obtained for a given set of constants of motion. We
saw that the entropy maximised at a unique solution. From the second law of thermodynamics we select the solution with maximum entropy as the solution which nature would
prefer. This solved the problem of degeneracy, present in two-temperature models. The
stability analysis of these flows also confirmed that, the highest entropy solution is the
most stable one.
76

4.4 Entropy: A Tool To Remove It

For two-temperature regime, the energy equation in the adiabatic limit, using CR EoS
is obtained by combining Eqs. 2.15 and 2.30, to get:
d⇥p
dr
d⇥e
dr

=
=

⇥p 1 dnp
+ Qep C˜p
Np np dr
⇥e 1 dne
Qep C˜e .
Ne ne dr

(4.7)

where, Ci s are functions of v, ⇢ and ⇥i . Except Ci , rest of the expressions are exactly
the same, irrespective of whether the central object is a BH or an NS. Because of the
presence of two-di↵erent species in the system, we have two-di↵erent energy equations.
We see that even in the adiabatic limit, Qep is present, coupling both the equations. In
one-temperature regime, when there was a single energy equation present, it was very
easy to integrate the equation, to obtain a measure of entropy (Eqs. 4.5–4.6) But now, in
two-temperature regime, due to the presence of Coulomb interaction term, Eqs. 4.7 is not
integrable. However, in regions where Qep can be neglected, an analytical expression is
admissible. Interestingly, such a region is available just outside the horizon, where gravity
overwhelms any other interaction. Remembering this fact, that near the horizon Qep is
negligible, Eqs. 4.7 can be integrated to obtain,

Here, fi = 1 + ⇥i

⇣

⇣
⌘ 3
3
1
2
nein = 1 exp fein
⇥ein
(3⇥ein + 2) 2
⇥ein
⇣
⌘ 3
3
f
1
2
npin = 2 exp pin
⇥pin
(3⇥pin + 2) 2 .
⇥pin
9⇥i +3
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⌘

(4.8)
(4.9)

, 1 and 2 are the integration constants which are measure of

entropies and subscripts ‘in’ indicate quantities measured just outside the horizon (r !
2rg = 2GM⇤ /c2 ).

Charge neutrality condition, then demands that, nein = npin = nin (assuming there
is no pair-production or no external positrons present in the system). Therefore we can
write,
n2in = nein npin
p
) nin =
nein npin
s
✓
◆
✓
◆ 3 3
3
3
fpin 1
fein 1
2
2
=  exp
exp
⇥ein
⇥pin
(3⇥ein + 2) 2 (3⇥pin + 2) 2 ,
⇥ein
⇥pin
where,  =

p

 1 2
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Thus, an expression for entropy accretion rate can be obtained, substituting the above
equation in Eq. 4.4:
M˙in =

s

exp

✓

fein
⇥ein

1

◆

exp

✓

fpin
⇥pin

1

◆

3

3

3

3

2
2
⇥ein
⇥pin
(3⇥ein + 2) 2 (3⇥pin + 2) 2 (Hrur )

(4.10)

Thus, we get a measure of entropy, strictly valid near the horizon or in any region where
the above discussed assumptions are valid. In case of a two-temperature flow around an
NS, we have the same expression of entropy measure, except the last bracketed term,
which will be vp Ap , similar to what was obtained in entropy accretion rate form for onetemperature flows (see, Eq. 4.6).
This is the first time, an entropy measure form in two-temperature accretion theory
is proposed.

4.4.3

Application Of Entropy Accretion Rate Formula

In a series of papers, namely Sarkar & Chattopadhyay (2019a,b); Sarkar et al. (2020),
we attended the degeneracy problem and proposed a general methodology to remove
degeneracy in two-temperature accretion flows around BHs. We utilised the concept of
entropy, to find a unique transonic two-temperature accretion solution. Using the above
entropy accretion rate formula (see, Eq. 4.10), entropies of all the degenerate solutions
were measured. We found that the entropy maximised for a unique solution. Following
the second law of thermodynamics, that nature would prefer a solution with maximum
entropy, degeneracy was removed in two-temperature accretion flows. But the above
equation is strictly valid near the horizon in case of a BH, where the free-fall condition of
matter is valid.
We extended the work on two-temperature flows, to NSs as well (Sarkar et.al., 2021,
under review). Unfortunately, an inner boundary condition similar to BH, is not present
outside an NS surface. Strong gravity of NS can makes an accretion flow transonic, with
matter approaching the NS surface supersonically, however, the poloidal velocity of the
supersonic branch is not high enough to approach free-fall values. Moreover, the presence
of a hard surface of NS intervenes the supersonic flow and drives a shock near the surface,
after which matter slows down, finally settling down onto the NS surface. Thus, the
presence of a hard surface in case of NS, do not allow matter to achieve free-fall velocities
and the form of entropy measure proposed by us, is not valid for these flows. Even if
it is assumed, that the supersonic matter directly hits the NS surface (Koldoba et al.,
2002), without forming a shock, the matter would still not achieve velocities, high enough
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(v ⌧ c), to use the entropy expression and obtain an entropy measure close to the NS
surface. In other words, neither the supersonic branch, nor the post shock flow achieves
free-fall velocities. Therefore, one cannot obtain an entropy measure and the methodology
followed in case of BHs, cannot be adopted directly, for flows around NSs. This has led to
a serious problem of constraining the degeneracy in two-temperature flows around NSs.
But we propose a novel methodology to remove degeneracy and obtain unique transonic
two-temperature accretion solution around NSs, for a given set of constants of motion,
utilising our entropy measure form (Eq. 4.10). We elaborately discuss it in Chapter 7
(Sarkar et.al., 2021, under review).
After constraining degeneracy in both these compact objects, we proceed to obtain
global accretion solution and perform spectral analysis of the flows. We study solutions
for a large set of parameter space, to get a global picture of the BH as well as NS systems.
Elaborate discussion on the methodology to obtain unique transonic two-temperature accretion solutions around BHs and NSs have been discussed individually, in their respective
chapters.
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Chapter 5

Two-temperature Flows Around
Black Holes – I: Spherical
Accretion

5.1

Introduction

One of the most spectacular objects found in the Universe are BHs. The properties of a
BH are imprinted on the surrounding accretion flows, hence, modelling of these flows are
important. This led to the development of innumerous models, which has been improvised
from time to time to match with the latest observations. Matter accreted under the
influence of strong gravity of BHs gets compressionally heated, such that the flow becomes
fully ionised. Electrons being the main radiators, a system is more likely to settle down
into two-di↵erent temperature distributions, one defining protons and the other electrons
(see, Section 1.5 for a more detailed discussion). Two-temperature modelling is necessary
because it helps in obtaining information of the electrons, which mainly contribute to the
observable spectrum. But as discussed in the previous Chapter 4, two-temperature theory
is degenerate in nature. For a given set of constants of motion, we have multiple transonic
solutions, each with a distinct sonic point and property (no two solutions share the same
property, or rc ). The degeneracy prevailing in two-temperature accretion flows is a long
outstanding problem. In Chapter 4, we identified the problem of degeneracy and proposed
that, ‘entropy ’ is a tool, which can help constrain the degeneracy. Thereafter, we derived
an entropy accretion rate formula, Eq. 4.10, for the first time in two-temperature accretion
theory.
The results of this chapter are published in: Sarkar, Shilpa and Chattopadhyay, Indranil, 2019,
International Journal of Modern Physics D, 28, 1950037.
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The theme of this chapter is to address the basic problem of finding a ‘unique’ transonic
two-temperature accretion solution around a Schwarzschild BH, and validate the novel
methodology. Since, this is the first time, a formula of entropy measure for two-temperature
accretion flows has been derived, and a methodology to constrain degeneracy is proposed,
it is necessary to remove all frills that might complicate and obscure the question at hand.
Hence, as a first step, we consider radial accretion i.e., rotation is neglected. Therefore,
the flow geometry is spherical/conical with the presence of very little or negligible angular
momentum. These flows are also known as Bondi flows. Spherical flows harbour a single
sonic point due to the presence of gravity. The equations are hence simplified and is easy
to implement. Assumption of a more complicated accretion model would have obscured
the crux of the problem. Although spherical accretion might look very simple, however,
it is not entirely implausible as an accretion model. Chattopadhyay & Kumar (2016);
Kumar & Chattopadhyay (2014) have previously shown that the flow geometry in the
inner region of an accretion disc around BH, is close to conical flow with low angular
momentum. Therefore, radial accretion might be used to mimic the inner region of AGNs
and microquasars. This is to be expected too, since the BH gravity would start to dominate
over other interactions in the inner accretion region. As a result, a large number of papers
do consider spherical flow to mimic the inner region of accretion flow (Ipser & Price, 1982;
Kazanas et al., 1997; Titarchuk et al., 1997). In addition, standard accretion model onto
isolated BH from inter-stellar medium is indeed spherical (Beskin & Karpov, 2005; Davies
& Pringle, 1980). We have worked in the pure GR regime, to capture the e↵ects of strong
gravity around BHs.
We propose in this work, a novel methodology to overcome the degeneracy problem,
by laying down a prescription to obtain the correct solution. This is difficult since plasma
physics do not impose any constraint on the relation between electron and proton temperatures at any distance from the BH horizon. Thus, we utilise the measure of entropy
derived in Section 4.4.2, given by Eq. 4.10, which is strictly valid near the horizon, to constrain the degeneracy. Following second law of thermodynamics we select the maximum
entropy solution to be the one preferred by nature. As far as we know, such an attempt
has yet not been undertaken so far.
After removing degeneracy, we analyse and discuss general two-temperature accretion
solutions for a wide range of parameter space. We use the two-temperature version of
CR EoS to incorporate the trans-relativistic nature of accretion flows around BHs. Also
di↵erent dissipative processes like bremsstrahlung, synchrotron and Comptonization have
been taken into consideration in this work. Amount of energy exchanged between electrons
and protons is computed using the relativistic version of Coulomb interaction term given
by Stepney (1983). We note that, since radial flow has no angular momentum, viscous
transport should be negligible. Absence of rotation reduces the shear stresses to negligible
values. Assuming shear to be the only source of viscosity, viscous stresses can also be
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ignored. Also, Coulomb coupling is not an efficient energy transfer process, therefore
any viscous heating will anyway not find its way into heating up the electrons. Looking
into all these factors, we ignored viscous dissipation and concentrated on two-temperature
accretion flow by only considering cooling mechanisms in this work. However, at the end
we consider dissipative proton heating (Ipser & Price, 1982) to mimic the e↵ect of viscous
heating, if any, present inside the system.

5.2

Assumptions And Equations Used

v

v

v

v

Figure 5.1: Cartoon diagram representing spherical flow around a BH. The arrows represent the direction of accretion.
We assume steady, advective, spherical accretion flows around Schwarzschild BH, a cartoon
diagram of which is presented in Fig. 5.1. The background metric is given by Eq. 2.1. The
flow is assumed to be fully ionised and composed of protons and electrons. We neglect in
this work, the presence of any pairs and thereby any pair-producing mechanisms. Thus,
np = ne = n and ⇠ = 1 (see, Eq. 2.6). We utilise the equations discussed in Section 2.2
for modelling these flows. CR EoS for multi-species flow has been used throughout this
work, explicit form of which is given in Eq. 2.30. Unlike one-temperature flows, we now
have two-di↵erent species in two-temperature flows. Thus, f present in the generic form
of CR EoS (see, Eq. 2.31) is given by,
f = fe +
where, fe = 1 + ⇥e

⇣

9⇥e +3
3⇥e +2

⌘

and fp = 1 + ⇥p

⇣

fp

,

9⇥p +3
3⇥p +2

(5.1)
⌘

.

As, there is no pair creation or annihilation present in the system, the continuity
equation given by Eq. 2.5 can be written as Eq. 2.9. This can be integrated to obtain
accretion rate of the flow, Ṁ , expression of which is given by (also, see Eq. 2.10):
Ṁ = 4⇡⇢ur r2 cos ✓c ,
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where, ✓c is assumed to be 60 throughout this chapter, unless mentioned otherwise.
The di↵erential equation for proton and electron temperatures are obtained by simplifying Eq. 2.15 using CR EoS (Eq. 2.31 alongwith Eq. 5.1) and Ṁ (Eq. 5.2), we get,
d⇥p
=
dr
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respectively, where, K̃ = 1 + 1/ , P = r(r
Q in the proton
2) ; E = ⇢hur ; P = ⇢hur .
+
energy equation can be written as, Qp = Qp Qp and in the electron energy equation
it is, Qe = Q+
Qe . Since the flow contains electrons and protons equilibrating at two
e
di↵erent temperatures, we need to use the first law of thermodynamics separately for protons and electrons. These two energy equations are coupled by a Coulomb coupling term
(Qep ) which allows protons and electrons to exchange energy within themselves. Thus, it
acts as a heating term for electrons and cooling term for protons, Qp = Q+
e = Qep . The
cooling of electrons include contributions from three radiative cooling mechanisms namely
bremsstrahlung (Qbr ), synchrotron (Qsyn ) and inverse-Comptonization (Qic ). Therefore,
Qe = Qbr + Qsyn + Qic .

Simplifying Eq. 2.13, using Eqs. 2.30–2.32 and 5.1–5.4, we get the di↵erential equation
for velocity,
N
dv
= ,
(5.5)
dr
D
⇣
⌘
2
where, N = r(r1 2) + as 2 P + ( e 1)E + ( p 1)P and D = 1 vv2 1 avs2 .
Here, we have defined the sound speed as, as 2 = G/hK̃, where G =

e ⇥e

+

p ⇥p /

.

Generalized Bernoulli Constant
The expression for generalized Bernoulli constant is given in Eq. 2.17, where Xf =
R Qp + Qe
dr. This is conserved throughout the flow even in the presence of dissipa⇢hur
tion. In case of non-dissipative/adiabatic flows, E ! E = hut , which is the canonical
form of relativistic Bernoulli parameter (Chattopadhyay & Chakrabarti, 2011; Shapiro &
Teukolsky, 1983).

5.3

Solution Procedure

Bondi (1952) has already proven that for a given set of flow parameters, entropy of the
transonic global solution is maximum. Therefore, a TS is the solution which is most
favoured by nature. The general procedure to obtain a TS in two-temperature is similar to
the one in the single temperature regime, which is — for a given set of flow parameters, the
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sonic point is located first and then the di↵erential equations of velocity and temperatures
are integrated, in order to obtain self-consistent values of flow variables (see, Section 3.3.1
for an extensive discussion, also see flowchart present in Fig. 3.2 for brief information
regarding the methodology).

5.3.1

Method To Find Sonic Point: One-Temperature Versus TwoTemperature

A spherical flow harbours only a single sonic point. The first step in obtaining a general TS
is to locate this rc . Finding of rc is not trivial in presence of heating and cooling. A general
methodology to obtain rc and hence a TS, in a dissipative system, has been elaborated in
Section 3.3.1. But, the flow was assumed to be of one-temperature distribution. In short,
it states the following.
) To find rc we need to first choose a boundary: horizon or infinity. The advantage
of choosing horizon as the boundary, is that atleast the inflow velocity at the horizon is
known (vin = c), while at the outer boundary value of v is arbitrary. Unfortunately, there
is a coordinate singularity at the horizon, so one cannot start the integration starting from
there. Therefore, we chose a location asymptotically close to the horizon, rin ! 2rg . Very
close to the horizon gravity overwhelms all other interactions, therefore the flow becomes
adiabatic, i.e., as rin ! 2rg , v ! c and E ! E . At rin , for one-temperature inviscid flow,
there are two unknowns vin and ⇥in (or Tin ). So, for a given set of constants of motion,
one can iterate ⇥in and obtain for each iteration a corresponding value of vin (from the
supplied value of E, see step 3 in Section 3.3.1). Taking these inner boundary values, we
integrate the di↵erential equations of v and ⇥, to obtain a solution. It is not necessary
that this solution would be transonic or pass through an rc . So, we iterate ⇥in , until
for a unique set of ⇥in and vin , the solution would pass through a unique rc (step 4 in
Section 3.3.1). At the sonic point, dv/dr|rc = 0/0 form. The pictorial representation of
this methodology is given in Fig. 3.3.
In the two-temperature regime, instead of two unknowns (vin and ⇥in ), we now have
three unknowns: vin , ⇥ein and ⇥pin at rin . This is because of the presence of an extra
temperature. But, unfortunately we do not have any additional equation, which can
decide the relation between these variables. This makes the system degenerate. So now
the methodology which needs to be followed, for a given set of constants of motion (E
and Ṁ ) is, we fix ⇥pin to some arbitrary value and then follow the iteration technique
used for finding one-temperature TSs (iterate on ⇥ein until the solution obtained satisfies,
at any given r, the sonic point conditions). It is to be noted that, we can similarly fix
⇥ein and iterate on ⇥pin . Both of these methods would yield the same result. We get a
TS, characterised by ⇥pin , vin , ⇥ein at rin . Since, the value of ⇥pin is arbitrary, it can be
changed to another value, and the same methodology could be followed to obtain another
TS. Interestingly, all are for the same set of constants of motion (same E and Ṁ ).
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One has to remember that, now the system is under-determined, the consequence of
which will be seen in the next section. It may be further noted that, while presenting
results, we prefer to quote Tpin or Tein , instead of ⇥pin or ⇥ein respectively. This will make
it easier for the reader to relate to the problem.

5.4

Results

We initially assume Q+
p = 0 to discuss various features of two-temperature solution. The
+
e↵ect of Qp 6= 0 will be discussed later in Section 5.4.3.6.

5.4.1

Investigating Degeneracy In Two-Temperature Flows

Figure 5.2: Accretion M (solid, red) and wind M (dotted, red) as a function of r are
plotted. The di↵erent solutions in di↵erent panels are obtained by changing Tpin (values
of which are written at the top of each panel) but are for the same set of constants of
motion ) Ṁ = 0.01ṀEdd and E = 1.0001. The solution is for a 10M BH.
In Figs. 5.2a—c, we present the accretion solutions of two-temperature Bondi flow for
MBH = 10M , Ṁ = 0.01ṀEdd and E = 1.0001. Each panel shows the accretion Mach
number or M = v/as (solid, red) and corresponding wind M (dotted, red) as a function of
r. The crossing points are the location of sonic/critical points. The solid red line represents
the global transonic accretion solution, because it satisfies the BH boundary conditions
— subsonic very far away and reaching v ! c near the BH horizon. The three solutions
plotted in the figure are obtained by changing the proton temperature near the horizon,
Tpin (Tpin = Tp |r!rin ), but for the same set of constants of motion for a given BH mass.
This implies that di↵erent values of Tpin would yield di↵erent solutions, each with a unique
sonic point position and sonic point properties. In Section 5.3.1, we pointed out that the
two-temperature regime is under-determined, because we need to have information of an
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Figure 5.3: Top left panel: Variation of M˙in as a function of Tpin for accretion flow with
Ṁ = 0.1ṀEdd and E = 1.001 onto a 10M BH. Panels ‘a’ to ‘e’ presents M vs r (solid)
corresponding to each of the points ‘a’—‘e’ on the M˙in –Tpin curve. The stars represent the
location of the sonic points (rc ). At Tpin = 5.0 ⇥ 1011 K (marked ‘c’) entropy maximises,
so panel ‘c’ is the correct solution for the given set of constants of motion: E and Ṁ .
extra unknown and the set of equations are incomplete. The degeneracy in solution is
the direct fall out of such a scenario. All transonic two-temperature solutions, whether
in exact GR or in pseudo-Newtonian regime, su↵ers from this deficiency. In the next
section we will discuss, the physical principle to be followed in order to obtain a unique
two-temperature transonic solution.

5.4.2

Entropy Measure As A Tool To Remove Degeneracy In TwoTemperature Flows

As has been shown in Figs. 5.2a—c, for a given set of constants of motion namely E and
Ṁ , there can be a plethora of TSs, each di↵erentiated by the Tpin at rin . Now the only way
this degeneracy can be removed is by invoking the second law of thermodynamics. It has
been discussed in Section 4.4.2, that a general analytical expression of entropy measure
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is not possible, however, the entropy of the accreting matter very close to the BH can be
calculated using Eq. 4.10. So in Fig. 5.3, top left panel, we plot the measure of entropy
M˙in at r = rin as a function of Tpin , for an accretion flow characterised by constants of
motion Ṁ = 0.1ṀEdd and E = 1.001 onto a 10M BH. We have marked points ‘a’ to ‘e’
on the M˙in vs Tpin curve, and then have plotted the corresponding solutions (M vs r) in
the adjacent panels also named as ‘a’ to ‘e’ (using same colour coding). It is easy to notice
that the solutions with di↵erent Tpin s are completely di↵erent from each other, as the rc s
are found to vary by few 100rg (for this particular set of E and Ṁ ). In particular, solution
marked ‘a’ and that marked ‘e’, both, even share the same M˙in apart from sharing the
same value of constants of motion. But, the sonic point of ‘a’ is at rc = 75.008 and that
of ‘e’ is at rc = 451.297. Di↵erent proportions of Te and Tp might give rise to the same
M˙in , all for the same set of E and Ṁ ! This also implies a wrong choice of solution would
lead us to wrong conclusions about the physical processes around BHs. However, only one
of them is correct. It must be noticed that, of all the solutions, the entropy distribution
has single well behaved maxima at Tpin = 5 ⇥ 1011 K, and therefore, by the second law
of thermodynamics, the accretion solution corresponding to this entropy at point ‘c’ on
the curve is the correct one. In this way we constrain the degeneracy in two-temperature
accretion flows.

5.4.3

Properties Of Unique Two-Temperature Transonic Solutions

In the sections to follow, analysis of two-temperature flows were done using the maximum
entropy solution, obtained by following the methodology discussed above.
5.4.3.1

Critical Point Properties:

For an adiabatic flow, given a value of E, location of sonic point is known a priori (Kumar et al., 2013). Since, in our case the flow is dissipative, sonic point can be located,
only during obtaining of the solution. Two-temperature flows are under-determined, thus
unique rc can only be obtained after invoking the second law of thermodynamics. Taking
all these factors into consideration, we plot E as a function of rc (Fig. 5.4a); while vc
(Fig. 5.4b); pc , ec (Fig. 5.4c) and M˙in (Fig. 5.4d) are plotted as functions of E. Each
panel has di↵erent curves representing accretion rates: Ṁ = 0.01ṀEdd (solid, yellow),
0.10ṀEdd (dotted, red), 0.50ṀEdd (dashed, magenta), 1.00ṀEdd (long-dashed, green) and
5.00ṀEdd (dot-dashed, blue). Here a BH of 10M has been considered. For low accretion rates (Ṁ  0.1ṀEdd ), the range of rc s can be anywhere between 3 to 1, while, for
higher accretion rates, the rc range decreases significantly (see, Fig. 5.4a). In presence of
significant cooling (i.e., higher Ṁ ), hot flows from larger distances can be accreted, which
otherwise could not be accreted. Similarly, flows with higher E suggests higher thermal
energies at infinity. As a result, vc and the entropy (M˙in ) both are higher, for flows with
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Figure 5.4: Variation of sonic points and its properties with the accretion rate (Ṁ ) of
the BH. Here we have assumed MBH = 10M . We have used accretion rate values,
Ṁ = 0.01ṀEdd (solid, yellow), 0.10ṀEdd (dotted, red), 0.50ṀEdd (dashed, magenta),
1.00ṀEdd (long-dashed, green) and 5.00ṀEdd (dot-dashed, blue).
higher Ṁ and E (see, Fig. 5.4b). The adiabatic indices plot present in Fig. 5.4c, concludes
that electrons generally remain relativistic ec ⇠ 4/3, except when rc is located very far
away from the central BH where the temperatures are very low. While, pc ⇠ 5/3 suggests
that protons are almost non-relativistic, irrespective of the location of rc . This variation
in for di↵erent species, justifies our use of CR EoS. From all the plots it is clear that,
for spherical accretion, there can be only one sonic point corresponding to a given E.

5.4.3.2

Flow Variables And Emissivity

In Figs. 5.5a—f, we present various flow variables corresponding to the unique Bondi
accretion solution onto a BH of 10M . The constants of motion are, E = 1.00001 and
Ṁ = 0.01ṀEdd . The flow variables plotted are (a) M , (b) E, (c) Tp (dotted, blue) & Te
(solid, magenta), (d) p (dotted, blue) & e (solid, magenta), (e) v and (f) Coulomb
coupling (Qep , single-dot long-dashed, orange) and total electron cooling (Qe , solid,
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Figure 5.5: Variation of (a) M ; (b) E; (c) Tp (dotted, blue) and Te (solid, magenta); (d) p
(dotted, blue) and e (solid, magenta); (e) v; and (f) Coulomb coupling (Qep , single-dot
long-dashed, orange) and total electron cooling (Qe , solid, black) alongwith the individual components: bremsstrahlung (Qbr , dotted, red), synchrotron (Qsyn , short-dashed,
blue), inverse-Comptonization (Qic , long-dashed, magenta) and inverse-bremsstrahlung
(Qib , single-dot short-dashed, green) are plotted as functions of r. The black star on the
M distribution (panel a) represent the location of rc . The accretion disc parameters are,
E = 1.00001, Ṁ = 0.01ṀEdd and MBH = 10M .

black) alongwith the individual components: bremsstrahlung (Qbr , dotted, red), synchrotron (Qsyn , short-dashed, blue), inverse-Comptonization (Qic , long-dashed, magenta)
and inverse-bremsstrahlung (Qib , single-dot short-dashed, green) emissivities. The black
star in Fig. 5.5a indicates the location of rc . The fact that E remains unchanged throughout the flow (see, Fig. 5.5b, solid red), confirms that, it is indeed a constant of motion
even in the presence of dissipation. For matter present at very large r, Te ⇡ Tp while,
Te < Tp for range 2 < r < 1000 (Fig. 5.5c). Moreover, the electron fluid while travelling
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a distance of about 104 rg on the way to the BH, spans a temperature range of more than
two orders of magnitude (Fig. 5.5c, solid, magenta) which means, 1.6 > e ⇠ 4/3. The
same is reflected in the e plot (see, Fig. 5.5d, solid, magenta) which do not have any
constant value. On the other hand, the temperature of the proton fluid spans more than
three orders of magnitude (Fig. 5.5c, dotted, blue), but due to its higher mass, p does
not change much and remains around ⇠ 5/3, achieving a minimum value of ⇠ 1.6 just
near the horizon, where Tp is maximum (Fig. 5.5d, dotted, blue). The distribution of e
& p would change for a di↵erent set of constants of motion (E, Ṁ ). In other words,
considering CR EoS is important. In Fig. 5.5f, we see that, Qbr dominates the radiative
> Q .
process for this particular set of E and Ṁ , except near the horizon where the Qsyn ⇠
br
Qic is weak all throughout the flow, since the accretion rate of the system is low. Qep
is comparable to Qe , for a large range of r, except near the horizon, where, Qep < Qe .
This suggests that near the horizon electrons cool more, than its heated through Coulomb
coupling. As a result, Te ⌧ Tp , near the event horizon. So one can say, attainment
of one-temperature distribution or, two-temperature distribution depends on the relative
strength of Coulomb interaction and various radiative processes.
5.4.3.3

Dependence Of Accretion Flow On E And Ṁ

In Figs 5.6a1 —c3 , we show how global transonic two-temperature solutions depend on the
value of E, a constant of motion. In the plot, we increased its value from left to right:
E = 1.0001 (a1 , a2 , a3 ), E = 1.001 (b1 , b2 , b3 ) and E = 1.01 (c1 , c2 , c3 ). The other flow
parameters are Ṁ = 0.01ṀEdd and MBH = 10M . We have plotted in Fig 5.6 top row:
v (a1 , b1 , c1 ) using solid red line; middle row: electron number density, ne (a2 , b2 , c2 )
using solid green line and bottom row: Tp & Te (a3 , b3 , c3 ) using dotted blue and solid
magenta line respectively. The black star on the velocity curve shows the location of rc .
For higher E, rc is formed closer to the horizon (also, see Fig. 5.4a). Increasing E, raises
the temperature at the outer boundary and reduces v, thus ne (in cm 3 ) at the outer
boundary is also higher for higher E.
Increasing Ṁ has a similar e↵ect on the accretion solutions. We study it using a similar
plot as Fig. 5.6, but now with varying Ṁ values, increasing from left to right and with fixed
E = 1.0001 (see, Fig. 5.7). The values of Ṁ are: 0.01ṀEdd (a1 — a4 ), 0.2ṀEdd (b1 — b4 )
and 0.5ṀEdd (c1 —c4 ). We include an additional row at the end (4th row) which plots the
di↵erent radiative emissivities present in the system as a function of r (Figs. 5.7a4 , b4 ,
c4 ). Inset of each panel in the last row, is plotted, Qe which is represented using solid,
black curve, Qbr in dotted red, Qsyn in short-dashed blue, Qic in long-dashed magenta,
Qib in single-dot short-dashed green and Qep using single-dot long-dashed orange curve.
Emission increases with the increase in Ṁ and therefore a system can accrete hotter
flow from large distances. As a result, rc form closer to the horizon (also, see Fig. 5.4a).
This is visible in Fig. 5.7 top row, where black star represents rc . For low Ṁ , we can
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Figure 5.6: Variation of v (a1 , b1 , c1 ); electron number density, ne (a2 , b2 , c2 ) and Tp &
Te in panels (a3 , b3 , c3 ), as a function of r. The generalized Bernoulli parameter changes
from the left panels E = 1.0001 (a1 , a2 , a3 ), to the middle panels E = 1.001 (b1 , b2 ,
b3 ) and then to the right panels E = 1.01 (c1 , c2 , c3 ). Other parameters selected are
MBH = 10M and Ṁ = 0.01ṀEdd .
see from Fig. 5.7a4 that, Qbr dominates (also see, Fig. 5.5f). Interestingly, for a distance
20 < r < 1000, Qep ⇡ Qe . Thus, Te ⇡ Tp in the same range. As the accretion rate
increases, inverse-Compton cooling becomes more efficient and starts to dominate (Fig.
5.7b4 ). The Qep term becomes less e↵ective, as a result of which, the disagreement between
Te and Tp values increases. For even higher Ṁ (Fig. 5.7c4 ), inverse-Compton dominates
the cooling throughout the accretion flow. The Coulomb term becomes even weaker and
therefore Te and Tp becomes significantly di↵erent from each other.
5.4.3.4

Effect Of The Mass Of The Central BH

To investigate the e↵ect of change of BH mass, we plot in Fig. 5.8, ne (a1 , b1 , c1 ) and
emissivities (Qe , Qbr , Qsyn , Qic , Qib , Qep ) (a2 , b2 , c2 ) as a function of r in units of rg .
From left to right, BH mass increases with values: MBH = 10M (a1 , a2 ), MBH = 103 M
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Figure 5.7: Variation of v (a1 , b1 , c1 ); electron number density, ne (a2 , b2 , c2 ), Tp &
Te in panels (a3 , b3 , c3 ) and various emissivities (Qe , Qbr , Qsyn , Qic , Qib and Qep ) (a4 ,
b4 , c4 ) as a function of r. The accretion rate changes from the left panels Ṁ = 0.01 (a1 ,
a2 , a3 , a4 ), to the middle panels Ṁ = 0.2 (b1 , b2 , b3 , b4 ) and then to the right panels
Ṁ = 0.5 (c1 , c2 , c3 , c4 ). Other parameters selected are, MBH = 10 M and E = 1.0001.
(b1 , b2 ) and MBH = 106 M (c1 , c2 ). Other flow parameters are, E = 1.0001 and Ṁ =
0.5ṀEdd . The accretion rate is described in units of Eddington rate, thus the information
of BH mas is imprinted inside it (see, Eq. 1.7). So, for a given value of Ṁ , the net amount
of mass flux (in units of g/s) increases with the increase in central BH mass. Eventually,
the length-scale increases. Thus, 1rg is equivalent to ⇠ 30km for a 10M BH, 3000km for
103 M , 3 ⇥ 106 km for 106 M BH and so on.
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Figure 5.8: Variation of ne (a1 , b1 , c1 ); emissivities and Coulomb coupling (a2 , b2 , c2 )
as function of r. Left column panels (a1 and a2 ) are for MBH = 10M , the middle column
are for MBH = 103 M (b1 , b2 ) and for right column MBH = 106 M (c1 , c2 ). Other
parameters selected are E = 1.0001 and Ṁ = 0.5ṀEdd .

Increase in BH mass suggests that ne (in units of cm 3 ) as well as local emissivity
decreases, because it is proportional to the inverse of the mass of the BH. But the total
3 . As a result, net radiative
cooling will increase since the volume would increase as MBH
cooling increases with MBH . This allows hotter matter to flow onto a more massive BH,
which pushes rc closer to horizon even for matter starting with same E and Ṁ (in units of
ṀEdd ). The sonic point for MBH = 10M , 103 M and 106 M is at rc = 61.535, 39.966
and 19.786 in units of rg respectively. So it is clear that radial accretion onto larger BH,
is hotter and more luminous than the smaller ones. As seen in Figs. 5.7a4 —c4 , for low
Ṁ where the number density is lower, Qic is generally lower than Qbr or Qsyn . But as we
increase Ṁ , Qic starts to dominate. Similarly, larger accreting BHs which increases the
magnitude of mass flux, are more luminous and the total emissivity is dominated by Qic .
This is plotted in Figs. 5.8a2 —c2 (long-dashed, magenta). It also shows that for a lower
mass BH and higher Ṁ , Qsyn is similar to Qbr , however, for higher MBH , Qbr is much
stronger than Qsyn . Whatever may be the mass of the central BH or accretion rate, Qib is
significantly lower than the net emissivity. The Coulomb coupling term Qep is negligible
for high Ṁ and decreases even more for flows around massive BHs, thus justifying the
presence of two-temperature flows inside the system.
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r

Figure 5.9: (a) Luminosity, L, and (b) efficiency ⌘ r as a function of Ṁ . Each curve
corresponds to MBH = 108 M (solid, red) and MBH = 10M (dotted, blue). E = 1.001
for both these flows.
5.4.3.5

Luminosity And Efficiency Of The Systems

Shapiro (1973) computed luminosity from Bondi flow only via bremsstrahlung process, and
concluded that radial flow is not efficient enough. Also, the accretion model considered
was not strictly of two-temperatures and all classes of solutions were not investigated.
From Figs. 5.5 — 5.7 of this chapter, it is quite clear that di↵erent cooling processes
starts to dominate at di↵erent Ṁ . For lower Ṁ , inverse-Compton is not a very dominant
process, while this process is important for higher Ṁ . Therefore, it can be safely assumed
that both luminosity and efficiency of an accretion flow depends on Ṁ .
In Fig. 5.9a, we plot the variation in luminosity (L) in units of ergs s 1 , with change
in Ṁ , for an accretion flow around 10M (dotted, blue) and 108 M (solid, red) BH. In
both cases, E = 1.001. The efficiency of a BH system can be written as, ⌘ r = L/(Ṁ c2 ),
which is plotted in Fig. 5.9b, as a function of Ṁ . For low Ṁ . 0.2ṀEdd , the efficiency
of conversion of accretion energy to radiation is really low, ⌘ r . 0.01 for both kind of
BHs. However, for Ṁ > 0.5ṀEdd , the efficiency & 0.1 for accretion onto a 108 M BH and
comfortably produce L & 1044 ergs s 1 . At super-Eddington accretion rates, super-massive
BH produce luminosities above 1045 erg s 1 , with efficiency ⌘ r ⇠ 0.2.
5.4.3.6

Effect Of Dissipative Proton Heating

So far in this chapter, we have not assumed any explicit heating. In this section we
consider dissipative magnetic heating, following the footsteps of Ipser & Price (1982). It
mainly a↵ects the protons, however, through Coulomb coupling the dissipated energy is
also transmitted to the electrons. In Fig. 5.10, we plot in the top row (a1 –b1 ): v (solid,
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Figure 5.10: Three-velocity v (a1 , b1 ), temperatures (a2 , b2 ) and emissivities, heating and
Coulomb coupling (a3 , b3 ) as a function of r. The solutions are for Ṁ = 0.01ṀEdd (a1 —a3 )
and Ṁ = 0.5ṀEdd (b1 —b3 ). Other parameters are, E = 1.001 and MBH = 10M .

red), middle row (a2 –b2 ): temperatures, Te (solid, magenta) & Tp (dotted, blue) and last
row (a3 –b3 ) various emissivities, heating rate (solid, black) and the Coulomb coupling
term (all labelled inset). The two di↵erent columns are for Ṁ = 0.01ṀEdd (Figs. 5.10a1 –
a3 ) and Ṁ = 0.5ṀEdd (Figs. 5.10b1 –b3 ). The flow parameters are, E = 1.001 and
MBH = 10M . Comparing Figs. 5.10a1 –a3 with Figs. 5.6b1 —b3 , which are for the same
accretion parameters but the latter is without heating, the e↵ect of heating is clearly seen.
The sonic point in the present case is pushed far away from the central BH. This concludes
that the BH is accreting matter with lower temperatures at the outer boundary. Also,
since Ṁ is low, the heating term Q+
p dominates. For higher Ṁ = 0.5ṀEdd (see, Figs.
+
5.10b1 —b3 ), Qe dominates over Qp . The Coulomb coupling on either case is negligible.
Heating processes quantitatively a↵ect the solutions, if the dissipative heat only heats the
protons. This is because, Coulomb coupling is not very e↵ective in energy transfer from
protons to electrons. This was also concluded by Manmoto et al. (1997).
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Discussions And Conclusions

In this chapter, we focus on obtaining unique transonic two temperature accretion solution in steady state from all the degenerate solutions. First, we investigated the entropy
accretion rate form and proposed a novel methodology by working in spherical flows. A
correct two-temperature solution is very important, because a proper electron temperature
distribution for a given boundary condition, produces the correct spectrum and luminosity. Moreover, analytical solutions obtained in this chapter is also important since, these
solutions may act as tests, as well as, may be used as initial conditions for simulation
codes.
Although there are few papers in the one-temperature regime, which used constants
of motion to obtain the solutions, but as far as we know, probably there are none in
the two-temperature domain which even addresses the issue of constants of motion while
obtaining the solutions. Also, the use of a relativistic EoS (see, Eq. 2.30), has been few
and far between even in the one-temperature theory. It may be remembered that, a fluid
solution is not just characterised by its energy but also by its entropy and according to
the second law of thermodynamics, any physical solution should correspond to the one
with highest entropy. It was Bondi (1952) who used this principle in order to stress that
a transonic solution is the correct accretion solution under the influence of gravity. Later
Becker and his collaborators (Becker et al., 2008; Becker & Le, 2003; Le et al., 2016; Lee
& Becker, 2017) used the information of energy as well as the entropy to obtain transonic
accretion solutions around a BH in presence of dissipation. Since the set of equations in
one-temperature flow is complete, so finding a transonic solution suffices the criteria for
second law of thermodynamics (Bondi, 1952). However, as has been discussed extensively
in this chapter, as well as the previous Chapter 4, the set of governing equations are less
than the number of variables, second law of thermodynamics becomes essential even to
find a proper solution. The novelty of this work is that we identified this long outstanding
problem and laid down a prescription to overcome it, by actually following the footsteps
of Bondi and Becker et al.
To focus on the problem of degenerate two-temperature solutions and its possible
remedy, we considered a simple accretion model of radial flow onto a BH, since it possess
a single sonic point. More complicated accretion models would have concealed the essence
of the problem. Simple as it may be, but spherical accretion is preferred mode of accretion
onto isolated BHs immersed in inter-stellar matter and this has been verified by many
authors (Beskin & Karpov, 2005; Davies & Pringle, 1980). Moreover, the inner region of
a BH accretion disc is also quasi-spherical and many researchers have considered radial
inflow to mimic inner accretion disc (Kazanas et al., 1997; Titarchuk et al., 1997). Since
radial flow has no angular momentum (quasi-spherical flow may have minuscule amount),
viscous transport should be negligible for accretion onto isolated BH or in the inner region
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of an accretion disc. Authors who have obtained transonic two-temperature solution
before (Manmoto et al., 1997; Nakamura et al., 1996), are of the view that Coulomb
coupling is not an efficient energy transfer process. Therefore any viscous heating will
anyway not find its way into heating up the electrons. Looking into all these factors, we
ignored viscous dissipation and concentrated on two-temperature accretion flows by only
considering cooling mechanisms in this chapter. However, at the end we did consider the
e↵ect of dissipative proton heating, following the work of Ipser & Price (1982), to mimic
the e↵ects of viscous heat dissipation (if any, present inside the flow).
Using the methodology explained in Section 5.3, we obtained all possible transonic
solutions for any given set of E and Ṁ and found that the entropy maximised at a
particular solution (see, Fig. 5.3). Following the second law of thermodynamics, we select
the solution with maximum entropy as the solution which nature would prefer for the
given set of constants of motion.
Thereafter, we studied and analysed the unique two-temperature spherical flows around
BHs. We found that, for higher E and higher Ṁ , sonic points were formed closer to the
horizon, while for lower values of both the constants of motion, sonic points occurred at
larger distances. We showed that for correct solutions the adiabatic index of electron
and proton fluid varies from non-relativistic to relativistic values. We also showed that,
di↵erent cooling processes become important at di↵erent values of Ṁ . Therefore, radiative efficiency depends on Ṁ . For Ṁ < 0.1ṀEdd , whether it is a super-massive BH or
a stellar one, the accretion flow is radiatively inefficient. But for a super-massive BH
with Ṁ & 0.6ṀEdd , the accretion flow becomes radiatively efficient i.e., more than 10%.
On the other hand, for stellar-mass BHs, accretion becomes radiatively efficient when
the accretion rate is close to the Eddington rate. We note here that special and general
relativistic e↵ects has not been considered in this work, while computing the luminosity
and efficiency. Also photon trapping and photon bending e↵ects were ignored. We take
care of all these important factors in the next chapter, where we perform spectral analysis
of more realistic accretion flows around BHs. Thus, the numbers quoted here for L and
⌘ r can slightly reduce, but only near the horizon, where these e↵ects are strong. The
conclusions do not change qualitatively.
In this work it has been observed that, whenever inverse-Compton process dominates,
the accretion flow becomes more luminous. This process becomes important for higher accretion rates. Therefore, it is not necessary that radial accretion will always be radiatively
inefficient. It has been confirmed from the analysis done in this work is that, heating has a
quantitative e↵ect on the accretion solutions. Also, the Coulomb coupling is always found
to be weak. Thus, an accretion flow should necessarily be of two-temperatures.
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Chapter 6

Two-Temperature Flows Around
Black Holes – II: Rotating
Accretion Flows

6.1

Introduction

In this chapter, we extend the work of finding unique two-temperature accretion flows, to
more realistic accretion disc models. Matter accreted from the surrounding medium or
a binary companion might possess angular momentum, which leads to the formation of
accretion discs. These discs were introduced first by Shakura & Sunyaev (1973) and thus
they are popularly known as SSDs. Rotating flows possess multiple critical points and can
also harbour shocks (Fukue, 1987; Liang & Thompson, 1980). Since, a two-temperature
problem is degenerate, the presence of MCP complicates the scenario.
In Chapter 4, the problem of degeneracy was identified and we proposed a novel
methodology to constrain this degeneracy. In Chapter 5, we successfully validated the
methodology and obtained unique transonic two-temperature accretion solutions, for a
given set of constants of motion, results of which were published in Sarkar & Chattopadhyay (2019a, hereafter, SC19a). But it was applied to flows having zero angular
momentum. Such spherical flows have single sonic point which simplifies our problem,
allowing us to focus only on the issue of degeneracy in two-temperature regime. In this
chapter, we include angular momentum and analyse two types of accretion discs. First,
The results of this chapter are published in:
(1) Sarkar, Shilpa; Chattopadhyay, Indranil and Laurent, Philippe; 2020, Astronomy & Astrophysics, 642, A209.
(2) Sarkar, Shilpa and Chattopadhyay, Indranil; 2019, Journal of Physics Conference Series, 1336,
012019.
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we investigate rotating conical accretion solutions around BH. We discuss how SC19a is
modified to obtain unique solution in the presence of MCP and shocks. Then, we move
on to investigate accretion flows in hydrostatic equilibrium along the transverse direction.
To handle the trans-relativistic nature of these flows, we use the CR EoS which freed us
from specifying the adiabatic indices of each species.
Our motivation is to present a novel methodology to find unique transonic twotemperature accretion solutions for advective accretion discs around BHs. Radiative processes with proper special and general relativistic corrections have been incorporated, to
compute the spectrum. In this chapter, we would like to analyse how the correct unique
accretion solution depends on the constants of motion of the flow, along with the mass
of the BH and discuss how these properties play an active role in shaping the spectrum.
Furthermore, we intend to study the relative contribution of various radiative processes
on the emitted spectrum and also investigate which part of the disc is likely to contribute
the most in the emitted spectrum. In addition, we want to check whether an accretion
shock imparts any special spectral signature. Apart from these, we would like to study
the dependence of radiative efficiency and spectral index on the accretion rate and mass
of the BH and also with the presence of di↵erent radiative processes.

6.2

Assumptions And Equations Used

In this chapter, we have worked in the pure GR regime to study two-temperature accretion
flows around BHs. Also, we considered advection and radiative processes inside the system.
Therefore, the equations of motion and approach used to model an accretion flow is similar
to that used in Chapter 5 for spherical flows. But the di↵erence is in the presence of
angular momentum inside these flows. The exact expressions for di↵erential equation of
temperature and velocity, hence di↵er slightly, and have been discussed in this section.
Angular momentum plays a very important role in accretion disc physics, because it can
significantly modify the infall time scale. Also, a rotating flow can possess a maximum of
three critical points: rci , rcm and rco , unlike in case of spherical flows where a single sonic
point is present. In the MCP regime, shocks can also be present.
The dissipative processes assumed in this work are summarised below. For heating
and cooling of protons :
Q+
p =

B QB

and

Qp = Qep + Qib ,

(6.1)

respectively. And for heating and cooling of electrons :
Q+
e = (1
respectively. Therefore,

B )QB

+ Qep + Qcomp

Qp =

B QB

Qep

and

Qe = Qbr + Qsyn + Qic

Qib and
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Qe = (1

(6.2)

B )QB + Qep + Qcomp
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Qbr

Qsyn

Qic . More details regarding each term have been discussed in Section 2.5.

In our present study, we have investigated inviscid flows, since proper handling of GR
form of viscosity in transonic flows is not trivial. The shear tensor in GR contains derivative of u , v and other terms (Peitz & Appl, 1997). It is impossible to obtain a solution if all
the terms of the shear tensor is considered. Peitz & Appl (1997) proposed an approximate
form of shear tensor by neglecting all derivatives of v and then presented a limited class of
solutions. Chattopadhyay & Kumar (2016) used the same form of viscosity but obtained
the full range of solutions. Also they computed mass-loss from such advective accretion
solutions. We envisage that the method to obtain viscous solution is not easy, since the
Bernoulli parameter of viscous flow has no analytical form (see, Eq. 2.16). In addition, the
sonic point is not known a priori and needs to be obtained as a part of eigenvalue of the
solution. Moreover, the angular momentum on the horizon needs to be computed. And
yet the solutions obtained are limited, because the viscosity is still phenomenological and
various terms of the relativistic version of the shear tensor has to be neglected in order
to obtain a solution. Two-temperature regime further complicates the problem, as has
been pointed out above. Most of the works done in literature assumed Newtonian form of
viscosity or the Shakura & Sunyaev ↵-viscosity prescription (hereafter SS), use of which,
in our GR model would be inappropriate. So we avoided the use of any form of viscosity
since the prime focus of this work, is to present a novel methodology to obtain unique
transonic two-temperature solutions for accretion discs around BHs. In addition, it has
been extensively shown in Figs. 2h-2i; 3h-3i of Chattopadhyay & Kumar (2016) that the
specific angular momentum ( = u /ut ) and bulk angular momentum (L = hu ) in few
100rg , is almost constant and sub-Keplerian. This is to be expected, as gravity supersedes
all other interactions near the BH horizon. In order to exhibit the qualitative e↵ect of
viscosity, as a representative case, one-temperature, viscous accretion disc solutions are
presented in Appendix A.1, by following the methodology of Chattopadhyay & Kumar
(2016). We have used two forms of viscosity, where the viscous stress tensor is given by
(i) tr = 2⌘v r , (abbreviated as PA, see Eq. 2.14) and (ii) tr = ↵v p (SS form of viscosity). The form of r of PA is adopted from Chattopadhyay & Kumar (2016); Peitz &
Appl (1997) (also, see Chapter 3, where we used this viscous prescription). In Fig. A.1a,
< 1000r .
we show that for both the form of viscosities (PA and SS), ⇡ constant for r ⇠
g
Viscous dissipation can also heat up the matter. Thus, we compare the heating due to
viscosity with the magnetic heat dissipated (also see, Section 2.5.2 and 5.4.3.6). In Fig.
A.1b, we plot the heat dissipated by these processes. We see that, PA form of viscosity
is stronger than the SS type of viscosity while it is in general much weaker than QB . It
is comparable to QB only in a very narrow region. Thus, it is safe to conclude that the
qualitative features of the flow are not hampered while neglecting viscosity.
In this chapter, we have ignored pion production and its contribution to the observed
spectra, as well as ignored pair production arising from the interactions of high energy
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photons present inside the disc. Later in Appendix A.2 we will show from posteriori
Angular
momentum
present
calculations
regarding
the contribution
of both the processes.
The generalised Bernoulli parameter has the same form as in the previous Chapter
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Figure 6.1: Cartoon diagram representing
c
constant function of r and ✓ is the angle which the surface of the flow makes with the
normal.
In conical/wedge flows, H = r cos ✓c (see, Fig. 6.2). Thus, Ṁ has the same expression
as Eq. 5.2. The energy equation can be simplified to obtain two di↵erential equations for
temperature, one for proton and another for electron. They are as follows:

and

d⇥p
dr
d⇥e
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⇥p
1
dv
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v(1 v 2 ) dr
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A+
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=
con
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Econ ,

(6.3)

Qp K̃
2r 3
Qe K̃
, Pcon =
and Econ =
. The subscript ‘con’
r(r 2)
⇢ur Np
⇢ur Ne
represents the conical flow. The di↵erential equation for velocity is obtained by simplifying
Eq. 2.13, using Eqs. 5.2, 6.3 and the CR EoS (see, Eqs. 2.31, 5.1), to get:
where, A =

dv
dr
where,

Ncon =

1
r(r 2)

+

2 2 (r

r4

3)

=
con

Ncon
,
Dcon

+ as 2 A +
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Flows In Hydrostatic Equilibrium In The Transverse Direction
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Figure 6.2: Cartoon diagram representing flows in hydrostatic equilibrium in the vertical
Disc is in hydrostatic equilibrium in the transverse direction f(r, v, e p)
direction. The half-height is a function of r, v, , ⇥e and ⇥p . In this cartoon
diagram, a
shocked solution is represented and therefore, the inner region is seen to expand suddenly
at a given r. This is because the flow is in hydrostatic equilibrium and is allowed to
expand freely (unlike conical flows). In shock-free solutions, sudden expansion of the disc
does not occur. Rather, it is gradual, depending on the heating and cooling present in
that region.
For flows in hydrostatic equilibrium in the vertical direction, the equation for half-height
is given by Eq. 2.11. This can be simplified to:

H=

s

[r3

2 (r

2)]

K̃

✓

⇥e +

⇥p

◆

(6.5)

The di↵erential equation for temperatures are:
d⇥p
dr
d⇥e
dr

=
HE

=
HE

✓
◆
2⇥p
1
dv
B+
2Np + 1
v(1 v 2 ) dr
✓
◆
2⇥e
1
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B+
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(6.6)

where,
B=

3r2

r
r(r

2)

2[r3

2
2 (r

2)]

, PHE =

2 Qp K̃
,
p + 1)

⇢ur (2N

and

EHE =

2 Qe K̃
.
e + 1)

⇢ur (2N

The subscript ‘HE’ signifies flows in hydrostatic equilibrium. The expression of gradient
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of three-velocity has the form :
dv
dr
where, NHE =

6.3

1
r(r 2) +
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=
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(6.7)
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Solution Procedure

Accretion disc around BHs are transonic in nature and may possess multiple critical/sonic
points (Chakrabarti, 1989; Fukue, 1987; Liang & Thompson, 1980). We have seen this in
Chapter 3, which discuss rotating one-temperature accretion flows around BHs (also, see,
2.7). The combined e↵ect of the flow parameters like E, , & Ṁ , determines the number
of sonic points formed inside an accretion flow as well as topology of the solution.
Below in Section 6.3.1, we describe the method to find sonic points in rotating twotemperature accretion flows and in Section 6.3.2, we show that the transonic solutions
are degenerate and discuss extensively how to remove the degeneracy. The discussion
done below is irrespective of whether the flow is in hydrostatic equilibrium or is conical.
Only the expression of half-height changes which induces only quantitative change in the
system.

6.3.1

Method To Obtain Sonic Points In Two-Temperature Rotating
Flows

In one-temperature regime, location of sonic point and its property is unique for a given
set of constants of motion. In dissipative systems, sonic points are not known a priori
and is obtained self-consistently by integrating the equations of motion. So, presently in
the two-temperature regime for rotating flows, we follow exactly the same procedure to
solve the equations, as was adopted in the spherical flows, see Section 5.3.1, except that
for rotating flows MCP exist. We list down the procedure to obtain a transonic solution
for rotating accretion flows below,
1. For a given set of values of E, & Ṁ , we start integration from a point asymptotically close to the horizon at rin = 2.001 (in units of rg ).
2. As rin ! 2, E ! E = hin ut = hin (1
the specific enthalpy at rin .
3. We supply ⇥pin .
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⌘
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4. We also supply a ⇥ein . Then, vin is obtained as a function of the flow parameters
and can be expressed as,


vin = 1

(1

3
rin
2 (r
in

2/rin )
3
E2
{rin

1/2

2)}

h2in

5. Using the values of ⇥pin , ⇥ein and vin we integrate dv/dr, d⇥p /dr and d⇥e /dr,
from r = rin to outwards. As we integrate, we simultaneously check the sonic point
conditions (dv/dr = N/D = 0/0).
6. If sonic point is not found, we supply another value of ⇥ein and repeat steps 4 and
5, until the sonic point conditions are satisfied.
7. Once a sonic point is found, we integrate the equations of motion from sonic point
to larger distances and obtain the full, global, transonic two-temperature accretion
solution.
8. After we locate one sonic point, we change ⇥ein again and repeat steps 4-7, in order to
check if any other sonic point exists. If found, we obtain its corresponding transonic
solution.

3

⇥ein = 7.731
⇥ein = 9.244
⇥ein = 11.948

(a)

⇥ein = 5.974
⇥ein = 6.255
⇥ein = 6.571

(b)
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Figure 6.3: Method to find sonic points. Solutions are presented in terms of M (= v/a) vs
log r plot. ⇥pin = 7.162 ⇥ 10 2 for all iterations. Panel (a) iterations to obtain rci (black
circle) and panel (b) iterations to obtain rco (black star). Various branches plotted are MB
(dot dashed, green), TS (dashed, red) and SB (dot dashed, blue). Respective ⇥ein s are
mentioned inside the panels. Panel (c) plots full set of TSs: global accretion solution (solid,
red) through rco and accretion solution through rci (dashed, red). Equatorial global wind
(through rco ) and non global wind (through rci ) are represented using dotted, red curve.
The accretion disc flow parameters used are = 2.5, E = 1.000045, Ṁ = 0.001ṀEdd and
MBH = 10M .
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This is basically the modified version of the methodology adopted by us in Chapter 3,
see flowchart present in Fig. 3.2, where we obtained accretion solutions for a dissipative
flow in the one-temperature regime (Le & Becker, 2005). We followed steps 1-7, while
obtaining a general global transonic solution in case of two-temperature spherical flows
(see Section 5.3.1). An additional step 8 is listed here, because rotating flows have multiple
sonic points unlike spherical flows which possess only one sonic point.
We illustrate the procedure to find transonic solutions, enlisted above, in Figs. 6.3a—
c. All three panels in this figure plots M = v/as vs log r. The accretion disc parameters
are, = 2.5, E = 1.000045 and Ṁ = 0.001ṀEdd around a BH of 10M . We would like
to point out, that all these accretion disc parameters and the BH mass chosen are for
representative purpose only. These have been varied and their e↵ect on the solution have
been studied later. In Fig. 6.3a, we present the method to obtain rci and the transonic
solution through it. Following step 1, 2 and 3, we supply ⇥pin = 7.162 ⇥ 10 2 for the
aforementioned values of E, and Ṁ . Following step 4, we start by supplying a high value
of ⇥ein and obtain vin . Then we integrate the equations of motion (step 5). For higher
values of ⇥ein , we obtain multivalued branch (MB) of solutions. We plot one such MB
solution (dot dashed, green) corresponding to ⇥ein = 11.948. Clearly, MB solutions are
not correct. We reduce the value of ⇥ein and repeat steps 4 and 5 (as mentioned in step 6).
We observe that as we reduce ⇥ein , the MB solutions will approach the transonic solution,
i.e., will shift rightward, but in all probability we would over shoot the transonic solution
and end up with a purely supersonic branch (SB) solution (i.e. when v > as or M > 1 at all
r). We plot a representative case of a purely SB solution (dot dashed, blue) corresponding
to ⇥ein = 7.731. When the solutions corresponding to various ⇥ein suddenly shifts from
a MB solution to a SB, then we know that the ⇥ein corresponding to a transonic solution
(TS), lies in between these two values of ⇥ein . We iterate on the electron temperature
at rin within the range 7.731 < ⇥ein < 11.948 and obtain the transonic solution (TS)
(dashed, red) and the sonic point is at rci = 5.186 (black circle). Then, by following step 7
we obtain the complete transonic solution from rin to a large distance (say, rout ) through
rci . In Fig. 6.3b, we present the procedure to find the existence of the outer sonic point for
the same set of flow parameters. Following step 8 we reduce ⇥ein by a comparatively large
value, such that we start obtaining MB type solutions similar to the ones we obtained
before, while trying to locate rci . In panel (b) we present an example of MB solution
(dot dashed, green) for ⇥ein = 6.571. We repeat steps 4-6 and check when the solution
jumps from MB to SB. This time it corresponds to ⇥ein = 7.106 (dot dashed, blue). We
iterate on ⇥ein between the two limits 6.571 < ⇥ein < 7.106, until we obtain a TS (solid,
red) through rco = 3644.9 (black star). No other physical sonic point exists for these flow
parameters (E, , Ṁ ). In Fig. 6.3c, we plot the complete set of transonic solutions,
accretion (dashed, red and solid, red) as well as equatorial wind solutions (dotted, red)
for the disc parameters mentioned before.
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The global accretion solution connecting infinity to the horizon is represented by solid,
red line while dashed, red line represents accretion solution which is not global. We should
remember that, not all set of disc parameters produce multiple sonic points and this point
will be discussed in details in the later sections. Also, we note that if our supplied guess
value of ⇥pin is unphysical, then even by iterating with all possible values of ⇥ein , sonic
point conditions can never be satisfied.

6.3.2

Presence Of Degeneracy In Two-Temperature Transonic Solutions: Method To Remove It And Obtain Unique Transonic
Solutions, Invoking The Second Law Of Thermodynamics

In the last section, we laid down the procedure to obtain TS, by supplying a guess value
of ⇥pin and iterating with various values of ⇥ein , until we get the sonic point(s). This
has been elaborately discussed in steps 1–8 of Section 6.3.1. Now, if we choose a di↵erent
value of ⇥pin and again follow the same steps 1–8, for the same set of disc parameters
(E, & Ṁ ), we will obtain a di↵erent transonic solution with distinctly di↵erent sonic
point properties. This means, for a given set of constants of motion, two-temperature
EoMs admit multiple transonic solutions. Since the number of EoMs are less than the
number of flow variables, therefore even the transonic solutions become degenerate. From
the second law of thermodynamics it is clear that out of all the possible solutions, only
the solution with the highest entropy (M˙ ) should be favoured by nature (see, Chapter 4).
In dissipative systems entropy is not conserved, so we measure entropy in the region near
the event horizon (see, Eq. 4.10 of Section 4.4). For each transonic solution corresponding
to a given ⇥pin , we compute M˙in . If the computed M˙in is plotted with respect to ⇥pin
then there is a clear maxima in M˙in . Following the second law of thermodynamics, the
solution (corresponding to a ⇥pin ) with maximum entropy (M˙in ) is the physically plausible
solution. Hence, we are able to constrain the degeneracy and obtain a unique transonic
two-temperature solution for a given set of constants of motion.
6.3.2.1

Conical Flows

In this section, we illustrate the methodology to remove degeneracy and obtain unique
two-temperature transonic solutions for conical flows around BHs. We present a similar
analysis for flows in hydrostatic equilibrium in the transverse direction in the next section.
Figs. 6.4a1–a4, shows the solutions for ‘spherical’ flows ( = 0) and in Figs. 6.4b1–b6,
solutions are for ‘rotating’ conical flows ( = 2.5) around BH. Parameters used are E =
1.002, Ṁ = 0.05Ṁedd , MBH = 10M , ✓c = 60 . Thus, the constants of motion are same
in all the cases, but Tpin is varied to get di↵erent solutions. We can see that in case
of spherical flows, the global solution always passes through a single sonic point (panels
a1–a4), while in case of rotating flows, the flow might pass through one or more sonic
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Figure 6.4: Left: (a) M˙in vs Tpin plot for spherical flows. Single sonic point exist for every
0 s marked with solid coloured dots in
Tpin . Panels (a1-a4) M vs log r plot for various Tpin
panel (a). The values of Tpin are: (a1) 3.0 ⇥ 1011 K, (a2) 4.0 ⇥ 1011 K, (a3) 5.0 ⇥ 1011 K,
(a4) 6.0 ⇥ 1011 K. Right: (b) Shows M˙in vs Tpin plot for rotating conical flows ( = 2.5).
Solid black curve is for the solutions passing through rco , while dotted black curve is for
0 s marked in
solutions passing through rci . Panels (b1-b4): Shows solutions for various Tpin
11
11
panel (b), value of which are: (b1) 4.0 ⇥ 10 K, (b2) 5.1 ⇥ 10 K, (b3) 6.4 ⇥ 1011 K, (b4)
6.7 ⇥ 1011 K, (b5) 6.86 ⇥ 1011 K, (b6) 8.0 ⇥ 1011 K. Entropy maximises at a certain Tpin
in both the cases (green star). Corresponding unique solutions are plotted in panels (a2)
and (b2). Flow parameters used are E = 1.002, Ṁ = 0.05Ṁedd , MBH = 10M , ✓c = 60 .

points (panels b1–b6). In Figs. 6.4b1–b2, global solution passes through rco only, while in
Fig. 6.4b6 it passes through rci . In both the cases only one physical sonic point is present.
In Figs. 6.4b3–b6, solution possess MCP, out of which in Fig. 6.4b4, we see that the flow
harbours shock. So the global solution first passes through rco , becomes supersonic and
then after going through a shock transition, jumps to the subsonic branch and enter the
BH supersonically after passing through rci .
A solution should be unique for a given set of constants of motion, but in Figs. 6.4a1–
a4 and b1–b6, it was noticed that a change in Tpin gave solutions with completely new
topology and sonic point properties. In Fig. 6.4, we plotted the case of spherical flows, in
order to contrast for the complexity that arises due to the presence of angular momentum.
Any wrong choice of solution would give us a completely di↵erent information of the
system, and hence a wrong spectrum. So it is necessary to select the correct solution. The
only way to deal with this degeneracy is to have a measure of entropy of the system. This
measure of entropy is plotted in Fig. 6.4a (for spherical flows) and b (for rotating conical
flows) against the corresponding Tpin s, using the entropy form given by Eq. 4.10.
In case of spherical flows, which possess single sonic points, there is a clear entropy
maxima at Tpin|max = 5 ⇥ 1011 K (green star). By employing the second law of thermodynamics, we select this solution, present in Fig. 6.4a2. Thus, we are able to obtain a
unique transonic two-temperature solution for the given set of constants of motion.
In case of general rotating flows, global solutions may pass through one or more sonic
points. So the system is complicated unlike spherical flows. Dotted black curve in Fig. 6.4b
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is for solutions passing through inner sonic points while solid black curve is for solutions
passing through outer sonic points. In a certain range of Tpin both inner and outer
sonic points exist (Figs. 6.4b3–b5). We can see that the entropy maximises in the outer
sonic point branch of solutions (green star). Since flow starts from infinity, it would
select the maximum entropy solution. Then, it could pass through an inner sonic point
only if the shock conditions are satisfied (see Section 2.8). For the present case, Tpin =
5.1 ⇥ 1011 K possess maximum entropy and the global solution passes through outer sonic
point (Fig. 6.4b2). In the sections to follow, we use this method of maximising entropy to
obtain global advective transonic two-temperature accretion solutions.
6.3.2.2

Flows In Hydrostatic Equilibrium In The Transverse Direction
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Figure 6.5: Left: M vs log r plot for various values of Tpin : (a) 3.1 ⇥ 1011 K, (b) 5.605 ⇥
1011 K, (c) 6.04 ⇥ 1011 K, (d) 6.460 ⇥ 1011 K, (e) 6.554 ⇥ 1011 K and (f) 7.0 ⇥ 1011 K. Global
solutions are represented by solid lines. In panel (g) M˙in vs Tpin is plotted. Solid black
curve is for the solutions passing through rco , while dotted black curve is for solutions
passing through rci . Panels (a)–(f) are the solutions corresponding to the points marked
in right panel (g). The disc flow parameters are E = 1.0015, = 2.6 and Ṁ = 0.02ṀEdd .
The space time is described by a BH of mass 10M and the system is in hydrostatic
equilibrium in the vertical direction.
We use exactly the same methodology as followed in the previous section to obtain
unique two-temperature transonic solution for flows in hydrostatic equilibrium in the
vertical direction. In Figs. 6.5a–g, we illustrate it. We choose the accretion disc flow
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parameters: E = 1.0015, = 2.6, Ṁ = 0.02ṀEdd and MBH = 10M . As described above,
we supply a ⇥pin or equivalently Tpin and then we iterate on ⇥ein (or Tein ) to obtain a
transonic solution. The entropy accretion rate M˙in corresponding to the transonic solution
for the particular Tpin is plotted in Fig. 6.5g. The solid, black line is for those Tpin whose
solution passes through outer sonic point (rco ) and dotted, black line is for those passing
through inner sonic point (rci ). From this figure, we select few Tpin s (points marked ‘a’–
‘f’) which are (a) 3.1 ⇥ 1011 K, (b) 5.605 ⇥ 1011 K, (c) 6.04 ⇥ 1011 K, (d) 6.460 ⇥ 1011 K, (e)
6.554⇥1011 K and (f) 7.0⇥1011 K and plot their solutions in terms of M vs log r, presented
in Figs. 6.5a–f respectively. The global accretion solutions are represented by solid curves,
dotted are wind types, while the dashed curves are accretion solutions which are not global.
There is a range of Tpin where both inner and outer sonic points are present and is the
multiple sonic point regime. For example, ‘b’, ‘c’ and ‘d’ has both inner (marked circle) and
outer sonic points (marked triangle). For point ‘e’, the solutions passing through inner and
outer sonic points (magenta triangle and magenta circle), have almost the same value of
M˙in (see inset). Corresponding solution is plotted in Fig. 6.5e, which shows that the global
solution (connecting horizon to large distances) passes through rco . Now, corresponding
to point ‘a’ (orange triangle, in panel g), the solution passes only through rco (Fig. 6.5a),
while for point ‘f’ (blue circle), the solution passes through rci (Fig. 6.5f). However, the
entropy is exactly same for both these points. This means, the solution character can
be completely di↵erent even if M˙in has the same value. Similarly another pair ‘b’ and
‘d’ also has the same entropy but di↵erent Tpin . Also, their corresponding solutions are
significantly di↵erent, although both solutions lie in the multiple sonic point regime. This
shows that, not only all solutions presented in the figure have same E, Ṁ , , but may
have even same M˙in and yet the solutions are completely di↵erent. In order to drive home
the point even further, we present Tpin , M˙in , rc , vc , & L (luminosity) of all degenerate
solutions in Table 6.1. Some solutions can be about four times more luminous than other
solutions. It is evident from figure and table, that degeneracy in two-temperature model is
a serious problem. Observational parameter like L is quite di↵erent for di↵erent degenerate
solutions. Any random choice from the pool of degenerate solutions would provide us with
a completely wrong information of the system and also a wrong spectrum. Removal of
degeneracy is hence important. Although, all the solutions presented above have the same
E, Ṁ , , only one of them possess the highest entropy (highest M˙in ). In this particular
case, the highest entropy solution is the one corresponding to point ‘c’ (red triangle) in
M˙in —Tpin curve (Fig. 6.5g), and the correct, unique two-temperature accretion solution
is represented in Fig. 6.5c (solid, red).
Thus, we successfully validate the entropy maximisation formulation to constrain degeneracy in rotating two-temperature accretions flows around BHs. In the last Chapter
5, we validated it for spherical flows as well. The beauty of the entropy expression (see,
Eq. 4.10) proposed by us lies in the fact that, the entropy is always found to maximise at
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a given distinct transonic solution for a given set of flow parameters, thereby allowing us
to select only one solution out of all the degenerate solutions.
Table 6.1: Various flow properties of the solutions plotted in Figs. 6.5a–f. The disc
parameters used are E = 1.0015, = 2.6, Ṁ = 0.02ṀEdd around MBH = 10M .
M˙in

Tpin
(⇥1011 K)

Inner

Outer

Inner

Outer

Inner

Outer

3.100
5.605
6.040
6.460
6.554
7.000

–
704.505
609.971
502.357
476.702
350.168

350.132
478.373
481.873
478.377
476.552
–

–
8.826
7.651
7.118
7.027
6.672

227.514
149.380
134.135
118.565
11.946
–

–
0.177
0.191
0.199
0.200
0.207

0.041
0.051
0.054
0.057
0.058
–

a
b
c
d
e
f

6.3.3

rc

vc

(⇥1033

L
ergs s

1)

1.092
1.763
4.467
2.457
2.722
3.020

Stability Analysis Of The Highest Entropy Transonic Solution

In this section, we investigate the stability of the unique transonic two-temperature solution selected from the available set of degenerate solutions. We note that the proposed
unique solution is of highest entropy and by second law of thermodynamics, nature should
prefer it. Therefore, the solution should be stable. However, because there is a degeneracy of solutions, we need to study the stability of the proposed unique solution too. We
provide a qualitative analysis for stability of the unique two-temperature solution.
Let us assign M˙in|max = max(M˙in ) and Tpin|max = Tpin for which M˙in is maximum.
Let us further
define ⌘
Tpin which is the di↵erence between adjacent higher and lower Tpin
⇣
and = dM˙in /dTpin as the gradient of M˙in . Now the change in M˙in is given by,
M˙in =

dM˙in
dTpin

!

Tpin =

Tpin

(6.8)

It is clear that = 0 for any extrema of M˙in Tpin curve, but the solution is said to be
stable if Tpin moves away from the value Tpin|max and the system adjusts automatically, to
regain its old value. We prefer the graphical method to investigate the stability and the
technique is similar to the first derivative test for obtaining local extrema (Hernández Melo,
2014). We plot
vs Tpin in Fig. 6.6. At Tpin < Tpin|max , the figure shows that
> 0.
Then from Eq. 6.8, M˙in > 0. So the system tends to go to higher M˙in , which we denote
using a rightward arrow. Similarly, for Tpin > Tpin|max ,
< 0 which implies M˙in < 0.
Since, by second law of thermodynamics, physical system would not like to decrease its
entropy therefore for Tpin > Tpin|max , the system would tend to come back to Tpin|max .
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Figure 6.6: Stability analysis of the unique transonic two-temperature solution
with max⇣
⌘
˙
imum entropy. The flow parameters used are same as Fig. 6.5.
= dMin /dTpin is
plotted against variation of Tpin . The arrows indicate that
converge at Tpin = Tpin|max
(blue dot) and is the stable equilibrium solution. This Tpin is the solution with maximum
entropy marked ‘c’ in Fig. 6.5g.

We represent this in the figure by using a leftward arrow. In other words, entropy can
only increase ( M˙in > 0), if Tpin ! Tpin|max from either side of Tpin|max . Hence, solution
corresponding to Tpin = Tpin|max is stable. Therefore, in addition to the fact that Tpin|max
corresponds to a solution with maximum entropy, we can conclude that the solution is
also stable.

6.4

Results

Two-temperature accretion solutions are parametrised by E, , Ṁ . In addition, d and
controls heating and cooling. We have only analysed solutions with maximum entropy,
selected from the available degenerate group of solutions using the methodology discussed
in Section 6.3. First we present few solutions assuming rotating conical flows and then
move on to discuss extensively flows in hydrostatic equilibrium.

6.4.1

Conical Flows

In this section we discuss results regarding rotating conical flows (Sarkar & Chattopadhyay, 2019b). Since, the geometry of the flow is fixed and is not allowed to expand or
contract depending on the dissipation present in the system, these flows are generally much
hotter than flows in hydrostatic equilibrium in the vertical direction, which is discussed
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in the next section.
6.4.1.1

General Two-Temperature Solutions
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Figure 6.7: We plot (a) Mach number (M), (b) v (solid, cyan) and v (dotted, blue), (c)
Tp (solid, orange), Te (dotted, red), (d) p (solid, orange), e (dotted, red), (e) log(n)
(solid, magenta), (f) E (solid, brown), with respect to log r. In panel (g) we plot the total
spectrum (solid black) along with contributions coming from bremsstrahlung emission
(dotted violet), synchrotron (dashed yellow) and inverse Comptonization (dotted-dashed
grey). The set of flow parameters used are E = 1.00001,
= 3.0, Ṁ = 0.001Ṁedd ,
c
MBH = 10M and ✓ = 60

In Fig. 6.7, we plot a typical two-temperature transonic advective accretion disk solution
with its corresponding flow variables. The parameters used are, E = 1.00001, = 3.0,
Ṁ = 0.001Ṁedd , MBH = 10M and ✓c = 60 . In Fig. 6.7a we plot the global solution,
which passes through multiple sonic points (solid, green line). First, the solution passes
through an rco = 5935.59 and then through rci = 6.29 (denoted by black stars) via a shock
transition at rsh = 257.09. After the shock, matter becomes subsonic but it ultimately
falls into the BH supersonically after passing through the inner sonic point. The radial
three-velocity (v) in co-rotating frame and flow velocity in the azimuthal direction (v )
is plotted in Fig. 6.7b (solid cyan and dotted blue respectively). The fate of v and v
near the horizon is quite di↵erent, one approaching c while the other going to 0, since
near the BH, gravity is so strong that matter only has a radial velocity component and
negligible azimuthal component. Tp (solid, orange) and Te (dotted, red) as a function of
r is plotted in Fig. 6.7c. At very large r, Tp ' Te . But as the matter flows inwards,
cooling processes in electrons starts to dominate. Thus, protons and electrons settle down
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into two-di↵erent temperatures. They are however coupled by a Coulomb coupling term
which acts as an energy exchange term between the protons and electrons. But the term
is weak, unlike in one-temperature case, where it is infinite. Fig. 6.7d shows that
of both protons (solid, orange) and electrons (dotted, red) varies with the flow. This
justifies our use of CR EoS. p and e ⇠ 1.66 at very large distances, suggesting that
both of them are thermally non-relativistic. When the flow nears the BH, e becomes
mildly-relativistic and then relativistic with e ⇠ 1.33 near the horizon, though p never
becomes truly relativistic. In Fig. 6.7e, we have plotted number density, n (in units of
cm 3 ) vs log r. Since accretion is an example of convergent flow, the number density
increases with decrease in radius. In Fig. 6.7f, we prove that the generalised Bernoulli
constant is a constant of motion throughout the flow, even in the presence of dissipation.
In Fig. 6.7g, we plot the spectrum for the accretion flow. It is plotted by summing up all
the emissions coming from each radius. Spectrum of each emission process is also plotted
separately. Bremsstrahlung is shown in dotted violet line, synchrotron by dashed yellow
line and inverse-Comptonization by dotted-dashed grey line.
6.4.1.2

Luminosity And Efficiency Of Bondi Flows As Compared To Rotating Flows :
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Figure 6.8: Plot shows the variation of L (in ergs s 1 ) with Ṁ (normalised with respect to
ṀEdd ). The colour bar shows the change in efficiency, ⌘ r (in logarithmic scale). The circled
points are for spherical flows while diamond shaped points are for flows having angular
momentum = 2.4. The other flow parameters used here are, E = 1.001, MBH = 10M
and ✓c = 60
In Fig. 6.8, we have compared the change in luminosity with increase in accretion rate (Ṁ ),
114

6.4 Results

which is in terms of Eddington rate (Ṁedd ). Circled points are for spherically symmetric
flows, whereas diamond shaped points are for flows having angular momentum = 2.4.
For both the flows parameters used are E = 1.001, MBH = 10M and ✓c = 60 . We can
see that as the supplied matter is increased the luminosity increases, irrespective of the
type of flow. It is apparent from the plot that Bondi flows are less luminous flows, about
an order of magnitude lower than rotating flows. The presence of angular momentum
slows down the matter giving it more time to radiate. The colour bar plots the efficiency
of the system, which is given by the formula, ⌘ r = L/(Ṁ c2 ). The efficiency also has
a similar trend, with the increase in accretion rate, efficiency increases but flows with
angular momentum have a higher efficiency than spherical flows, at any given accretion
rate.
While computing L and hence ⌘ r of these systems, we took care of all general and
special relativistic e↵ects as well as photon capture and bending e↵ects. Fig. 2.1 shows,
that not all photons emitted by the accretion disc will reach the observer, see Section 2.6
for more details. This limits the efficiency of spherical flows to < 10% unlike what we
obtained in Fig. 5.9 where these e↵ects were not considered. But it is important to note
that the qualitative nature of the flow is undisturbed by these e↵ects, only the values
di↵er. Hence, we took appropriate care of these e↵ects in the sections and discussions to
follow, in the rest of the chapter as well as thesis.

6.4.2

Flows In Hydrostatic Equilibrium In The Transverse Direction

In this section, we extensively discuss flows in hydrostatic equilibrium in the vertical
direction (Sarkar et al., 2020). We have also analysed the spectrum. Throughout this
section, we have used d = 0.001 and = 0.01, unless stated otherwise. We have varied
these parameters in Section 6.4.2.6 and 6.4.2.5 respectively, and have discussed their e↵ect
on accretion solution and observable spectrum.
6.4.2.1

General Two-Temperature Solutions

In Fig. 6.9, we study a typical two-temperature transonic advective accretion disc solution.
The parameters used are, E = 1.000045, = 2.5, Ṁ = 0.001ṀEdd and MBH = 10M . In
Fig. 6.9a we plot M˙in vs Tpin . The solution with Tpin = 6.0 ⇥ 1011 K has the maximum
entropy (marked with green triangle) and the corresponding M vs log r (solid, green line)
is plotted in Fig. 6.9b. The global solution passes through an outer sonic point whose
position is rco = 3040.182 (black star). The radial three-velocity (v; cyan solid) in corotating frame and flow velocity in the azimuthal direction (v ; dotted, blue) is plotted
in Fig. 6.9c. Matter far away from the horizon has negligible velocity in radial as well as
in azimuthal directions. But as it approaches the BH (r ! rg ), v ! c, thus satisfying
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Figure 6.9: (a) M˙in is plotted against Tpin . The entropy for inner sonic point solutions
(dotted, black) and outer sonic points (solid, black) are presented. Tpin marked with
green triangle corresponds to maximum entropy solution. Flow variables plotted are (b)
M (solid, green), (c) v (solid, cyan) and v (dotted, blue), (d) log n (solid, magenta),
(e) Tp (dotted, red), Te (solid, orange), (f) p (dotted, red), e (solid, orange), (g) E
(solid, brown) as functions of log r. The flow parameters are E = 1.000045, = 2.5,
Ṁ = 0.001ṀEdd and MBH = 10M . In panel (b), the sonic point is marked with a black
star.

the BH boundary condition. On the other hand, v increases with the decrease of r, but
maximises at r = 3rg and finally goes to zero on the horizon. This is mainly because near
the horizon infall timescale is much shorter than any other timescales. The strong gravity
does not allow the matter enough time to rotate in the azimuthal direction. In Fig. 6.9d
we have plotted number density (in units of cm 3 ) as a function of radius. The number
density increases with the decrease in radius, as it should be for a convergent flow. Tp
(dotted, red) and Te (solid, orange) are plotted in Fig. 6.9e. The cooling processes are
dominated by electrons compared to protons. They are however coupled by a Coulomb
coupling term which acts as an energy exchange term between the protons and electrons,
as have been discussed before. This term is weak, which allows protons and electrons
to equilibrate into two di↵erent temperatures (Tp and Te ), unlike in the case of singletemperature flows where Coulomb coupling term is assumed to be very efficient which
allows, protons and electrons to attain a single temperature. Panel Fig. 6.9f shows that
adiabatic indices of both protons (dotted, red) and electrons (solid, orange), varies with
the flow. This justifies our use of CR EoS. p ⇠ 1.66 and e ⇠ 1.60 at large distances
away from the BH, hence both the species are thermally non-relativistic. When the flow
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approaches the BH, e becomes relativistic i.e., e ⇠ 1.33 near the horizon. We can see
that p does not vary much but becomes mildly-relativistic near the horizon, owing to the
higher mass of protons. In Fig. 6.9g, we prove that the generalized Bernoulli constant is
a constant of motion throughout the flow, even in the presence of dissipation.

Emissivities (ergs cm

3

s 1)

Emissivities And Spectral Properties :
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Figure 6.10: Top three panels shows the emissivity vs log r plot for the flow presented in
Fig. 6.9. Bottom panel (d) shows the spectrum of the accretion flow.
In Fig. 6.10, we present the heating and cooling rates for the solution plotted in Fig. 6.9.
In Fig. 6.10a, we plot the heating terms. Solid, red line represents the heating due to
magnetic dissipation (QB ). This amount of heat is assumed to be equally distributed
among protons and electrons ( B = 0.5, see Section 2.5.2). Dotted, blue line represents
Compton heating of electrons (Qcomp ). It is mainly the hard bremsstrahlung photons
present inside the flow which leads to heating up of the electrons, owing to their higher
energy than electrons. In Fig. 6.10b, we plot Coulomb Coupling term, Qep (solid, yellow
line) and inverse bremsstrahlung (dotted, green line). We see that, QB is the strongest
heating term.
In Fig. 6.10c we plot the emissivities of all the cooling processes for electrons : Qbr
(dotted, red line), Qsyn (dashed, green line) and Qic (dot dashed, blue line). For the
present set of disc parameters, at the outer boundary of the disc, the temperatures
are non-relativistic and therefore, bremsstrahlung emission dominates over all other processes. In the inner regions of the accretion disc i.e., close to the BH horizon, synchrotron
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and inverse-Comptonization becomes important and exceeds bremsstrahlung. However,
inverse-Comptonization is less than synchrotron emission, mainly due to the low accretion
rate of the flow. The total cooling of electrons is represented by a solid, black line. In
panel Fig. 6.10d, we plot the spectrum for the accretion flow (solid, black line). It is
plotted by summing up the contributions of all emission processes at each radius. General
and special relativistic frame transformations from fluid rest frame to the observer frame
has been taken into account while computing the spectra, including photon capture and
photon bending e↵ect due to the presence of strong gravity. This has been elaborately discussed in Section 2.6. Spectrum of each emission process is also plotted. Bremsstrahlung
is shown in dotted, red line, synchrotron by dashed, green line and inverse-Comptonization
by dot dashed, blue line. The overall luminosity of the system is low, L = 2.536⇥1029 ergs
s 1 , with a radiative efficiency of ⌘r = 1.957 ⇥ 10 5 . It may be noted that, efficiency is
defined as ⌘r = L/(Ṁ c2 ). The spectral index is ↵ = 1.744. To remember, ↵ is the slope of
the power-law photons that are generated due to inverse-Comptonization at each radius.
Therefore, the net spectral index (↵) of the final inverse-Compton spectrum is obtained
from the contributions of all the values of ↵0 at each radius of the disc (see, Eq. 2.45).
Contribution Of Different Regions Of The Accretion Disc To The
Overall Spectrum :
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Figure 6.11: (a) M and (b) log T vs log r and (c) total spectrum (solid, black) and
contribution from various length scales of the accretion disc, 2 3rg (dotted, magenta),
3 5rg (dashed, blue), 5 8rg (single-dotted short-dashed, green), 8 10rg (single-dotted
long-dashed, brown), 10 100rg (double-dotted short-dashed, orange) and 100 1000rg
(triple-dotted short-dashed, red). Flow parameters are E = 1.0002,
= 2.48, Ṁ =
0.05ṀEdd and MBH = 10M .

In Fig. 6.10d, we presented the contribution of all the emission processes in the total
broad-band continuum spectrum. However, in this section, we would like to investigate
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Table 6.2: Spectral properties of the regions marked in Fig. 6.11
Colour

Region (in rg )

% of Ltot

Magenta
Blue
Green
Brown
Orange
Red
–

2-3
3-5
5-8
8-10
10-100
100-1000
1000-10000

3.597
45.810
35.250
6.965
7.845
0.286
0.247

↵
1.044
1.072
1.141
1.236
1.323
2.392
2.233x10

5

the contribution of various regions of an accretion disc to the overall spectrum. We chose
a set of flow parameters E = 1.0002,
= 2.48, Ṁ = 0.05ṀEdd and MBH = 10M .
In Fig. 6.11a, we plot the Mach number M of the accretion flow and in Fig. 6.11b, we
plot Tp (solid, black) and Te (dotted, black) as a function of log r. In panels (a) and
(b), we indicate various regions with vertical lines, which represents accretion disc section
from 2 3rg (dotted, magenta), 3 5rg (dashed, blue), 5 8rg (single-dotted shortdashed, green), 8 10rg (single-dotted long-dashed, brown), 10 100rg (double-dotted
short-dashed, orange) and 100 1000rg (triple-dotted short-dashed, red). The spectra
from all these regions are separately over plotted in Fig. 6.11c, the colour coding of the
spectra matches the region from which they are computed. The black curve represent
the overall spectrum for the disc parameters stated above. The contribution from the
region r = 103 104 rg is too low in the overall spectrum and therefore is not plotted, in
order to avoid cluttering the figure. The spectrum computed from the region 2 3rg is
low inspite of high values of n and Te , since significant number of photons emitted from
that region, are captured by the BH. Most of the high energy emission is contributed by
accreting matter from the region between 3 5rg and 5 8rg , and the low-energy end
of the spectra from this region is always around and above 1012 Hz. We have tabulated
these details and other spectral properties in Table 6.2. We can conclude from the table
that ⇠ 90% of the emission comes from a region < 10rg of the accretion disc. The lower
energy part of the spectrum is mostly contributed by the outer part of the disc. Since we
have only considered advective disc, the spectrum is hard and the radiative efficiency for
this particular set of disc parameters is less than 1%.
6.4.2.3

Dependence Of Accretion Solutions And Corresponding Spectra
With Energy And Angular Momentum:

In Figs. 6.12 and 6.13, we investigate the dependence of accretion solutions and the
corresponding spectra respectively, on E and for a 10M BH with Ṁ = 0.01ṀEdd .
In the figures, E increases from left to right and the values are E = 1.0005, 1.001,1.003
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Figure 6.12: Variation of solutions, M as a function of log r with variation of E and .
From left to right specific energy increases as E = 1.0005, 1.001, 1.003 and 1.01. From
top to bottom the angular momentum increases as = 2.40, 2.55, 2.70 and 2.85. Other
parameters are Ṁ = 0.01ṀEdd and MBH = 10M .

and 1.01. While, as we go from top to bottom, increases as = 2.40, 2.55, 2.70 and
2.85. In short, E changes along the row while changes along the column. Low angular
momentum flows ( = 2.40) behave as Bondi flows, possessing single sonic point, through
which the global solution passes (see Figs. 6.12a1-a4), irrespective of the value of E. As
angular momentum increases, rotation head of the specific energy (E) of the flow play a
significant role inside the system and multiple sonic points form in an appreciable section
of the parameter space. For = 2.55 (Figs. 6.12b1-b3), multiple sonic point exists in
a large range of E. In Figs. 6.12b1-b2, the global solution (solid, blue) passes through
the outer sonic point whereas in panel Fig. 6.12b3, the solution (solid, blue) harbours
a shock and passes through both inner and outer sonic points. In Fig. 6.12b4, only a
single sonic point exist. This is mainly due to the fact, that for flows with higher energy,
120

6.4 Results

E

log ⌫L⌫ (ergs s 1)

33
32
31
30
29
32
31
30
29
32
31
30
29

(a1)

(a2)

(a3)

(a4)

(b1)

(b2)

(b3)

(b4)

(c1)

(c2)

(c3)

(c4)

(d3)
(d4)
(d1)
(d2)
32
31
30
29
28 14 16 18 20 22 14 16 18 20 22 14 16 18 20 22 14 16 18 20 22

log ⌫ (Hz)
Figure 6.13: Variation of spectrum with E and . The set of values for E and
other parameters are same as that in Fig. 6.12.

and

the distribution of sound speed as is generally higher compared to flows with lower E.
Therefore, the flow can only become transonic, when v increases significantly, which can
happen only very close to the BH. For low values of E, the sound speed distribution as (r)
is comparatively low. Because the flow becomes transonic whenever the infall velocity
v(r) attains moderately high values, therefore the sonic points form further out. Angular
momentum has di↵erent e↵ect on the flow structure. If we increase , then the distribution
of v (r) increases. Higher values of v restrict the increase of v to moderate values, except
near the horizon. So, for flows with higher , the sonic points shift towards the BH. For
even higher
2.85, only inner sonic point exists irrespective of the value of E (see,
Figs. 6.12d1–d4). In Figs. 6.12c1–c2 which are for = 2.70, shocks form even at lower
energies.
Fig. 6.13, shows the corresponding spectra which spans from 1012 1022 Hz. As a
general trend, with the increase in of the system, luminosity increases, since matter
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gets enough time to radiate. But the spectral shape and slope (arising because of inverseComptonization) remains roughly the same, except for the solutions which harbours shock.
The spectral slope is flatter in case of shocked solutions. With the increase in E, thermal
energy of the system increases, emission is hence higher. The spectral shape and slope is
visibly changed. Bremsstrahlung emission, the broad peak in the higher frequency range,
is increased with the increase in E (left to right), while angular momentum seems to have
little e↵ect on this particular radiative process. Since in this case we are dealing with a
flow with low accretion rate, spectrum is relatively soft as inverse-Comptonization is not
important.
6.4.2.4

Shocked Solution, Spectra And The Parameter Space:

In Figs. 6.12b3, c1, c2, the accretion solutions admit stable shocks. As discussed before,
for low , a flow admits only one sonic point (Figs. 6.12a1-a4). But as increases, the flow
possess multiple sonic points. A flow can pass through both the sonic points only when
the shock conditions are satisfied (see, Section 2.8). With the increase in , the centrifugal
term increases, and the twin e↵ect of the centrifugal and the thermal term can restrict
the infalling matter, leading to a centrifugal pressure mediated shock transition. In the
following section, we will analyse shocks present in two-temperature accretion flows.
In Fig. 6.14a, we present a typical shock solution for the parameters E = 1.002,
= 2.58, Ṁ = 0.2ṀEdd and MBH = 10M . For these parameters, the flow possess
multiple sonic points. Dashed, blue line is for the accretion solution passing through rco .
When this solution becomes supersonic it encounters a shock at rsh = 20.952. Then it
jumps to the subsonic branch and enters the BH supersonically after crossing through
rci . The global solution is represented with a solid, red line. The compression ratio
(R = ur /ur+ , ± implies post and pre-shock quantities, respectively) is 1.459 in this case. In
Fig. 6.14b, we plot the number density as a function of r. At the shock there is an increase
in number density of both protons and electrons equally. This leads to increased cooling in
the system which is evident from Fig. 6.14c, where we plot emissivities of various cooling
processes related to electrons. The corresponding spectrum is plotted in Fig. 6.14d. In
Figs. 6.14c-d, bremsstrahlung is represented using dotted green line, synchrotron in dashed
yellow and inverse-Comptonization in dashed-dotted magenta, while the total cooling is
represented by solid black line. The accretion rate of the system is high, so the spectrum
is mainly dominated by inverse-Comptonization, especially in the post-shock region. In
Fig. 6.14d, the total spectrum of the system is plotted in black, while super imposed on
it is the spectrum (solid blue) of the shock-free solution (dashed blue of panel a). The
luminosity of the system is 2.831 ⇥ 1036 ergs s 1 , which corresponds to an efficiency (⌘r )
of 1.09%. If the solution would not have harboured any shock (dashed blue of panel a)
then the luminosity of this shock-free solution (solid blue) is 1.293 ⇥ 1036 ergs s 1 and
⌘r = 0.50%. Because of the shock, the luminosity and hence the efficiency of the system is
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Figure 6.14: (a) A typical shocked solution (a) with its corresponding number density
(b), emissivities (c) and spectrum (d) is presented. The parameters taken are E = 1.002,
= 2.58, Ṁ = 0.2ṀEdd and MBH = 10M .

doubled. However, it seems that there is no special spectral signature of shock in accretion
flow, except that the luminosity of the power-law part of the spectrum increases. This is
also evident from Figs. 6.13b3, c1 and c2.
The bounded region in E- space in Fig. 6.15, represents the shock parameter space,
i.e., a flow with E, values from the bounded region for the given Ṁ , will under go a
stable shock transition. Each bounded region or shock-parameter space is characterised
by di↵erent accretion rate: Ṁ = 0.01 (solid, green), Ṁ = 0.1 (dashed, blue) and Ṁ = 1.0
(dotted, red) around a 10M BH. We can see that as Ṁ increases, the parameter space
decreases and shifts to the lower angular momentum side. Higher value of Ṁ implies
higher rate of cooling and therefore, much hotter flow at the outer boundary can accrete
and form the disc. And hence even for lower , the centrifugal term in conjunction with
the thermal term can resist the infall to produce an accretion shock. That is why for
higher Ṁ , the shock parameter space shifts to the lower values. For low Ṁ , the shock
parameter space is almost similar. The parameter space significantly changes only in the
presence of high accretion rates. More interestingly, it is clear that an accretion flow with
high accretion rate may also harbour accretion shocks.
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Figure 6.15: Shock parameter space for Ṁ = 0.01ṀEdd (solid, green), 0.10ṀEdd (dashed,
blue) and 1.00ṀEdd (dotted, red) around a 10M BH.
6.4.2.5

Dependence Of Spectrum On
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Figure 6.16: Change in spectra with increase in = 0.002 (solid, blue), 0.01 (dashed,
green) and 0.02 (dotted, red). Other parameters used are E = 1.003,
= 2.54 and
Ṁ = 0.1ṀEdd in an accretion disc around MBH = 10M .
controls the magnitude of stochastic magnetic field inside the flow. Any change in it
would lead to the change in synchrotron emission from electrons and eventually change the
radiation due to inverse-Comptonization. Hence, the spectra that an observer would see,
significantly depends on the value of . In Fig. 6.16, we plot the change in spectra with
change in for the flow parameters E = 1.003, = 2.54, Ṁ = 0.1ṀEdd and MBH = 10M .
We have varied : 0.002 (solid, blue), 0.01 (dashed, green) and 0.02 (dotted, red). The
present flow has high accretion rate where cooling is more pronounced. Even for low
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, the power law signature in the spectrum arising due to inverse-Comptonization is
prominent, or in other words, the spectrum is hard. However, dominant emission comes
from bremsstrahlung as can be inferred from its bump present at higher frequency regime.
As we increase , the bump feature vanishes. This is mainly due to the fact that with the
increase in , synchrotron emission and hence inverse-Comptonization increases more as
compared to bremsstrahlung (which is independent of the magnitude of the magnetic field
in the flow and hence, ), thereby masking the bump feature. The synchrotron turnover
frequency also shifts to higher frequencies with the increase in .
6.4.2.6

Dependence Of Solutions And Spectra On
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Figure 6.17: Plotted are the accretion solutions (a1, b1) and their corresponding spectra
(a2, b2) for a flow with E = 1.001, = 2.61 around MBH = 10M . Various curves are
for d = 0.013 (solid, blue), d = 0.015 (dashed, green) and d = 0.017 (dotted, red).
The accretion rates and ratio of magnetic to gas pressure are chosen are Ṁ = 1.0ṀEdd ,
= 0.2 (a1, a2) and Ṁ = 1.5ṀEdd , = 0.15 (b1, b2).
Fig. 6.10a showed that, magnetic dissipation (solid, red) is a more efficient heating
mechanism compared to Compton heating (dotted, blue) as well as Coulomb heating of
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electrons (Fig. 6.10b, solid, yellow). In Figs. 6.17a1, a2–b1, b2, we vary d which controls
magnetic dissipation. We compared the solutions and resultant spectra for d = 0.013
(solid, blue), 0.015 (dashed, green) and 0.017 (dotted, red). For Figs. 6.17a1–a2, we chose
higher ratio between magnetic and gas pressure, = 0.2 and accretion rate Ṁ = 1.0ṀEdd .
For Figs. 6.17b1–b2, we select Ṁ = 1.5ṀEdd and = 0.15. For both the cases, we have
E = 1.001, = 2.61 and MBH = 10M . The sonic point, luminosities and spectral index
of the accretion flows are given in Table 6.3. Evidently, luminosity and hence efficiency,
decreases with increasing d but increases with increasing Ṁ . If the dissipative heating
is higher (i.e., higher d ), then matter with lower temperature at large r may achieve
the same E. Therefore, the accretion flow would have an overall lower temperature and
would emit less. That is exactly what is observed in Figs. 6.17a2–b2, where the luminosity
goes down with the increase in d . The spectrum is decisively hard for super-Eddington
accretion rates. It means that no single flow parameter can dictate whether the spectrum
will be hard or soft, instead all the flow parameters together contribute for the final
outcome. However, it is clear that d do influence the emitted spectra and luminosity
significantly.
Table 6.3: Various flow properties of the solutions plotted in Fig. 6.17.
Parameters

6.4.2.7

rc

d

L
⇥1038 (ergs s

↵
1)

Ṁ = 1.0ṀEdd and

= 0.20

0.013
0.015
0.017

613.365
838.022
1053.310

2.523
1.877
1.514

0.672
0.680
0.683

Ṁ = 1.5ṀEdd and

= 0.15

0.013
0.015
0.017

466.718
669.746
849.084

8.31
5.726
4.518

0.606
0.619
0.625

Possibility Of Pair Production And Pion Production

Till now, we have investigated how various factors and flow parameters a↵ect the twotemperature accretion solutions and the resulting spectra. However, it may be noted that,
we have ignored pair production from particle-particle interactions in the accretion disc
or from accretion disc radiation. We have also ignored the production of gamma-rays
due to high energy interactions like pion decay. We assumed that these processes will
not significantly a↵ect the solutions. In Appendix A.2, we investigate pair production
process a posteriori. We compare the number densities of protons np+ with positrons ne+
(Figs. A.2a1–b1) generated through photon interactions produced in accretion discs as well
as compare the total emissivity Qtotal with pair annihilation emissivity Qann (Figs. A.2a2–
b2). We consider two sets of accretion disc parameters (1) Ṁ = 1.0, = 0.2 (Figs. A.2a1–
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a2) and (2) Ṁ = 1.5, = 0.15 (Figs. A.2b1–b2). Rest of the parameters common in both
the cases are, d = 0.013, E = 1.001 and = 2.41. These two accretion disc cases are
described around a BH of 10M . After the posteriori calculations, elaborately discussed
in Appendix A.2, we can conclude that, ne+ ⌧ np+ and Qann ⌧ Qtotal .

We note that, a similar analysis was done in Chapter 3, Section 3.4.2, where we
investigated the importance of pairs in one-temperature accretion flows around BHs. From
the analysis conducted there, we concluded that pair-production and hence annihilation is
dominant in certain range of parameter space, where there is ample amount of radiation
field present. We find that in the current posteriori calculation, the angular momentum
value is low, which lowers the amount of cooling in the system, because matter would have
higher infall velocities and lesser time to radiate. Thus, the conclusion is consistent with
the results and discussions made in Section 3.4.2 of Chapter 3. To be more conclusive
regarding the e↵ect of pairs in two-temperature accretion flows, we need to self-consistently
compute the number of pairs produced at each radius of the accretion disc, similar to
the iterative feedback methodology used in Section 3.3.2, which was for one-temperature
flows. Also, we need to study using di↵erent combination of flow parameters. In twotemperature flows, the degeneracy present in the system would further complicate the
methodology used before to find pairs. Thus, we intend to study this in details in some
future work.
In Appendix A.3 we compute the production of pions (⇡ 0 ) a posteriori and the gamma
rays emitted due to its decay. We plot log Tp vs log r in Figs. A.3a1–b1 and the corresponding spectra in Figs. A.3a2–b2. We study the generation of pions and gamma ray
photons for two cases (1) by varying accretion rate (Ṁ = 0.01 : dotted, red, 0.1 : dashed,
green and 1.0 : solid, blue) around a BH of MBH = 10M (Figs. A.3a1–a2) and (2) by
varying mass of the BH (MBH = 102 : solid, blue, 104 : dashed, green and 106 : dotted,
red), keeping accretion rate Ṁ = 0.1 constant (Figs. A.3b1–b2) . The other disc parameters are E = 1.0007,
= 2.61,
= 0.01, & d = 0.001. Luminosity for higher Ṁ is
higher and so is the gamma-ray produced by decay of pions. Same trend is observed when
we increase the BH mass. However, the gamma ray luminosity is always < 10 5 times
that of the total luminosity. Elaborate discussion on these two cases have been made in
Appendix A.3.
6.4.2.8

Dependence On Ṁ And MBH :

In Fig. 6.18a, we plot the continuum spectra for Ṁ = 0.1ṀEdd (solid, blue), Ṁ = 0.6ṀEdd
(dashed, green) and Ṁ = 1.2ṀEdd (dotted, red) from a disc around a BH of 10M . The
disc becomes brighter as Ṁ increases, even the efficiency also increases. The spectra
also becomes harder (↵ lower, F⌫ / ⌫ ↵ ), mainly because the inverse-Compton output
increases with the increase in number density of hot electrons inside the flow. However,
the range of frequency ⌫ on which the spectrum is distributed do not increase appreciably
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Figure 6.18: Spectra from (a) MBH = 10M for di↵erent accretion rates Ṁ = 0.1ṀEdd
(solid, blue), Ṁ = 0.6ṀEdd (dashed, green) and Ṁ = 1.2ṀEdd (dotted, red); (b) Ṁ =
0.1ṀEdd but around MBH = 10M (solid, blue), MBH = 103 M (dashed, magenta) and
MBH = 106 M (dotted, brown). Other disc parameters are E = 1.001 and = 2.4.
with the increase in accretion rate. Corresponding spectral properties are presented in
Table 6.4 (left table):
Table 6.4: Various properties of the spectra plotted in Fig. 6.18a (left table) and Fig. 6.18b
(right table).
Ṁ
(ṀEdd )
0.1
0.6
1.2

L
(ergs s

1)

4.731 ⇥1034
8.301 ⇥1036
6.684⇥1037

⌘r
(%)

↵

0.037
1.068
4.298

0.939
0.720
0.627

MBH
(M )
10
103
106

L
(ergs s

1)

4.731 ⇥1034
6.426 ⇥1036
6.106⇥1039

⌘r
(%)

↵

0.037
0.049
0.047

0.939
0.936
0.915

In Fig. 6.18b, we plot spectra from discs with the same accretion rate Ṁ = 0.1ṀEdd ,
but around di↵erent MBH which are 10M (solid, blue), 103 M (dashed, magenta) and
106 M (dotted, brown). The more massive the black hole, the disc is brighter since
absolute accretion rate increases. In addition the spectrum spans over a larger range of ⌫,
with significant emission from radio to rays. It may be noted, higher MBH results in a
more broadband spectra, the disc becomes more luminous but the spectral index do not
change much. The spectral properties are presented in Table 6.4 (right table).
6.4.2.9

Luminosity, Efficiency And Spectral Index Of Two-Temperature
Flows :

In Fig. 6.19a, we have calculated the luminosities and in Fig. 6.19b we plotted the efficiency
of the accretion of matter onto BHs of di↵erent masses (10M , 103 M and 106 M ) as
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Figure 6.19: (a) Variation of bolometric luminosity (in ergs s 1 ) and (b) efficiency (in %)
as a function of Ṁ (in units of Eddington rate, Ṁedd ). Colour bar indicates the spectral
index (↵). BHs of di↵erent masses : 10M (small circle), 103 M (medium circle) and
106 M (largest circle) are represented with increasing sizes of the circles. The parameters
used here are E = 1.001 and = 2.4.

a function of accretion rate (Ṁ ). Size of the circles are in order of increasing value of
BH mass. Parameters used are E = 1.001 and = 2.4. It may be noted that luminosity
rises steeply with the increase in accretion rate of the system, for all BH masses. More
the supply of matter, more would be the conversion of it into energy. However, at higher
accretions rates, luminosities approach asymptotic values. Radiation emitted by accretion
disc, is the e↵ect of conversion of gravitational energy released in the act of accretion, into
electro-magnetic radiation. So as Ṁ increases, emission increases due to increased supply
of matter. However, it cannot emit more than the energy obtained from the accretion
process and therefore, it reaches a ceiling around ⌘ ⇠ 10%. It is apparent from Fig. 6.19b,
that efficiency is slightly a↵ected by the BH mass. The spectral index (↵) is represented
as colour bar over both Figs. 6.19a, b. It changes visibly with the increase in accretion
rate of the system (also, see Fig. 6.18a and Table 6.4 left table) but do not change much
with the change in BH mass (also, see Fig. 6.18b and Table 6.4 right table).
6.4.2.10

Comparison With Observations:

The first BH to be imaged in the history is M87 (Event Horizon Telescope Collaboration
et al., 2019), thereby confirming the existence of these exotic objects in the Universe.
M87 has been modelled by di↵erent authors using di↵erent models (Chakrabarti, 1995; Di
Matteo et al., 2003; Feng et al., 2016; Junor et al., 1999; Macchetto et al., 1997; Mandal
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Figure 6.20: Model spectrum obtained from entropy maximisation formulation (solid,
black) is fitted onto the observations of M87 spectrum (data points acquired from Mandal
& Chakrabarti (2008) and references therein).

& Chakrabarti, 2008; Reynolds et al., 1996; Spencer & Junor, 1986; Vincent et al., 2021;
Wielgus et al., 2020). In this section we investigate the spectrum of this 6.5 ⇥ 109 M BH
using the two-temperature accretion model proposed by us. It is well established that M87
is a low luminous AGN with L ⇠ 1042 ergs s 1 located at a distance of ⇡ 16 Mpc (Biretta
et al., 1991). Also, the Bondi accretion rate quoted in literature is around ⇠ 0.1M yr 1
(Di Matteo et al., 2003). We use these values to fit the observed spectrum. Apart from
these parameters, there are other free parameters like , E, , d , B etc, which needs to
be played around to obtain the best fit.
We use the data provided in Mandal & Chakrabarti (2008) and references therein to
get the observed data points. In Fig. 6.20, we plot di↵erent observed data points (mean
values). They are: Biretta et al. (1991) (orange stars), Ho (1999) (red pentagons), Sparks
et al. (1996) (violet cross), Stiavelli et al. (1997) (blue plus), Perlman et al. (2001) (magenta
square), Perlman & Wilson (2005) (cyan dot) and Maoz et al. (2005) (green triangles). In
solid black we plot the spectrum obtained by assuming = 2.38, E = 1.000038, = 0.05
and d = 0.015. We select and use the maximum entropy solution, to extract the spectrum.
We see that, the total luminosity obtained from our model is around 2⇥1042 ergs s 1 which
is in close agreement with the observations. Also, the data points pass fairly well through
the modelled spectrum, thereby validating the model proposed by us. This suggests that
the use of the entropy maximisation formulation for selecting the solution and spectrum
would be helpful in explaining observations. But, it is to be noted here that, that we have
ignored the error bars. Although very low errors are present in the data points, these are
important from the observational view point. Also, there are innumerous details which
needs to be taken care of, while fitting an observed spectrum. We want to include all of
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them in the best possible way in some future work.

6.5

Discussions And Conclusions

In this chapter we present our results in case of two-temperature rotating flows, that is
flows having angular momentum. Pure GR treatment was made, which helped us model
the strong gravity of BHs. In these flows, Coulomb coupling was never found to be too
strong to make the flow attain a single temperature. We have also presented results of
spherical flows in few cases, in order to contrast the di↵erences of these flows with flows
having angular momentum.
Our focus in this chapter is to obtain unique transonic solutions in two-temperature
model. We, in Chapter 4, have reported that two-temperature solutions are degenerate
in nature. Infinite transonic solutions exist for the same constants of motion. We solved
the problem with the help of the entropy measure (Eq. 4.10) which was obtained from
the first principles. We successfully validated in case of spherical flows in Chapter 5 and
here in this chapter, we extended it to the case of rotating flows as well. But these
systems are complex since they possess multiple sonic points, unlike single sonic points in
spherical flows. For the given set of disc parameters, like generalized Bernoulli parameter
(E), accretion rate (Ṁ ) and angular momentum ( ), a choice of proton temperature
may produce a transonic solution through outer sonic point, some other choice of the
temperature will produce a solution through inner sonic point, while some other will
produce solutions which undergoes shock transition. The resulting radiation also vary
accordingly. Infact some solutions may be four times more luminous compared to some
other solutions (see Fig. 6.5 and Table 6.1). Therefore, this degeneracy issue is serious
and needs urgent attention. We lay down the methodology to obtain a unique twotemperature solution using the principles of second law of thermodynamics. We stated
that the solution with the highest entropy near the horizon is the correct solution. Since
the proposed correct transonic solution is the one with the highest entropy, therefore it
is warranted that these solutions should be stable for the relevant boundary conditions.
Infact, the collective wisdom of the community on accretion solutions expect, that close
to the horizon accretion should be transonic. However, for a given set of accretion disc
parameters like Ṁ , E and , we do have a large number of transonic two-temperature
solutions, and the question of stability of the solutions arise. In Section 6.3.3, we showed
that the gradient of entropy of the flow with the proton temperature i.e., dM˙in /dTpin ,
is such that, it tends to push the solution towards the temperature corresponding to the
highest entropy solution. In other words, if our proposed solution is perturbed, then
dM˙in /dTpin would automatically try to restore the solution to the one corresponding to
the highest entropy. This is the first time, to the best of our knowledge, that such work
has been done. This methodology to remove the degeneracy in two-temperature flows is
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required, since any wrong choice of solution would give us a wrong solution and hence an
overall wrong information of the system.
In this chapter, we investigated di↵erent rotating accretion solutions (conical as well
as flows in hydrostatic equilibrium) corresponding to di↵erent flow parameters and have
also computed the spectrum. We considered the relativistic e↵ects while generating the
spectrum. Flows in hydrostatic equilibrium, as the name suggests, allows the accretion
disc to pu↵ up and shrink down, depending on the temperature present in the region.
Heating processes will leading to increasing of the half-height of the accretion disc while
excessive cooling will reduce the height. Such mechanism is not allowed in case of conical
flows, where the height is a constant function of r. Thus, conical flows are found to be more
hotter than flows in hydrostatic equilibrium. But the equations are simple in conical flows
as H ⌘ f (r), which allowed us to focus more on the methodology of removing degeneracy
in the MCP regime. After the methodology was validated, we worked on more realistic
discs in hydrostatic equilibrium in the transverse direction. We analysed and focussed
more on these solutions.
It is important to note that, in this chapter, we studied solutions of two-temperature
accretion discs around non-rotating BHs. The spin of the BH may play an important
role in jet generation via a process called Blandford-Znajek mechanism (Blandford &
Znajek, 1977), however, accretion is still the primary mechanism to explain the observed
luminosities. And a proper two-temperature accretion solution is the best way to obtain
the spectra from such systems.
In this chapter, we obtained all possible solutions depending on E and for a given
Ṁ and MBH (Fig. 6.12) and in addition we also plot the emitted spectrum (Fig. 6.13).
This also shows that, Ṁ or MBH do not alone determine the emitted spectrum or even the
luminosity. Depending on E and , the solution changes and so does the spectrum and
luminosity. The constants of motion are uniquely linked to the obtained spectrum. There
are indeed shocked accretion solutions even in the two-temperature regime. The shocked
solutions are more luminous, because in the post-shock region inverse-Comptonization
becomes e↵ective, the intensity of the power-law photons increases, compared to a shockfree solution (Fig. 6.14). We also showed that accretion flow can harbour steady shocks
in a small but significant patch of the energy angular momentum parameter space (see,
Fig. 6.15). However, in general, the shock strength in two-temperature flow is lesser
than that in a one-temperature flow. Moreover, we did not find any particular spectral
signature of the presence of shock, only that the shocked solution is more luminous than
shock-free ones. But, it has been found in cases of low accretion rate flows, where weak
bremsstrahlung feature is visible (in the high frequency end of the spectrum) in a shockfree solution, this feature disappears in a shocked solution (see Figs. 6.13c1, c2).
Radiative properties of a BH system, depends on and d along with E, , Ṁ and
MBH . For low values of and d , the radiative efficiency was around few percent, but for
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higher values, the efficiency easily crossed ten percent, even for the same accretion rate
and mass of the BH. We also showed that the spectra becomes broadband if the mass
of the central BH considered is higher, it also becomes more luminous but the spectral
index remains roughly the same. While, with the increase in accretion rate of the BH,
the bandwidth of spectra remains the same, while the luminosity and the spectral index
changes significantly.
We did not consider pair production from the radiation of the accretion disc. Neither
did we consider particle production due to high energy interaction of the protons. To
have a knowledge regarding the importance of these processes in two-temperature accretion discs, we used background solutions and computed a posteriori, the amount of pair
production, annihilation and pion production in the system. The selected solutions showed
that pair production is negligible, and therefore the contribution of the pair annihilation
emission in the total spectrum of the disc is also negligible. Similarly, we showed, with
the help of a posteriori estimate that the gamma-ray production from pion decay is also
negligible. But to be more conclusive, we need to solve self-consistently the EoM in the
presence of these processes (also, see Chapter 3). This is a scope of future work.
In this chapter, we did not consider viscosity of the flow, but invoking our results from
our previous Chapter 3, on viscous accretion solutions in the one-temperature regime (see,
Appendix A.1), we argued that since the angular momentum is almost constant in the
inner part of the disc, and that the viscous heating is much weaker than the magnetic
dissipation, we can safely neglect viscosity to ease our computation. Considering the single
temperature viscous flow as the representative case, we may conclude that, there will not
be any qualitative change by considering viscosity, although quantitative e↵ect cannot
be ruled out. Infact, since we showed magnetic dissipation to be a very efficient heating
process, we could incorporate most heating processes by tuning the parameter d .
We also modelled the spectrum of M87 using the data from di↵erent sources (see, Mandal & Chakrabarti (2008) and references therein). The bolometric luminosity obtained
was found to be close to that of the observed luminosity and the model closely fitted the
observed data points (see, Fig. 6.20). This suggests that the use of the entropy maximisation formulation for selecting the solution and spectrum would be helpful in explaining
observations. We intend to extensively carry out the work of explaining observations for
di↵erent BH candidates with our proposed model in future.
To conclude, it is absolutely necessary to obtain unique transonic two-temperature
solution. To interpret observations, it is compulsory that the hydrodynamics of the system
is properly handled. Selecting any arbitrary solution would mislead us. We allowed
the second law of thermodynamics to dictate and select the solution, without taking
recourse to any assumptions, such that consistency is maintained. In addition to spherical
flow (Chapter 5), unique accretion disc solutions also correspond to the highest entropy
solution.
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Chapter 7

Two-temperature Accretion
Flows Around Neutron Stars

7.1

Introduction

Neutron stars (NSs) are one of the densest objects known in the Universe, with core
densities surpassing nuclear densities. They can harbour magnetic fields upto 1015 G,
everything packed within a size of . 10 km. Accreting NSs with strong magnetic fields
were confirmed in 1970’s, with the observations of Cen X-3 and Her X-1 (Giacconi et al.,
1971). Thereafter, X-ray binary pulsars were discovered, whose magnetic axis was found
to be misaligned with the rotation axes. Works by Ghosh & Lamb (1978); Ghosh et al.
(1977); Lamb et al. (1973) etc., concluded that strong magnetic field of NS can control
the dynamics of matter flow around it, compelling the accretion to occur in the form of a
disc upto a certain radius and then via field lines (Davidson & Ostriker, 1973; Pringle &
Rees, 1972).
It is important to obtain self-consistent transonic solutions, that connect the flow from
the accretion disc to the NS surface (Karino et al., 2008; Koldoba et al., 2002) via a surface
shock. It was suggested Li et al. (1996) that, as the matter reaches the star’s surface supersonically it will form a shock there. This shock would enhance the dissipation processes,
making the flow radiate away all its kinetic energy, such that the matter can slowly settle
down onto the surface. These radiative process also determine the observable spectrum.
Singh & Chattopadhyay (2018b) studied such magnetised accretion flows onto NS, assuming strong, dipole magnetic fields, axis of which was co-aligned with the rotation axis of
the star (Ghosh & Lamb, 1979; Koldoba et al., 2002; Lovelace et al., 1995). Although the
The results of this chapter are under review: Sarkar, Shilpa; Singh, Kuldeep; Chattopadhyay,
Indranil and Laurent, Philippe; 2021, Astronomy & Astrophysics.
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axes were co-aligned, this work was successful in bringing out the essential features, allowing us to deeply understand magnetised funnel flows. They obtained a complete picture
of the system for a wide range of parameter space. They took care of the MHD integrals,
conserved along the magnetic field lines along with the transonicity of the flow. Also, for
certain combination of constants of motion, secondary shocks were also obtained (rss ),
apart from the primary/surface shock (rps ). But, the spectral analysis of these flows were
not done and radiative processes like blackbody emission and Comptonization of the seed
soft photons, were not considered. Moreover, the electron temperature was not explicitly
computed and was only estimated, since the analysis was done in the one-temperature
regime. Because of the arguments discussed all along the previous chapters (see, Section
1.5, and Chapters 4, 5 and 6), there is a distinct possibility for an accretion flow to maintain two-temperatures, one temperature defining protons and the other electrons. In 1982,
Langer & Rappaport studied funnel flows in two-temperature regime, but considered only
the post-shock region, while obtaining solutions and computing the spectrum.
In this chapter, we investigate two-temperature accretion flows around NSs, extending the work of Singh & Chattopadhyay (2018a,b), which was done in one-temperature
regime. As discussed in Chapter 4, two-temperature accretion flows are degenerate in
nature. Because of the paucity of requisite number of equations, infinite number of solutions are possible, for a given set of constants of motion. It is important to note that,
because of the presence of a hard surface in case of NS, matter do not achieve free-fall
velocities and the form of entropy measure proposed in the previous chapter, is not valid
for these flows. This has led to a serious problem of constraining the degeneracy in twotemperature flows around NSs (see, Section 4.4.3). Therefore, in this work, we propose
a novel methodology to remove degeneracy and obtain unique transonic two-temperature
solutions around NS, for a given set of constants of motion. We elaborately discuss it in
the methodology section. Thereafter we proceed to obtain global accretion solution and
perform spectral analysis. We obtain the spectrum, assuming dissipative processes like
bremsstrahlung, synchrotron, blackbody emission, Comptonized bremsstrahlung, Comptonized synchrotron and Comptonized blackbody. We studied solutions for a large set of
parameter space using CR EoS, to get a global picture of the NS system. In this work,
we have used the Paczyńsky & Wiita (1980) potential to mimic the strong gravity around
NS. Also, CR EoS has been used, since the flows we are going to deal with, are thermally
trans-relativistic in nature as well as there are two-di↵erent species present in the system
with masses di↵ering by 1000 of times.

7.2

Governing Equations and Assumptions

The work is done in the ideal MHD regime assuming steady, axisymmetric and inviscid
flow (Chandrasekhar, 1956; Heinemann & Olbert, 1978; Lovelace et al., 1986) in spherical
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coordinate system (r, ✓, ). The ideal MHD equations have been given in Eqs. 2.19–
2.22. These equations can be integrated to obtain a number of integrals which remain
conserved along magnetic field lines (Ghosh et al., 1977; Koldoba et al., 2002; Mestel, 1968;
Ustyugova et al., 1999; Weber & Davis, 1967), discussion of which is given in Section 2.3
(see, Eqs. 2.24–2.29).

7.2.1

Stream Function And The Strong Magnetic Field Assumption

Figure 7.1: Representation of a magnetised accretion flow, with magnetic moment (µ)
co-aligned with the rotation (⌦) axis of the star. Matter is accreted along magnetic flux
tube, which connects the accretion disc to the surface of the NS. The sonic point is marked
as rc , primary shock is marked as rps and r⇤ is the radius of NS.
We assume the NS to have strong dipole-like magnetic field. The magnetic flux function
for this field in spherical coordinates is,
=

µ 2
sin ✓ ,
r

(7.1)

and the geometry of the dipole field lines is given by,
r = rd ( )sin2 ✓,

(7.2)

where, rd = µ/ is the radius from the center of the NS where the field line ( ) crosses
the equatorial plane of the disc. In our work this is also the radius from where the matter
starts channelling through the magnetic field lines, from the accretion disc as shown in
Fig. 7.1. The poloidal magnetic field strength (Bp ) is obtained using Eqs. 7.1 and 7.2, to
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get,
µ
Bp (r) = 3
r

r
4

3r
.
rd

(7.3)

We assume the NS rotation axis to be co-aligned with the magnetic moment (µ)
) ⌦ k µ (see, Fig. 7.1). Apart from this, we also assume that NS has strong magnetic
field, such that matter flow does not a↵ect the magnetic field geometry. This is valid
when the magnetic energy density is much larger than the gas pressure and ram pressure
(Koldoba et al., 2002) and can be expressed as,
Bp2 /8⇡

(p, ⇢vp2 )

(7.4)

Now, we define: ⇢A = 2 /(4⇡), which is the mass density at the Alfvén radius. Then,
2 = M 2 , where is v 2 = B 2 /(4⇡⇢)
from Eq. 2.26, we have, 4⇡⇢vp2 /Bp2 = ⇢A /⇢ = vp2 /vAp
p
A
Ap
is the Alfvén speed and MA is the poloidal Alfvénic Mach number. Condition 7.4 then
implies: ⇢A /⇢ ⌧ 1 or MA2 ⌧ 1, or in other words, the flow is sub-Alvénic. Solving for !
and B using Eqs. 2.26 to 2.28, we get,
✓

!=⌦ 1

2
⇢A rA
⇢ r̃2

◆✓
1

⇢A
⇢

◆

1

and

✓
p
B = r̃⌦ 4⇡⇢A 1

2
rA
r̃2

◆✓
1

⇢A
⇢

◆

1

.

(7.5)
2 = ⇤( )/⌦( ) is the Alfvén radius. Again, using the condition ⇢ /⇢ ⌧ 1, the
where, rA
A
above expressions reduce to,
!

⌦
⌦

⇢A
=
⇢

✓

1

Assuming further, that (⇢A /⇢)|1
|!

2
rA
r̃2

◆

and

B
r̃⌦ ⇢A
=
Bp
vp ⇢

✓

1

2
rA
r̃2

◆

.

(7.6)

rA /r̃2 | ⌧ 1, we obtain,
⌦| ⌧ ⌦

and

B
⌧ 1.
Bp

(7.7)

The first relation of the above equation implies that matter moves with the same
angular velocity as the field lines because of the strong magnetic field assumption. Now,
as these field lines are strongly anchored to the surface of the NS, they rotate with the
same angular velocity as that of the star, or ⌦matter = ⌦( ) = ⌦star = ⌦. This also implies
that rd is very close to the co-rotation radius (rcorot ) or rd ' rcorot . The second relation
implies that the toroidal component of the magnetic field is negligibly small, compared to
its poloidal component.

7.2.2

Final Form Of Equations

The e↵ective potential of an accretion flow along a given field line (r, ✓) = constant, in a
reference frame co-rotating with the star, that is rotating with an angular velocity ⌦ can
138

7.2 Governing Equations and Assumptions

be represented as the sum of the gravitational and centrifugal forces,
(r) =

g

+

centri

⌦2 r2 sin2 ✓
.
2

GM⇤
r rg

=

(7.8)

On simplifying the above equation, using the definition of rd from Eq. 7.2 and the relations
1/3
rcorot ⌘ GM⇤ /⌦2
and ↵n ⌘ rcorot /rd , we get,
(r) =

2
⌦2 rcorot



↵ n rd
(r/rd )3
+
.
r rg
2↵n2

(7.9)

From the discussions made in Section 7.2.1 (see, Eq. 7.7), we assume ↵n = 1 throughout our work. Following the same conditions and using Eq. 7.9, we simplify generalised
Bernoulli constant defined along a specific stream line (r, ✓) = constant, given in Eq. 2.29
to,
1
E( ) = vp2 + h + (r) +
2

Z

Qdr
.
⇢vp

(7.10)

This is a constant of motion in the presence of any dissipation processes present in the
flow. If dissipation is absent ( Q = 0), the above equation reduces to what is called the
canonical form of Bernoulli constant and is given by,
1
E = vp2 + h + (r).
2

(7.11)

From Eqs. 2.26 and 7.3, we get the poloidal velocity relation,
µ( )
vp =
4⇡⇢r3

r
4

3

r
.
rd

(7.12)

This equation suggests that the information of magnetic field is imprinted inside the
velocity field.
In the equations to follow, we drop all the subscripts ‘p’ which implies the poloidal
components and replace the variables vp with v, Bp with B, Ap with A etc.
The di↵erential equations for electron and proton temperatures are obtained from the first
law of thermodynamics given by Eq. 2.23 and using Eqs. 2.30–2.32 and 7.12, to get,
d⇥e
dr
d⇥p
dr

=
=

⇥e
Ne
⇥p
Np



✓
1 dv
3 8
+
v dr 2r 4

✓
1 dv
3 8
+
v dr 2r 4

◆
5r/rd
3r/rd
◆
5r/rd
3r/rd

E,

(7.13)

⌘P,

(7.14)

where, E = Qe K̃/(⇢vNe ) and P = Qp K̃/(⇢vNp ). Definition of Qe and Qp have
been discussed in detail, in Section 2.5. We note that, apart from bremsstrahlung, synchrotron and their respective inverse-Comptonizations, we have also considered blackbody
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radiation from the thermal mound at the NS surface (formed due to accreted matter being
settled down onto the hard surface of NS) and the inverse-Comptonization of these soft
photons in the post-shock accretion column. The formula used to calculate the height
and temperature of the thermal mound is from Becker & Wol↵ (2007). We follow their
prescription to obtain the corresponding emissivity and spectrum.
Simplifying Euler equation (Eq. 2.20) or similarly, taking the derivative of the Bernoulli
constant (Eq. 7.10), we obtain the di↵erential equation for poloidal velocity,
N(r, v, ⇥e , ⇥p )
dv
=
,
dr
D(r, v, ⇥e , ⇥p )
where,

3as 2
N=
2r

✓

8
4

5r/rd
3r/rd

◆

E+P
+
K̃

0

and

(7.15)

D=v

2

✓

1

as 2
v2

◆

.

(7.16)

We have defined the speed of sound in two-temperature magnetised flow as, as 2 = (
p ⇥p /⌘)/K̃.

7.2.3

e ⇥e +

Entropy Accretion Rate Expression

The expression for entropy accretion rate, using Eqs. 2.24, 4.4 and 4.10, can be written
as,
M˙in =

s

exp

✓

fein
⇥ein

1

◆

exp

✓

fpin
⇥pin

1

◆

3

3

3

3

2
2
⇥ein
⇥pin
(3⇥ein + 2) 2 (3⇥pin + 2) 2 (vin Ain ).

(7.17)
This formula is similar to what was obtained for BH accretion flows (except the bracketed
term, see Section 4.4.2). The importance of this formula in two-temperature theory have
been discussed briefly in sections to follow.

7.2.4

Sonic Point Conditions And Shock Conditions

The critical point conditions are obtained from Eq. 7.15, by using the fact that at rc ,
dv/dr = N/D = 0/0,
✓
◆
3a2sc 8 5rc /rdc
E c + Pc
N=0 )
+
2rc 4 3rc /rdc
K̃
and D = 0 ) vc = asc ,

0

c

=0

(7.18)
(7.19)

where, the subscript ‘c’ implies quantities at the sonic point. The value of (dv/dr)|rc is
obtained using the L’Hospital’s rule.
In the strong field regime, the MHD shock conditions (Kennel et al., 1989) reduces to
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hydrodynamic shock conditions and they are given by,
Conservation of mass flux :
Conservation of momentum flux :
Conservation of energy flux :

h

⇥

[⇢v]

⇤

⇢v 2 + p
R
⇢v 12 v 2 + h +
n

Qdr
⇢v

oi

= 0,

(7.20)

= 0,

(7.21)

= 0.

(7.22)

where, the square brackets imply the di↵erence between the pre-shock and post shock flow
variables (also, see Section 2.8).

7.3

Solution Methodology

Accretion flow around NSs are transonic in nature, similar to BHs (Karino et al., 2008;
Koldoba et al., 2002; Singh & Chattopadhyay, 2018b). They can harbour one or more
critical (sonic) points, rc ’s. Apart from strong, ordered magnetic field of an NS, the
presence of a hard surface is an additional major di↵erence, that distinguishes it from a
BH. The accretion flow onto an NS although accelerated to achieve transonicity by its
strong gravity, has to settle down onto the NS surface. This will drive a terminating
shock, also known as primary shock (rps ). Additionally, there is possibility of formation
of a secondary stable shock (rss ), for certain combination of flow parameters, driven by
the centrifugal and pressure gradient forces. It is formed between the primary shock and
the co-rotation radius (i.e., rps < rss < rcorot ). In other words, the topology of solutions
depend on the combination of flow parameters used (e.g., E, P and Ṁ ; B dictates the
flow geometry) and have been reported recently in the single temperature regime by Singh
& Chattopadhyay (2018a,b).

7.3.1

Two-Temperature Accretion Flows Around NS: Degeneracy
And The Difficulty In Removing It

Given a set of constants of motion, the set of equations are incomplete. Therefore, it is not
possible to find a unique transonic solution for a given set of constants of motion around
an NS. Similar problem was encountered in two-temperature accretion flows around BHs
(see, Chapters 4, 5 and 6). This was not the case in one-temperature regime (see, Chapter
3), where one obtains a unique solution corresponding to a given set of constants of motion, for both BH or NS as central object. The presence of an extra temperature variable
is responsible for this degeneracy. In the absence of any physical principle constraining
the relation between these species, we utilised the concept of entropy to obtain a unique
transonic two-temperature accretion solution. However, because of the presence of electron – proton energy exchange term or the Coulomb coupling term in the first law of
thermodynamics, one cannot obtain an analytical expression for entropy measure. But
it is known that near the BH horizon, strong gravity overwhelms any other interactions.
141

7. TWO-TEMPERATURE ACCRETION FLOWS AROUND NEUTRON
STARS

Matter just outside the horizon falls freely and the infall timescales are shorter than cooling or Coulomb coupling time scales. Therefore, asymptotically close to the horizon, an
analytical expression of entropy is admissible. Using this formula for entropy, strictly
valid near the horizon, entropies of all the degenerate solutions were measured for flows
around BHs (see Chapter 5 and 6). It was found that the entropy maximised for a certain solution. Following the second law of thermodynamics, that nature would prefer a
solution with maximum entropy, degeneracy was removed in two-temperature accretion
flows around BHs. Additionally, it was shown that the maximum entropy solution was
the most stable one (Section 6.3.3).

7.3.2

Methodology To Obtain Unique Two-Temperature Transonic
Solution Around An NS

We conclude from the above discussion that, accreting matter just outside the NS surface
do not achieve free-fall velocities. Hence, maximising entropy method cannot be directly
used to break the degeneracy of the solutions, unlike what was done for two-temperature
flows around BHs. However, we can use a particular property of gravity to break the
degeneracy. The gravitational pull on any particle of unit mass by an object of mass M⇤ ,
depends on the value of M⇤ and also on the distance between the centre of gravities of
these two masses. Utilising this property we can conclude that, if a star of mass M⇤ and
radius r⇤ , is confined in a radius rin (< r⇤ ), then the gravitational force experienced at a
point r (where, r > r⇤ > rin ) would be exactly same, irrespective of whether the radius of
the star is r⇤ or rin .
Employing this property, the supersonic branch of the NS solution can be continued
further to < r⇤ (‘ghost solution’ or the projected transonic branch) until it reaches a point
rin . It is at this point, rin ⇠ rg (rg , being the Schwarzschild radius of the star), that v !
free-fall is satisfied. In principle, it is now possible to obtain the entropy measure M˙in
(using Eq. 7.17). Following the second law of thermodynamics, we identify the unique,
maximum entropy solution out of the infinite solutions, all corresponding to the same set
of constants of motion.
Before using this particular method to obtain unique two-temperature accretion solution around NSs, we have used this method first on regenerating solutions in the onetemperature regime, which is well understood, simple and does not exhibit degeneracy.
Solution thus obtained using the proposed method in this work, perfectly matched with
the solution obtained using the methodology adopted by Singh & Chattopadhyay (2018b).
The validation is presented in Appendix B.1. Step by step method to obtain a unique
two-temperature accretion solution around an NS is given below.
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Obtaining Projected Transonic Solution Along With Satisfying NS Inner
Boundary Condition
1. Supply the constants of motion (E, P , Ṁ ). Also, we need to supply surface magnetic
field B⇤ of an NS of mass M⇤ and radius r⇤ . Magnetic field determines the flow
geometry and is a known function of r.
2. We consider a point rin ⇠ rg < r⇤ . The solution between r⇤ and rin is the projected
accretion solution, had the star surface been at rin rather than r⇤ . We call this
solution the ‘ghost solution’. Since rin ⇠ rg , therefore vin which is the poloidal
velocity at rin , approach free-fall velocity.
3. We supply ⇥pin and an initial guess value of ⇥ein at rin .
4. We obtain the exact value of vin , from the expression obtained by equating of E ⌘
E(vin , ⇥pin , ⇥ein ) (Eq. 7.11). E ⌘ E, because of the adiabatic conditions at rin .
5. With the initial values of vin , ⇥pin , ⇥ein at rin , we evaluate dv/dr, d⇥p /dr and d⇥e /dr
(Eqs. 7.13-7.15) and then integrate these equations from r = rin outwards, with
increasing r.
6. There is a high probability that the guess value of ⇥ein might lead to a completely
supersonic branch (SB) solution or a multi-valued branch (MVB) solution (similar
to dotted blue curve or dashed dotted green of Fig. B.1b in one-temperature case).
So we iterate ⇥ein until the sonic point conditions are satisfied or dv/dr ! 0/0
form. Once the sonic point is found, we obtain the velocity gradient at the sonic
point dv/dr|rc by employing L’Hospital’s rule. As discussed before, there will be
two values of velocity gradient at this point. We select the dv/dr|rc < 0 value and
integrate outwards till the co-rotation radius is reached. In this way, we obtain the
full global transonic solution.
7. It may be noted that there might be multiple sonic points for the same set of constants of motion and ⇥pin . For a given ⇥pin , which has produced a transonic solution,
we continue to search for other sonic points by changing the guess value of ⇥ein by
a large factor and then repeating steps 4-6. This second critical point may or may
not exist depending upon the combination of the constants of motion supplied.
8. Once we obtain the complete transonic solution, we note down the entropy measure
(M˙in ) at rin using Eq. 7.17. Let us identify this solution with the value of ⇥pin .
9. This projected transonic solution needs to satisfy the NS surface boundary conditions. We trace this solution until the actual surface of the star, r⇤ is reached.
Thereafter, we check for the shock conditions near the star surface (Eqs. 7.20–7.22).
We select the primary shock location (rps ) for which the subsonic branch satisfy the
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NS boundary condition, i.e. v ! 0 as r ! r⇤ . In this way, we obtain the global
accretion solution satisfying NS boundary conditions.

Figure 7.2: Panel (a) shows a cartoon diagram of an accretion flow geometry where matter
is accreted till it reaches a radius, rin ⇠ rg (< r⇤ ). In panel (b), corresponding projected
solution is plotted (solid red curve). In panel (c), a cartoon representing accretion geometry around a NS is given. Accretion flow on reaching the NS surface forms a primary
shock at rps . The projected solution (plotted in panel b) on satisfying the NS boundary
condition is plotted in panel (d), with the ‘ghost solution’ represented in dotted grey. The
region between rin and r⇤ is shaded with grey. Primary shock is at rps = 3.301rg (downward red arrow). The constants of motion of the flow are: E = 0.9984, P = 1.1s and
Ṁ = 1014 g/s, while the NS properties are, M⇤ = 1.4M , r⇤ = 106 cm and B⇤ = 1010 G.
Tpin at rin is 1 ⇥ 1011 K.
The above methodology is illustrated more elaborately in Figs. 7.2a–d. In Figs. 7.2a
and c, schematic diagram of an accretion flow around an NS whose magnetic moment
and rotational axis are co-aligned is presented. The orange–yellow shade is the magnetic
funnel through which matter gets accreted from the disc (rd ) to the NS surface. The flow
becomes supersonic after rc . In Fig. 7.2a, the methodology to find the projected solution
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is illustrated. The star surface r⇤ is presented in dashed circle and rin is the supposed
radius which contains the same mass = M⇤ of the NS but in a smaller radius. We consider
rin ⇠ rg , so that v ! free-fall, as r ! rin . The gravitational pull on any particle at r > r⇤ ,
by an object of mass M⇤ is same, whether the object radius is r⇤ or rin (as long as M⇤
is the same). This is a general property of gravity. Thus, once we consider the surface
at rin , or in other words, had the star been more compact, we can trace the supposed
accretion solution. Fig. 7.2b plots this projected solution. Steps 1–8 has been followed for
this purpose, which in brief reads: given a set of constants of motion: E, P and Ṁ , we
supply ⇥pin , a guess value of ⇥ein and obtain the value of vin (steps 3–4). Iterating on the
value of ⇥ein , we obtain the sonic point location(s) (steps 5–7). It is to be noted that ⇥pin
is fixed throughout the iteration process. The constants of motion (or flow parameters)
used for obtaining the solution are, E = 0.9985, P = 1.16s, Ṁ = 1015 g/s, B⇤ = 1010 G,
M⇤ = 1.4M and r⇤ = 106 cm. The guess value of proton temperature for this solution at
rin is Tpin = 1 ⇥ 1011 K (= ⇥pin mp c2 /k). ⇥ein has been iterated to obtain the transonic
solution (solid red curve, Mach number M vs log r), where rc is represented by a black
star. The portion of the accretion solution inside the grey shaded region, i.e., between
r⇤ and rin , is the ‘ghost solution’. For the given set of flow parameters, multiple sonic
points do not exist (see, step 7). This figure shows that the ghost solution is indeed a
part of the actual accretion solution, as the solution within the shaded region, joins the
physical solution smoothly at r = r⇤ (see Appendix B.1, for a similar conclusion in onetemperature case). Once the complete transonic accretion solution is obtained, one may
also find the location of the primary shock (rps ), which is generally formed close to the r⇤ .
We represent the situation via a cartoon diagram in Fig.7.2c, where after obtaining the
full transonic solution, the shock condition due to the star surface (r⇤ ) is satisfied at rps
(dark shadow being the post-shock flow between r⇤ —rps ). Following step 9, we obtain the
location of rps and the accretion solution now satisfies the surface boundary condition of
an NS (see Fig. 7.2d). The matter which is accreted and channelled via the magnetic field
lines on reaching near the hard surface of the NS, experience a primary shock at rps (red
downward arrow), after which the flow steadily settles down onto the surface of the star.
However, as has been mentioned before, the equations of motion in the two temperature
regime are incomplete and hence this solution is not unique.

To remember, the above steps are similar to finding a TS in case of two-temperature
flows around BHs, except step 9 (see, Section 6.3.1). The last step comes because the
NS has a hard surface which is responsible for slowing down of the supersonic accretion
flow via a surface shock. BH does not possess such a hard surface and the accreted
matter crosses the horizon supersonically. Also, the reason for presence of degeneracy in
two-temperature solutions, is irrespective of the nature of central object.
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Constraining The Degeneracy: Obtaining A Unique Solution
The following steps needs to be implemented to constrain the degeneracy present in twotemperature accretion solutions around NSs (also, see Section 6.3.2 for a similar discussion
but in case of BHs). The steps enumerated below are followed after a general transonic
solution, satisfying NS inner boundary conditions have been obtained beforehand (using
steps 1–9 discussed above).
10. For the same set of constants of motion, we change ⇥pin and repeat steps 3–8. We
obtain another transonic solution and compute the corresponding M˙in . We carry
out this process for di↵erent ⇥pin s. At the end, we will have a range of ⇥pin s and
their corresponding M˙in s, all for the same set of constants of motion.
11. Following the second law of thermodynamics, a unique accretion solution is the one
with the maximum entropy.
In Figs. 7.3a1–f1, we plot the projected transonic accretion solution (solid curves) for different ⇥pin s (step 10). The flow parameters used are same as in Fig. 7.2. It is interesting
to note that all these solutions are for the same set of constants of motion and hence we
identify each solution using the value of ⇥pin . Their corresponding solutions which satisfy
the NS boundary condition, are plotted in Figs. 7.3a2–f2. The dotted grey curve in each
of these plots represent the ghost solution. Values of Tpin used to obtain the di↵erent transonic solutions are, 1 ⇥ 1011 K (Figs. 7.3a1, a2, red), 4.2 ⇥ 1011 K (Figs. 7.3b1, b2, orange),
5.0 ⇥ 1011 K (Figs. 7.3c1, c2, magenta), 6.0 ⇥ 1011 K (Figs. 7.3d1, d2, blue), 7.0 ⇥ 1011 K
(Figs. 7.3e1, e2, green), and 7.2 ⇥ 1011 K (Figs. 7.3f1, f2, brown). Solid curves represent
the accretion solution, dotted lines represent the excretion solution which is obtained
because of the presence of two roots at dv/dr|rc (step 6) and dashed curves represent
accretion solutions which are not global. Accretion solutions presented in Figs. 7.3a1, a2
and f1, f2, possess single sonic point, where it is outer type for the former (rco marked
with black star) and inner type for the later (rci marked with black circle). Rest of the
solutions presented in Figs. 7.3b1, b2–e1, e2, have multiple sonic points (black stars and
circles). There is also a centrifugal force driven shock transition in Figs. 7.3d1, d2, which
is called a secondary shock (rss ). It is interesting to note that all these di↵erent topology
of solutions are obtained for the same set of constants of motion. We plot the entropy
measure M˙in at rin vs Tpin in Fig. 7.3g (step 10). The solid black curve represent entropies of solutions having outer sonic points and dashed is for solutions with inner sonic
points. The coloured stars and circles correspond to M˙in s of transonic solutions plotted
in Figs. 7.3a1, a2–f1, f2 (colour coding has been kept the same). M˙in is found to maximise for Tpin = 4.2 ⇥ 1011 K= Tpin|max . The projected transonic solution corresponding to
Tpin|max is plotted in Fig. 7.3b1 and after satisfying the NS surface boundary condition,
which is the final global accretion solution, is plotted in Fig. 7.3b2. Although this solution,
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Figure 7.3: Methodology to remove degeneracy present in two-temperature accretion flows
around NS. Panels (a1–f1) plots the projected accretion solutions (M vs log r) obtained
using rin ⇠ rg as inner boundary. Panels (a2–f2) plots the same transonic solutions, after
satisfying the NS surface boundary condition at r = r⇤ . All the solutions presented are
for the same set of constants of motion but corresponds to di↵erent Tpin s (see text). The
primary shock location (downward arrow), global (solid), excretion (dotted), non-global
(dashed) and the ghost solutions (dotted grey), respectively are indicated accordingly.
Outer sonic points (rco , black star) and inner sonic points (rci , black circles) are marked
over the solutions. Panel (g) plots the entropy accretion rate values M˙in for all the values of
Tpin possible: solid black curve represents solutions passing through rco and dashed black
is for solutions passing through rci . Entropy is maximised at Tpin = Tpin|max = 4.2⇥1011 K.
Constants of motion are same as in Fig. 7.2.
possess multiple sonic point (orange star and orange circle), but due to the absence of a
secondary shock transition, the global accretion solution passes through the outer sonic
point (solid, orange). Thus, we conclude that the maximum entropy solution is the one
which nature would prefer. Following the second law of thermodynamics, we constrained
the degeneracy (step 11). As have been shown by us, in Chapters 5 and 6 (but for the
case of BH), among all the degenerate solutions the one with maximum entropy is the
unique accretion solution.

7.4

Results

In this section we analyse in detail two temperature accretion flows around NS in the presence of dissipative processes. We also perform spectral analysis. The mass and radius of
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the NS is assumed to be M⇤ = 1.4M and r⇤ = 106 cm= 2.418rg , respectively, throughout
the chapter, until otherwise mentioned. We remember that all the solutions presented in
this section possess the highest entropy and have been obtained utilising the methodology
discussed in the previous section.

7.4.1

A Typical Two-Temperature Accretion Solution Around An
NS
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Figure 7.4: Flow variables corresponding to a typical two-temperature accretion solution
around an NS are plotted. They are (a) v; (b) log B; (c) log Tp (solid, orange) and log Te
(dotted, green); (d) log n; (e) E and (f) p (solid, orange) and e (dotted, green). The
flow parameters are, E = 0.9986, P = 1.25s, Ṁ = 1014 g/s and B⇤ = 109 G. For these
parameters there is only one sonic point (rco ) marked with a black star.
We present a general two-temperature accretion solution around an NS in Fig. 7.4. The
parameters used are, E = 0.9986, P = 1.25s, Ṁ = 1014 g/s and B⇤ = 109 G. We plot
flow variables in di↵erent panels which are: v (Fig. 7.4a), log B (Fig. 7.4b), log Tp and
log Te (Fig. 7.4c), log n (Fig. 7.4d), E (Fig. 7.4e) and p and e (Fig. 7.4f), all plotted
as function of log r. The location of sonic point, rco = 393.541rg is marked with a black
star and the location of the primary shock is at rps = 3.035rg . In the post-shock region,
enhanced density increases the cooling processes, which decreases the temperature as
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well as the velocity drastically. Moreover, the flow geometry (dictated by B, Eq. 7.3)
decreases faster than r2 , which causes the n to increase sharply near the surface (Fig. 7.4d).
The temperature of the species exhibits an interesting behaviour. Tp increases at the
primary shock location due to shock heating, while, since the electrons primarily radiate,
the enhanced density at the shock front causes Te to dip at the primary shock location
(Fig. 7.4c). The respective adiabatic indices follows the behaviour of the temperature
distribution (Fig. 7.4f). The generalized Bernoulli parameter E, which is a constant of
motion even in presence of dissipation is indeed found to be a constant (Fig. 7.4e).
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Figure 7.5: (a) Emissivities (Qe ) and (b) corresponding spectrum (L⌫ /(h⌫) vs h⌫) are
plotted. Various curves represent Qbr (dotted, red), Qsyn (dashed, blue), Qcbr (dashed
single-dotted, magenta), Qcsy (dashed double-dotted, green), blackbody emission Qbb
(dashed four-dotted, brown), Comptonized blackbody Qcbb (dashed triple-dotted, orange)
and the total contribution from all these processes is represented using solid black line.
Parameters used are same as in Fig. 7.4.
In Figs. 7.5a and b, we plot the emissivities and spectrum respectively, for di↵erent cooling mechanisms which are: bremsstrahlung Qbr (dotted, red), synchrotron Qsyn (dashed,
blue), Comptonized bremsstrahlung Qcbr (dashed single-dotted, magenta) and Comptonized synchrotron Qcsy (dashed double-dotted, green). Matter accreted through magnetic flux tubes on settling down to the poles of NS may form a thermal mound. This
thermal mound is a source of black-body photons of emissivity Qbb (dashed four-dotted,
brown), which on encountering with hot electrons can get Comptonized, whose emissivity
is represented by Qcbb (dashed triple-dotted, orange). The total emission from all these
processes combined, is shown by solid black line. The flow parameters are same as that
in Fig. 7.4. We find that Qbr dominates in the pre-shock region. As soon as the flow
encounters primary shock, emission from all the processes increase due to the increase in
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number density of the system (see, Fig. 7.4d). After the primary shock, Qcsy dominates
over all other emission processes. But very near the surface, Qbr and Qcbr dominate because of the rapid increase in n. Also in this region, there is reduction in synchrotron
and its Comptonized emission because of the decrease in Te due to the increased cooling. The total luminosity of this system is L = 2.759 ⇥ 1034 erg s 1 with an efficiency of
⌘ r = L/(Ṁ c2 ) = 30.704%. Contribution of individual emission processes to the total luminosity are: bremsstrahlung=6.909⇥1032 erg s 1 , synchrotron=5.567⇥1030 erg s 1 , Comptonized synchrotron=1.589 ⇥ 1034 erg s 1 , Comptonized bremsstrahlung=1.100 ⇥ 1034 erg
s 1 and Comptonized blackbody=2.052 ⇥ 1030 erg s 1 .

In Fig. 7.5b, we represent the spectrum in terms of L⌫ /(h⌫) (in units of s 1 keV 1 )
vs h⌫ (in keV). It is apparent from the figure, that bremsstrahlung emission contributes
from radio to gamma rays: covering the whole electromagnetic spectrum. But it mainly
dominates upto near-infrared frequencies. A hump in optical and near ultra-violet regime
is contributed by synchrotron emission. A power law of spectral index ↵ = 0.365, covering
from ultraviolet to X-rays is because of Comptonized synchrotron. A second hump is
formed in the gamma ray region which is contributed by Comptonized bremsstrahlung.
Blackbody emission from the thermal mound at the NS surface is represented by dashed
four-dotted brown line and contributes mainly in the low energy part, while its Comptonized component represented by dashed triple-dotted orange line, contributes in the UV
and soft X-rays.

7.4.2

Contribution Of Different Regions Of An Accretion Flow To
The Observable Spectrum

In Fig. 7.6 we examine the contribution of di↵erent regions of an NS accretion flow to
the observed spectrum. The constants of motion of the flow are E = 0.9985, P = 1.15s
and Ṁ = 1015 g/s, with surface magnetic field, B⇤ = 5 ⇥ 109 G. In Fig. 7.6a, we plot
M vs log r. The global solution passes through rco = 375.720rg (black star), which
encounters a primary shock at rps = 2.829rg (downward black arrow) which is of strength
S = M /M+ = 6.082 and compression ratio CRps = n+ /n = 4.571. Profile of Te (solid,
orange) and Tp (dotted, magenta) are plotted in Fig. 7.6b left Y-axis and n (dashed, darkblue) is plotted in right Y-axis. In Fig. 7.6a, we have divided the solution into six di↵erent
regions (shaded with di↵erent colours). The regions are as follows: 2.418rg (= r⇤ )—2.829rg
(brown), 2.829rg —5rg (violet), 5rg —7rg (blue), 7rg —10rg (green), 10rg —100rg (yellow)
and 100rg — 444.810rg (red). The spectrum from these regions are plotted respectively in
Figs. 7.6c1–c6 following the same colour coding, in solid curves. In each of these panels,
spectral contribution from di↵erent radiative processes are plotted in grey: Qbr (dotted),
Qsyn (dashed), Qcbr (dashed single-dotted), Qcsy (dashed double-dotted), Qbb (dashed
four-dotted) and Qcbb (dashed triple-dotted). The total bolometric luminosity of the
system is L = 2.376 ⇥ 1035 erg s 1 with an efficiency of ⌘ r = 26.442%. We have tabulated
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Figure 7.6: (a) Accretion solution M vs log r (solid, black) is plotted. Di↵erent regions
have been marked, which are: 2.418rg 2.829rg (brown), 2.829rg 5rg (violet), 5rg 7rg
(blue), 7rg 10rg (green), 10rg 100rg (yellow) and 100rg 444.810rg (red). (b) Variation
of Te (solid, orange), Tp (dotted, magenta) and n (dashed, dark-blue) are plotted. Spectral
contribution of di↵erent regions marked in panel (a) have been correspondingly plotted
in solid curves in panels (c1–c6), using the same colour coding. In each of these panels,
contribution from individual emission processes are represented in grey (see text). The
flow parameters used are, E = 0.9985, P = 1.15s, Ṁ = 1015 g/s and B⇤ = 5 ⇥ 109 G.
the contributions of each region in Table 7.1.
The existence of an NS hard surface causes the flow to come to a stop at r⇤ . This,
combined with the e↵ect of number density jump at rps , increases the cooling processes to
such an extent, that most of the radiation comes from the post-shock region (Fig. 7.6c1).
At rps , temperatures should generally increase due to compression of matter at the shock
front, but the excessive radiative cooling causes Te to drop to a lower value. Unlike
electrons, protons cannot radiate efficiently. Thus, Tp follows the general trend as expected
in a shock transition and jumps to a higher value. Conforming to the above arguments,
we find that the post-shock region is very bright, with 99.99985% of the total luminosity
(Ltot ) contributed from this region. Contribution from Comptonized components decrease
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and becomes negligible for regions > 10rg . Similarly, the hump which is a signature of
synchrotron emission, decrease and vanish for r > 100rg . This is due to the decrease in B
with increase in radius (Eq. 7.3). Also, synchrotron self-absorption peak frequency (⌫t ),
decrease to lower energies, shifting from EUV in panel (c1) to optical in panel (c4). In
regions > 10rg , the total emission is mainly contributed from bremsstrahlung. It may be
noted that, since we are adding up large sections of accretion flow in the last two panels
c5: 10rg 100rg and c6: 100rg 444.810rg , the amount of emission is higher compared
to regions presented in panels c3 and c4.
Table 7.1: Spectral properties of the regions shaded in Fig. 7.6

7.4.3

Panel No.

Colour

Region (in rg )

L (erg s

c1
c2
c3
c4
c5
c6

Brown
Violet
Blue
Green
Yellow
Red

2.418 – 2.829
2.829 – 5.0
5.0 – 7.0
7.0 – 10.0
10.0 – 100.0
100.0 – 444.810

2.376
1.158
5.567
4.796
1.586
3.221

1)

⇥1035
⇥1028
⇥1027
⇥1027
⇥1028
⇥1029

% of Ltot
99.99985
4.875⇥10 6
2.343⇥10 6
2.018⇥10 6
6.676⇥10 6
1.355⇥10 4

Shock Analysis

In this section, we examine the properties of primary as well as secondary shocks and their
spectral signatures.
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Figure 7.7: Plotted are (a) emissivity and (b) spectrum of post shock (dashed, green)
and pre-shock (dotted, red) regions of an accretion flow. The set of parameters used are
E = 0.9986, P = 1.25s, Ṁ = 1014 g/s and B⇤ = 109 G.
A primary shock is necessary to slow down the matter such that the NS boundary condition
can be satisfied. This slowing down happens because of dissipative or cooling processes,
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which in turn is responsible for most of the emission coming from an NS. In the last
section, we concluded that majority of the emission comes from the post-shock region.
So, we compare the emission from pre-shock (dotted, red) and post-shock (dashed, green)
regions separately, along with their contribution to the total spectrum, in Figs. 7.7a and
b respectively. The flow parameters used are, E = 0.9986, P = 1.25s, Ṁ = 1014 g/s and
B⇤ = 109 G. The transonic accretion solution in this case possess a single sonic point. It is
clear from Fig. 7.7a that, after the primary shock amount of emission increases by 8 9
orders of magnitude. This is also imprinted in the spectrum plotted in Fig. 7.7b, where
the post-shock region emission dominates all throughout the electromagnetic spectrum
and is the main contributor to the total luminosity and spectral shape. The fractional
di↵erence between Ltot and the luminosity from post-region is  2 ⇥ 10 7 , indicating that
most of the luminosity indeed comes from the post-shock region.
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Figure 7.8: Primary shock location rps (a1, b1) and compression ratio CRps (a2, b2) as
function of period P are plotted for two di↵erent accretion rates 1015 g/s (a1, a2) and
1016 g/s (b1, b2). In each panel there are four curves, representing four B⇤ values: B10
(solid, blue), 2B10 (dotted, red), 3B10 (dashed, green) and 4B10 (dashed dotted, magenta),
where B10 represents magnetic field in units of 1010 G. The generalised Bernoulli parameter
has been fixed to E = 0.9984 for all cases.
We now investigate the variation in primary shock location (rps ) (Figs. 7.8a1, b1) and
compression ratio (CRps ) (Figs. 7.8a2, b2) as a function of rotation period (P ) of the NS.
This analysis has been done for four values of surface magnetic field (B⇤ ): B10 (solid, blue),
2B10 (dotted, red), 3B10 (dashed, green) and 4B10 (dashed dotted, magenta), where B10
represents magnetic field in units of 1010 G. We also use two di↵erent values of accretion
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rate for this purpose, Ṁ = 1015 g/s (Figs. 7.8a1, a2) and Ṁ = 1016 g/s (Figs. 7.8b1, b2).
The specific energy has been fixed to 0.9984 for all cases.
Shorter P implies faster spin, so the rotational energy enhances the resistance to the
inflowing supersonic matter. As a result rps form at larger distances. This trend is
irrespective of the magnitude of B⇤ and Ṁ , and is apparent from Figs. 7.8a1, b1. In
these plots, the left Y-axis represents the shock location in terms of rg and the right
Y-axis represents it in terms of r⇤ = 106 cm, which is the NS radius. At larger distance
from the NS surface, the thermal energy and therefore the pressure is lower. As a result,
CRps is lower too (see, Figs. 7.8a2, b2). It may be noted that with the increase in B⇤ ,
synchrotron and its Comptonization increases which in turn reduces the thermal energy.
As a result, for a given P , increase in B⇤ decrease rps and increase CRps . Because of the
same reason, rps is formed nearer to the NS surface for solutions with higher accretion
rate (see Fig. 7.8b1) as compared to the corresponding lower accretion rate solutions (see
Fig. 7.8a1). Since these primary shocks are formed near to the surface, the CRps s have
very high values, especially when the rotation period is higher along with B⇤ value. This
is seen in Fig. 7.8b2.
In Figs. 7.8a1, b1, a2, b2, as the rotation period is increased, a sudden drop appears
near P ⇠ 1.0s. This is due to the change in topology of global accretion solutions as
we change the rotation period. For lower rotation periods (fast spin), matter becomes
supersonic on passing through rci , while for higher rotation periods, matter crosses rco
and become supersonic. The P where this transition of accretion flow occurs from rci
to rco , rps is found to drop to a lower value. The location of this drop depends on the
combination of flow parameters used.
7.4.3.2

Properties Of Secondary Shock

Now we study the importance of secondary shock in accretion flows around NS and discuss
the necessity to obtain a global transonic solution which connects the matter from the
accretion disc to NS poles. We present in Fig. 7.9a: an accretion solution and plot
M along with its other flow variables in Fig. 7.9b (Te and Tp ) and Fig. 7.9c (n). We
also plot the spectrum in Fig. 7.9d. The flow parameters are, E = 0.9984, P = 0.98s,
Ṁ = 1015 g/s and B⇤ = 1010 G. The solution passes through rco (marked using a black
star) and becomes supersonic, which is shown in Fig. 7.9a. Centrifugal and pressure
gradient forces oppose this supersonic matter which drives a shock at rss = 124.074rg .
This is termed as a secondary shock (SS). The post-shock subsonic flow then picks up
speed due to the gravity of NS and again becomes supersonic at rci (black circle). This
supersonic flow finally encounters the hard surface of the NS and as a result settles on
it after passing through a primary shock at rps = 3.247rg . Accretion solution which
passes through these two shock locations: rps and rss , is presented using a solid, green
curve in Fig. 7.9a. Suppose, we do not check for the Rankine-Hugoniot shock conditions
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Figure 7.9: Comparison of accretion solutions, with (solid, green) and without secondary
shock (dotted, magenta) transition. Plotted in panel (a) M vs log r, where solid black circle
and black star represents rci and rco respectively; (b) Tp (dashed dotted) and Te (dashed)
(green is for solution with two shocks, magenta is for solution harbouring only a primary shock); (c) log n; (d) comparison of continuum spectra along with the Comptonized
bremsstrahlung components plotted in grey, with the same linestyle as the solutions The
flow parameters are, E = 0.9984, P = 0.98s, Ṁ = 1015 g/s and B⇤ = 1010 G.

(Eqs. 7.20– 7.22) for regions r < rco , then the flow will remain supersonic until it reaches
near the NS surface, where it will encounter only a primary shock at rps = 2.976rg . This
flow is represented using dotted, magenta line. It is clear that the two solutions are
quite di↵erent. In Fig. 7.9b, we compare the corresponding temperature distributions of
both the electron population Te (dashed) and the proton population Tp (dashed dotted)
of the accretion solution with two shocks (green) and with only a single primary shock
(magenta). Solution which does not harbour the secondary shock (dotted, magenta) is
found to be much colder. Hence, rps for this solution is formed closer to the NS surface,
where the thermal pressure is large. Te at rps for both the solutions decreases, while at rss ,
it increases. This is because, in the post-shock flow of rss , the velocity start to increase
just after the initial downward jump at the shock front. This reduces the infall time scales,
thereby prohibiting the post-shock flow to loose enough energy through cooling. In case of
primary shock, the velocity decrease at the shock front similar to rss , but it also steadily
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Figure 7.10: Secondary shock location rss (a1, b1) and compression ratio CRss (a2, b2)
as function of period P are plotted for two di↵erent accretion rates 1015 g/s (a1, a2) and
1016 g/s (b1, b2). In each panel there are four curves, representing four B⇤ values: B10
(solid, blue), 2B10 (dotted, red), 3B10 (dashed, green) and 4B10 (dashed dotted, magenta),
where B10 represents magnetic field in units of 1010 G. The generalised Bernoulli parameter
has been fixed to E = 0.9984 for all cases.
decrease afterwards until it reaches the NS surface, where it finally settles down. Infall
timescales in these cases become larger, allowing matter to radiate more. Therefore after
rps , Te gradually decreases. Since the radiative processes are not significant for the proton
gas, its temperature increases in the post-shock region, irrespective of whether it is a
primary or secondary shock. From the number density distribution in Fig. 7.9c, it is clear
that the solution with two shocks (solid, green) is denser compared to the solution with
only a primary shock (dotted, magenta). In Fig. 7.9d, we compare the continuum spectra
of accretion flows with two-shocks (solid, green) and the solution with only primary shock
(dotted, magenta). We plot here, in grey, the corresponding Comptonized bremsstrahlung
components, keeping the same linestyle. The solution which harbours secondary shock as
argued before, is much hotter and denser. Apart from that, the secondary shock is also
quite strong. Because of all these reasons, the high energy tail of the spectrum extends
beyond 5MeV, most of the emission being contributed from the enhanced Comptonized
bremsstrahlung at rss . This extra high energy component obtained in gamma rays is a
signature that a secondary shock exist.
In Figs. 7.10a1, b1 we plot the variation in rss and in Figs. 7.10a2, b2: their corresponding CRss , for di↵erent accretion rates, Ṁ = 1015 g/s (Figs. 7.10a1, a2) and Ṁ = 1016 g/s
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(Figs. 7.10b1, b2). In each panel there are four curves, corresponding to four di↵erent
B⇤ : B10 (solid, blue), 2B10 (dotted, red), 3B10 (dashed, green) and 4B10 (dashed dotted,
magenta), where B10 = 1010 G. The generalised Bernoulli parameter is E = 0.9984 for all
cases. This plot is similar to Fig. 7.8, except that the analysis is now done for secondary
shocks, earlier it was for primary shocks. Unlike primary shocks, secondary shocks are
formed for a certain combination of flow parameters and are located generally far away
from the NS surface, as is apparent from the values presented in Figs. 7.10a1, b1. For any
given B⇤ , the shock location decreases with increasing P (low spinning NS) and therefore
the compression ratio CRss increases. This is similar to what was observed in case of primary shocks (see, Fig.7.8a1, b1). The centrifugal force decreases, which causes the shock
to move towards the NS surface. For a given value of P , rss increase with B⇤ , thereby
decreasing CRss . Similar e↵ect occurs when the accretion rate is increased. It may be
noted that even though compression ratio of the secondary shock is less than the primary
shock, but the secondary shock by itself is quite strong.

7.4.4

Effect Of Magnetic Field And Spin Period On The Accretion
Solution

In this section, we study the change in solution topology and the observable spectra in
Figs. 7.11 and 7.12 respectively for varying surface magnetic field values (B⇤ ) and rotation
periods (P ) of the NS system. In both the figures, P decrease from left to right with values
2.22s, 2.16s, 2.10s and 2.08s, labelled as 1–4, while B⇤ increase on going from top to the
bottom, with values: 0.5 ⇥ 1010 G, 1.0 ⇥ 1010 G and 5.0 ⇥ 1010 G and labelled as a–c. Rest
of the parameters are E = 0.999 and Ṁ = 1015 g/s.
For high spin period or slowly rotating NS, e.g. P = 2.22s (Figs. 7.11a1, b1, c1),
rotational energy is low, therefore the accretion solution possess only one outer type sonic
point or rco . However, for fast rotating NS or spin period like P = 2.08s (Figs. 7.11a4, b4,
c4), the rotational energy is quite high, such that the accretion flow can become supersonic
(M > 1) only very close to the NS surface, i.e., possess only rci . For intermediate values
of P , solutions would harbour secondary shock (Figs. 7.11a3, b3, c2).
Coming to the variation in B⇤ for fixed P , we see that for low values of B⇤ like
0.5⇥1010 G and 1.0⇥1010 G, secondary shock can be formed for fast rotating NS, P = 2.10s,
where centrifugal force is large (see Figs. 7.11a3, b3). However for higher magnetic fields
B⇤ = 5 ⇥ 1010 G, they can be found even for slow rotating NS, P = 2.16s (Fig. 7.11c2).
This is because, B determines the flow geometry or in other words, the flux tube thickness.
This a↵ects n, which in turn influence v and Te . Also, the synchrotron cooling and its
Comptonization depends on the value of B. Redistribution of the flow variables trigger
shock transition.
The corresponding continuum spectra for the flows presented in Fig. 7.11 are given
in Fig. 7.12. Bolometric luminosity (L) increases with decrease in P . A fast spinning
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magnetic field (B⇤ ) and rotation period (P ) of the NS. From left to right (1–4) we have
decreased the period of NS (or increased the NS spin) and from top to bottom (a–c) B⇤
is increased (values written inset). Parameters used are E = 0.999 and Ṁ = 1015 g/s.
NS would restrict the infalling matter, allowing it to radiate for a longer duration. But
with increase in B⇤ for a given P , L decreases. It may be remembered that > 99% of
total luminosity comes from the region between r⇤ and rps and for higher B⇤ , post-shock
Te is smaller. Therefore, the total luminosity is less for flows with higher B⇤ . Moreover,
flows with higher B⇤ produce a prominent synchrotron self-absorption peak, which shift
to higher energies with increase in B⇤ . Interestingly, the combinations of P and B⇤ which
admits secondary shocks (Figs. 7.11a3, b3, c2; and 7.12a3, b3, c2), exhibits extended high
energy tail and high energy cut-o↵s (> 5MeV) similar to Fig. 7.9d. Extensive discussion
about this feature has been done in Section 7.4.3.2.

7.4.5

Effect Of Bernoulli Parameter On Accretion Flows

In Fig. 7.13, we analyse the e↵ect of change of Bernoulli parameter on accretion flows
around NS. We plot in panel (a) M , (b) log Tp , (c) log Te , (d) log n and (e) continuum
spectra. Each curve inside these panels, correspond to di↵erent values of Bernoulli parame158
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Figure 7.12: Plot showing the corresponding change in observable spectra with change in
surface magnetic field (B⇤ ) and rotation period (P ) of the NS. Parameters used are same
as in Fig. 7.11.
Table 7.2: The e↵ect of variation of E on solutions plotted in Fig. 7.13
E
0.99820
0.99825
0.99830
0.99840
0.99842
0.99845

Primary shock
rps
CRps

Secondary shock
rss
CRss

2.419
2.461
2.548
3.079
3.260
3.732

–
–
–
47.888
129.522
–

229.896
16.628
8.736
2.128
1.748
1.207

–
–
–
4.244
3.950
–

L (ergs s
⇥1035

1)

0.068
0.922
1.595
2.769
2.915
3.114

ter: 0.99820 (solid, red), 0.99825 (dotted, orange), 0.99830 (dashed, green), 0.9984 (dashed
single-dotted, magenta), 0.99842 (dashed double-dotted, blue) and 0.99845 (dashed tripledotted, brown). Other flow parameters are, P = 1.0s, Ṁ = 1015 g/s and B⇤ = 1010 G.
Higher Bernoulli parameter implies higher temperature distribution (i.e., higher as ). Therefore, matter becomes supersonic (v > as ) after it is accelerated to a much higher infall
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Figure 7.13: Accretion flow variables (a) M , (b) log Tp , (c) log Te , (d) log n are plotted w.r.t
log r. In panel (e) corresponding continuum spectra of the flow is presented. Each curve
inside these panels correspond to di↵erent values of E (labelled inset). Flow parameters
are, P = 1.0s, Ṁ = 1015 g/s and B⇤ = 1010 G.

velocity by gravity, i.e., the sonic point moves inward. For low E, the accretion flow has
one rco . This is found for E = 0.99820 (solid, red), 0.99825 (dotted, orange) and 0.99830
(dashed, green). While, for higher E = 0.99845 (dashed triple-dotted, brown), the accretion flow has a singe rci . For intermediate values of E, multiple sonic points may exist,
which allows for the formation of secondary shock (E = 0.9984, dashed single-dotted,
magenta and E = 0.99842, dashed double-dotted, blue). When E is large, the secondary
shock will be formed at larger distance, because of higher thermal energy. Generally Tp
is higher for higher E (Fig. 7.13b), while Te is highest for energies which harbour secondary shocks (Fig. 7.13c). In Fig. 7.13d, variation in n is presented which shows that
it increases with increase in E. When an accretion flow harbour secondary shock, there
is a distinct density jump seen at the shock front. This leads to enhanced cooling, which
is responsible for the appearance of a prominent high energy tail (dashed single-dotted,
magenta and dashed double-dotted, blue curves in Fig. 7.13e). But this does not increase
the bolometric luminosity substantially since secondary shock is formed in regions > rps
and we have already discussed that most of the luminosity is contributed from r < rps .
However, the luminosity increase with increase in E. In Table 7.2, we summarise the
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e↵ect of variation of E on accretion flows onto NS. We list the values for which there are
primary shock or both primary and secondary shocks, their shock locations, compression
ratios and the corresponding luminosities. It is interesting to note that, secondary shock
can also be stronger than a primary shock.

7.4.6

Effect Of Variation Of Accretion Rate

(c)

22

100
50

3.0

3.0

2.9

2.9

2.8

2.8

2.7

2.7

2.6

2.6

2.5

10

20

21

50
40

20
2.5

2.5
0.20

0.25

0.20

0.175

0.25

19

0.200

0

10

100
50

20

0

10

50

50

40

40

2.5

2.5

0.175

0

(e)

(d)

150

0.200

200

20

16

2.45

0.200

200

15

0.175

400 0

18
17

2.55

2.50

0.175

400 0

(f)

0.200

200

400

X-coordinate
Figure 7.14: The variation of number density, n (represented using a colour bar) inside
a flux tube plotted in two spatial dimension. The di↵erent panels correspond to systems
with di↵erent Ṁ : (a) 1.0 ⇥ 1015 g/s, (b) 5 ⇥ 1015 g/s, (c) 9.8 ⇥ 1015 g/s, (d) 1.0 ⇥ 1016 g/s,
(e) 1.2 ⇥ 1016 g/s and (f) 2.5 ⇥ 1016 g/s. Other parameters are E = 0.9983, P = 0.91s and
B⇤ = 8 ⇥ 109 G.
In Fig. 7.14 each panel, we plot the variation in number density (n) along a flux tube
represented in two dimensional X-Y plane. The number density values, in units of cm 3 ,
are presented using a colour bar. The di↵erent panels show system with di↵erent Ṁ :
(a) 1.0 ⇥ 1015 g/s, (b) 5 ⇥ 1015 g/s, (c) 9.8 ⇥ 1015 g/s, (d) 1.0 ⇥ 1016 g/s, (e) 1.2 ⇥ 1016 g/s
and (f) 2.5 ⇥ 1016 g/s. The other flow parameters are, E = 0.9983, P = 0.91s and
B⇤ = 8 ⇥ 109 G. Due to strong magnetic field assumption, the flux tube width is independent of the Ṁ value, which is apparent from the figure. However, n increases with
increase in Ṁ . In Figs. 7.14a, b, the flow passes through one rco . With increase in Ṁ ,
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Figure 7.15: Spectra corresponding to the flows presented in Fig. 7.14.

accreting matter becomes hotter, increasing thermal pressure and as a result secondary
shock appear, which is seen in Figs. 7.14c–e. In the inset of each panel, we zoomed the
region around primary and secondary shocks. The location of secondary shock (rps ) for
panels c–e are, 38.131rg , 40.848rg and 56.426rg , respectively, while rps values for panels
a–f are, 2.928rg , 2.526rg , 2.493rg , 2.491rg , 2, 470rg and 2.428rg , respectively. If we further increase the accretion rate of the system, then the flow passes through a single inner
sonic point (rci ), which is formed very close to the NS surface. This is seen for accretion
rate 2.5 ⇥ 1016 g/s (Fig. 7.14f). All these solutions harbour primary shock irrespective of
the presence of any secondary shock.
Spectra corresponding to Fig. 7.14 is plotted in corresponding panels of Fig. 7.15.
The luminosity increases with increase in accretion rate of the system. A prominent
synchrotron turnover frequency is observed around 0.1keV for Ṁ = 1.0⇥1015 g/s (see, Fig.
7.15a). Its magnitude and location remains almost the same irrespective of Ṁ , because,
⌫t depends strongly on the value of B. But this signature subsides with increasing Ṁ of
the system. It is mildly visible for 5 ⇥ 1015 g/s (see, Fig. 7.15b). For a given magnetic
field structure, increasing Ṁ , increases n and thereby bremsstrahlung emission and its
Comptonization. Therefore, for higher Ṁ systems, the synchrotron turn over frequency
is masked from the dominance of bremsstrahlung emission. For solutions harbouring
secondary shock, there is an extended power law, with the cut-o↵ going to higher energies
similar to spectra discussed in sections before.
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7.5

Discussions And Conclusions

In this chapter we investigated two-temperature accretion flows around NSs. The major
impediment for obtaining self-consistent two-temperature solution is that, the transonic
solution is not unique. The total number of governing equations are less than the total
number of flow variables to be computed. This problem is same as that observed for twotemperature flows around BHs. To conclude, the degeneracy in two-temperature regime
is generic in nature and is irrespective of the type of central object. For a given set
of constants of motion, infinite transonic solutions are admissible. We have solved the
problem of degeneracy around BH, by computing the entropy of the flow very close to
the BH horizon and then choosing the solution with the maximum entropy. It may be
noted that, for two-temperature flows there is no analytical expression for entropy. But
an entropy measure form can be derived only very close to the BH horizon, where the
accreting matter approach free-fall velocity. However, the conditions outside an NS do
not fulfil the above condition. Therefore, in this chapter we proposed a novel method to
obtain a unique transonic two-temperature accretion solution around an NS. We traced
the projected transition solution, assuming the NS to be more compact, such that the
infall speed at this radius approach free-fall values. Obtaining all possible solutions for
a given set of constants of motion, we choose the highest entropy solution following the
second law of thermodynamics. This is the unique solution for the given set of constants
of motion.
After proposing a general methodology to constrain degeneracy, we investigated twotemperature accretion solutions around NS for a wide range of parameter space. There
are accretion solutions which become supersonic after passing through an outer sonic
point, while others become supersonic after passing through the inner sonic point. There
are even solutions which passes through outer sonic point and su↵ers a secondary shock,
after which it becomes subsonic. Thereafter, this solution becomes supersonic after passing
through the inner sonic point. All these solutions have one thing in common i. e., all these
solutions ends up with a terminating shock on the NS surface. This shock ensures that the
NS boundary conditions are satisfied. We found that almost the entire radiation is emitted
from this post-shock flow. The secondary shock, thus, do not significantly influence the
total luminosity, however it is responsible for an additional high energy tail or an extended
high energy cut-o↵. So, there is a need to study the accretions solutions connecting the
accretion disc to the NS poles, and not just investigate the radiative property of a freely
falling accretion column onto an NS.
The compression ratio across the primary shocks are very high and depend on the
combination of flow parameters used. Secondary shocks, on the other hand, have compression ratios less than that of primary shocks, but strength of these shocks are not very
low. Apart from adding high energy tail via inverse-Comptonization of soft photons, such
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shocks can also aid in particle acceleration. Presence of high density and very low speed,
makes the electron temperature distribution decrease at the primary shock location, due
to enhanced cooling, contrary to what is expected at a shock front.
The combination of flow parameters present in an NS is important in determining
the flow topology and the observable spectrum. Apart from the thermal Comptonization mechanisms considered in this chapter, there could be bulk motion Comptonization
present in the system as well (Becker & Wol↵, 2005a, 2007). An order of magnitude estimate of this emission process has been conducted. And we arrived at the conclusion
that the accretion rates we have considered, radiation from the mound would not exert
any significant resistance and would not change the qualitative nature of the solutions
presented. A detailed discussion on this process is beyond the scope of this work and will
be dealt with properly in our future works.
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Chapter 8

Highlights, Conclusions And
Future Prospects
8.1

Summary Of The Thesis

Modelling of accretion flows is necessary for a better understanding of the underlying
physics present around compact objects. This thesis is hence aimed, to study such accretion flows around BHs and NSs alongwith analysing their spectrum. Below, I discuss the
highlights of the work carried out in this thesis.

8.1.1

One-Temperature Accretion Flows Around Black Holes

We have worked on one-temperature accretion flows around BHs in the presence of cooling
processes like bremsstrahlung, synchrotron, their respective inverse-Comptonizations as
well as incorporating pair production and annihilation mechanisms. Such work was carried
out in order to understand the importance of pairs in accretion disc dynamics and shaping
the spectrum.
We found from the analysis done, that pairs indeed play a significant role in accretion
disc dynamics, especially those systems which harbour large radiation fields (solutions
with higher Ṁ , E, L0 etc.). Pairs have also been found to be essentially responsible for
shaping the observable spectrum. Also, we proposed here, a feedback iterative method to
obtain solutions, in order to include the information of interplay between pair production
and annihilation inside the system. This is important, because pairs produce photons and
vice-versa. We have analysed typical pair-free solutions and its spectrum apart from pairproducing solutions. The importance of di↵erent flow parameters (like, E, L0 , Ṁ , ↵v ) on
accretion solutions were investigated in all the cases. The e↵ect of variation of these flow
parameters on pair-producing solutions were found to be on similar lines as for a pair-free
solution. That is, with increase in their values, the solution became more hotter and more
luminous. The only di↵erence was in the production of e+ . The solutions which were
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cooling efficient or where the radiation field was large, it was found that the production of
pairs were significant (Sarkar & Chattopadhyay (2020), Sarkar, Chattopadhyay & Laurent
(2021), to be submitted).
One of the interesting results of this work is the presence of a distinct annihilation
bump near ⇠ me c2 in the spectrum. This feature was found consistently in all the
solutions, where ample of pairs were produced (similar to the work done by Yahel &
Brinkmann (1981)). We found this line to originate from a region very close to the BH
event horizon, ⇠ 5 10rg , where most of the radiation is generated. This is in direct
correlation with the amount of pair-production by radiation fields. Also, we compared the
change is luminosity of a pair producing solution with a pair-free one, and found that there
was always an increase in luminosity in an accretion solution producing pairs, however low
it may be. For very low Ṁ , the change in L can be neglected, but for higher Ṁ s where
the number of pairs produced are higher, the fractional increase in luminosity is large and
the maximum increase obtained was 7% for Ṁ = 1ṀEdd . Also, for a pair-free solution,
the annihilation line contribution was totally absent from the spectrum.

8.1.2

Two-Temperature Accretion Flows

One-temperature solutions are important to the extent that, it gives a general idea about
the flow behaviour, its dynamics as well as energetics. To accurately extract the luminosity
and spectra of an accreting flow, one needs to have information of Te inside the flow, which
may or may not be comparable to Tp . So, we investigated these flows in greater details in
this thesis.
We identified one of the major problems present in two-temperature theory which
is ‘degeneracy’. This degeneracy is caused because of the increase in number of flow
variables, without any increase in the number of governing equations, i.e. now instead
of a single T , we have two di↵erent temperatures, Te and Tp . Unfortunately, there is no
known principle dictated by plasma physics which may constrain the relation between
these two temperatures, at any point of the flow. This problem is not new and has been
skirted out by many authors by parametrising Te and Tp or assuming Te (or Tp ) value at
any boundary or by some other arbitrary assumptions. This thesis work addressed and
investigated this issue for the first time. Also, a novel methodology has been proposed to
remove it such that a given set of constants of motion harbour a unique solution. This is
the main highlight of my thesis work.
Obtaining A Unique Solution: Entropy A Tool To Remove Degeneracy
It may be remembered that, a fluid solution is not just characterised by its energy but
also by its entropy and according to the second law of thermodynamics, any physical
solution should correspond to the one with highest entropy. Following this, we derived an
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entropy measure form, valid just near the horizon or in any other region where gravity
is strong enough suggesting infall timescales to be very much shorter than any other
timescales. This is the first time, an entropy measure form in two-temperature accretion
theory has been proposed. Thereafter, following the second law of thermodynamics, that
nature prefers a solution with maximum entropy, we select the solution with the highest
entropy. In this way, degeneracy was removed in two-temperature accretion flows. The
novelty of the work done in this thesis, is that we identified this long outstanding problem
and laid down a prescription to overcome it.
8.1.2.1

Two-Temperature Flows Around Black Holes

We successfully validated the entropy maximisation methodology proposed by us (to obtain a unique solution corresponding to a given set of constants of motion) on all types of
accretion flows around BHs: spherical flows, rotating conical discs and rotating accretion
discs in hydrostatic equilibrium. We found the entropy to maximise only for a certain
unique solution, for a given set of constants of motion. A correct two-temperature solution is very important, because a correct Te distribution is necessary to obtain the correct
spectrum and luminosity. A wrong choice of solution would provide us with a wrong
spectrum and hence an incorrect picture of the system.
After obtaining unique solutions, we studied and analysed them and their corresponding spectrums. In the work for spherical flows, we observed that, whenever E and Ṁ
increases or in other words the radiation processes become e↵ective, the accretion flow
becomes more luminous. Thus, it is not necessary that radial accretion will always be
radiatively inefficient. Also, the Coulomb coupling was always been found to be weak,
justifying that, an accretion flow should necessarily be of two-temperatures.
For rotating flows, we found that the global accretion solution passes through di↵erent
types of sonic points: inner X-type or outer X-type. For few combination of flow parameters, shocks were also formed, where the global solution passes through both the inner and
outer sonic points via a shock transition. A shocked solution was always found to be more
luminous, because of the increase in inverse-Comptonization process, in the post-shock
region. We concluded that, Ṁ or MBH do not alone determine the emitted spectrum or
even the luminosity and E and are equally responsible in shaping the spectrum. Luminosity, efficiency and hardness of the spectra (low ↵) all increases with Ṁ . Radiative
properties of a BH system, also depends on and d along with E, , Ṁ and MBH . For
low values of and d , the radiative efficiency was around few percent, but for higher
values, the efficiency easily crossed ten percent, even for the same accretion rate and mass
of the BH. We also showed that the spectra becomes broadband if the mass of the central
BH considered is higher, it also becomes more luminous but the spectral index remains
roughly the same. While, with the increase in accretion rate of the BH, the bandwidth of
spectra remains the same, but the luminosity and the spectral index changes significantly.
167

8. HIGHLIGHTS, CONCLUSIONS AND FUTURE PROSPECTS

Apart from that, we also modelled the spectrum of M87 using the data from di↵erent
sources (Mandal & Chakrabarti, 2008, and references therein). The bolometric luminosity
obtained was found to be in close agreement to that of the observed luminosity and
the model closely fitted the observed data points. This suggests that the use of the
entropy maximisation formulation for selecting the solution and spectrum would be helpful
in explaining observations. We intend to extensively carry out the work of explaining
observations for di↵erent BH candidates with our proposed model in future.
8.1.2.2

Two-Temperature Flows Around Neutron Stars

We further extend the work of obtaining and studying unique two-temperature accretion
flows to NSs. The methodology discussed previously for removing degeneracy in BHs was
extended, including the e↵ect of a hard surface present in an NS. Using the property of
gravity we utilised the entropy accretion rate form proposed by us, to the case of NSs as
well. After removing degeneracy, we investigated the unique two-temperature accretion
solutions around NSs and also analysed their spectrum. All the solutions had one thing
in common i.e., they end up with a terminating shock on the NS surface. This shock
ensures that the NS boundary conditions are satisfied. We found that almost the entire
radiation (> 99.99%) is emitted from this post-shock flow. Apart from the primary/surface
shock, secondary shocks can also be formed for a given combination of flow parameters.
Although it does not significantly influence the total luminosity, however it is responsible
for an additional high energy tail or an extended high energy cut-o↵. So, there is a need
to study the accretions solutions connecting the accretion disc to the NS poles.
To conclude, it is absolutely necessary to obtain unique transonic two-temperature
solution. To interpret observations, it is compulsory that the hydrodynamics of the system
is properly handled. Selecting any arbitrary solution would mislead us. We allowed the
second law of thermodynamics to dictate and select the solution, without taking recourse
to any assumptions, such that consistency is maintained. This entropy maximisation
formulation proposed by us, is a novel approach which has helped in selecting a unique
solution from the infinite degenerate solutions obtained for a given set of constants of
motion. The degeneracy is irrespective of the nature of central object. This is the first
time, to the best of our knowledge, that such work has been done.

8.2
8.2.1

Scope Of Future Research Work
Two-temperature Modelling Of Accretion Discs Around Kerr
BHs

Kerr (spinning) BHs are one of the interesting objects found in the Universe. Because of
the spin, the event horizon is less than rs , increasing the efficiency of accretion process.
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There is a consensus of the existence of a high-spin black hole at the Galactic center. Kerr
BHs produce solutions with very high temperatures, especially near its horizon (Kumar
& Chattopadhyay, 2017).
• Many works suggest that the observed spectrum is largely modified by black hole
spin. We want to study the e↵ect of spin on the observed spectrum.
• High temperatures suggest high emission processes and hence higher pair production
than Schwarzschild BHs. It would be great to study the e↵ect of these processes
on the signature of annihilation line previously obtained around me c2 . The e↵ect
of spin on the magnitude and location of the annihilation line is a topic of further
study.
• Pion production and hence gamma ray production can increase with increase in
proton temperatures. When this process was taken into account while modelling
two-temperature accretion discs, we found that the fractional change in bolometric
luminosity of the disc was < 10 5 , suggesting that, it is not an efficient cooling
mechanism. But in the spectral analysis, we found a hump near 1022 Hz, a distinct
spectral signature arising due to the existence of pions (see, A.3). Also, some of the
-rays can produce secondary e+ e pairs through interactions with the radiation
field present in the disc. It is interesting to study these phenomena for Kerr BHs.

8.2.2

Monte-Carlo Simulations

The radiation processes incorporated so far have been computed locally. We assume the
photons generated by bremsstrahlung and synchrotron to completely leave the system
within the photon escape timescales and contribute to the observed spectrum. Rest are
trapped within the flow and are directly eaten by the BH or are completely lost. Few
of these photons upscatter to higher energies depending on the optical depth or number
density of electrons present in that particular vertical column of the disc. Thus the radiation processes are measured in-situ. It is impossible to track each photon and compute
its change in trajectory and energy each time it encounters an electron or another photon. Also, a photon from outer disc can interact with an electron in the inner disc and
contribute to the spectrum. Thus, we should remember that photon propagation, in general, is of non-local nature. This calls for the need to work on Monte-Carlo simulations,
which computes the exact trajectory of photons. We plan to club our two-temperature
accretion disc models around BHs and NSs with the Monte-Carlo simulations and obtain
self-consistent solutions and their corresponding spectra.
169

8. HIGHLIGHTS, CONCLUSIONS AND FUTURE PROSPECTS

8.2.3

Studying Of Accretion Flows Around White Dwarfs

WDs share a similar nature with other compact objects. Magnetic Cataclysmic variables
exhibit an accretion process same as that of a NS. Unlike NSs they have weak magnetic
fields of the order of ⇠ 107 G, but still the flow can be strictly channelled in the form of
accretion curtains along magnetic field lines. Our two-temperature model can be extended
to study accretion flows around WDs and in determining the observed spectrum from these
objects.

8.2.4

Numerical Simulations

It is always interesting to study the steady state solutions obtained previously in the
time domain. That is where numerical simulations comes into picture. Time-dependent
shocks in accretion discs are believed to drive quasi-periodic oscillations and jets which
can significantly change our observed spectrum. We can check these aspects only after
doing simulations.

8.2.5

Observations And Data Analysis

With the help of the models developed so far, one may be able to predict the physics
around these compact objects along with its physical parameters like mass and accretion
rates. Or inversely, all the theories developed in the above sections needs to be validated
with the help of observations. So, we intend to match our models with the observations
available for BH candidates and NSs in future.
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Appendix A

Two-Temperature Accretion
Discs Around BHs: In
Hydrostatic Equilibrium In The
Transverse Direction
A.1

Effect of viscosity in the system

200

PA
SS

50

10
5
20

(b)

12

Heat dissipated

100

14

(a)

PA
SS
QB

10
8
6
4
2

1

2
3
log r

4

00

5

1

2
3
log r

4

5

Figure A.1: We present (a) distribution of specific angular momentum ( ) and (b) heating
in the system as a function of radius (log r), when viscosity assumed is relativistic (PA,
solid, green) and Newtonian (SS, dotted, magenta). In panel (b) we also compare the
heating due to magnetic dissipation, QB (blue, dashed), assuming d = 0.02. The flow
parameters are E = 1.0005, ↵v = 0.01, in = 2.60, Ṁ = 0.01ṀEdd and MBH = 10M .

In this appendix we discuss the e↵ect of viscosity as (1) a mechanism to remove angular
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momentum outwards and (2) a source of heating in the system. Handling of viscosity is
not trivial and applying it to two-temperature flows might further complicate the scenario
and divert us from the question at hand, which is to find the unique transonic twotemperature accretion solutions for rotating flows. Presently, we recall the physics of
viscosity in a relativistic but a single-temperature disc like Chattopadhyay & Kumar
(2016) and show that near the horizon viscosity would have marginal e↵ect. In the outer
region, it can have a more significant e↵ect, but since that region contributes less in the
spectrum, so for our purpose, we can neglect it without compromising on the qualitative
aspect of the present work. We abbreviate Chattopadhyay & Kumar (2016); Peitz & Appl
(1997) form of viscosity as PA. This viscosity prescription was used by us in Chapter 3
to obtain solutions. Using the same procedure, we find solutions for E = 1.0005, ↵v =
0.01, in = 2.60, Ṁ = 0.01ṀEdd and MBH = 10M . Also, we investigate another case
of one-temperature flows using the same set of flow parameters but assuming a form of
viscosity which is generally followed in non-relativistic accretion disc equations and is
given by tr = ↵v P . We abbreviate it as SS form of viscosity. We plot in Fig. A.1a, the
angular momentum distribution of the system as a function of radius where solid, green
curve represent PA form of viscosity, and dotted, magenta represent SS viscosity. It is
evident from the figure that angular momentum has been transported outwards (for both
the cases) due to the presence of viscosity. But within ⇠ 1000rg , angular momentum is
almost constant, similar to the case of inviscid flows. The SS form of viscosity is weaker so
it is less efficient in removing angular momentum and hence angular momentum remains
almost constant . 3 ⇥ 104 rg . So, neglecting viscosity within these regions does not a↵ect
the system qualitatively. Viscosity in addition to removing angular momentum, also heats
up the system. We plot in Fig. A.1b the heat dissipated due to presence of PA form of
viscosity (solid, green) and SS form of viscosity (dotted, magenta). We see that using
SS viscosity is inefficient in heating up the system and is always 3 orders of magnitude
less than PA viscosity. Very far away from the BH, it is 9 orders of magnitude less than
the latter. We also compare the heating due to magnetic dissipation (QB , dashed, blue),
which is the source of heating in this work of two-temperature inviscid flows. In Fig. A.1b,
QB has been calculated using the velocity, temperature and pressure of the corresponding
one-temperature flow and using d = 0.02. We see that QB is an efficient source of heating
in the system. It always supersedes the heating due to presence of GR viscosity except
in a very small region near the BH, where it becomes comparable. Thus, our assumption
of taking QB as a source of heating in the absence of viscosity, suffice our problem. If
viscosity would have been present then the total heating would not have changed much
except in a very narrow region.
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A.2

Estimation Of Electron-Positron Pair Production
In Advective Two-Temperature Accretion Disc

In this section we would estimate how much pair can be produced using a two-temperature
accretion solution as the background solution. This analysis was performed in order to
have a general idea of the importance of pair-production in two-temperature accretion
flows. A detailed analysis, like that performed for one-temperature accretions flows in
Chapter 3 is intended to be carried out in future. The advective two-temperature accretion
disc solution take into account synchrotron emission which can produce ample amount of
soft photons. These photons are too soft to satisfy the criterion for pair production (Esin,
1999). But these photons after interacting with high energy electrons can get upscattered
to high energies, contributing to pair production. Also, the bremsstrahlung emission
process produce ample amount of hard photons. Thus at any particular radius we can
assume the radiation field to be made of a flat bremsstrahlung spectrum which is flat with
a high energy cut-o↵ and a Comptonization spectrum which is the sum of cut-o↵ power
law and the Wien tail (Esin, 1999; Gould & Schréder, 1967; Zdziarski, 1985). We use the
formula given by Svensson (1984, see Eq. B1 of the paper) to compute the rate of photon
photon pair production. These formulas are same as have been used in Chapter 3. But the
pair density is estimated a posteriori, by using the temperature profile and velocity profile
of the two-temperature solution of this work. The positron number density is computed
from
Z
1
ne + =
(S + S )rHdr.
(A.1)
rH
Here, ne+ is the positron number density, S ± are the source and the sink terms or pair production and annihilation rate, respectively. S ± rates are adopted from Svensson (1982a,
1984). Since the accretion disc studied in this Chapter is composed of e
p+ fluid,
so we first integrate Eq. A.1 with only S + term to compute the maximum possible ne+
produced. With this distribution of ne+ , we compute annihilation rate. We iterate few
times till the solutions converge. We compute pair production for the case of d = 0.013,
E = 1.001, = 2.41 and MBH = 10M . The rest of the parameters are: Figs. A.2a1–a2:
Ṁ = 1.0,
= 0.2 and Figs. A.2b1–b2: Ṁ = 1.5,
= 0.15. In the upper panels (a1,
b1), we compare the proton number density np+ (solid, black), estimated positron number density ne+ when annihilation rate is ignored (dotted, blue) and the ones where both
production and annihilation rates are considered (dashed, green). The blue curve is the
maximum possible positrons that can be produced in the disc and ne+ ⌧ np+ . In the
bottom panels (a2, b2), we plot the corresponding emissivity Qann obtained due to the
annihilation of pairs (dotted, red) and compare that with the total emissivity Qtot (solid,
brown). The estimated number density of positrons is negligible and the contribution to
the total emissivity is negligibly small compared to the total emissivity obtained from
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Figure A.2: (a1, b1) Comparison of number density of protons np+ (solid, black), positron
number densities ne+ (without annihilation, dotted, blue) and with both production and
annihilation rates (dashed, green). (a2, b2) Comparison of emissivities of the total radiative cooling Qtot (solid, brown) and emissivities due to annihilation of pairs Qann (dotted,
red). We used two sets of accretion disc parameters, (a1, a2) Ṁ = 1.0, = 0.2 and (b)
Ṁ = 1.5,
= 0.15. The other parameters are d = 0.013, E = 1.001, = 2.41 and
MBH = 10M .

A.3

Estimation Of Gamma-Ray Emission By Pion Interaction

In this section, we discuss whether pion production lead to viable amount of cooling in
the disc and have any observational signature. The reactions leading to pion (⇡ ± , ⇡ 0 )
production by proton-proton interactions are as given below (Eilek, 1980):
p + p ! p + n + ⇡+
p + p ! p + p + ⇡0
p + p ! d + ⇡+

The threshold temperature for these reactions is 290 MeV. For negative pions, temperatures of > 2 GeV are required. Thus, it is can be assumed that negligible ⇡ will be
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present in the disc. The ⇡ 0 further decay into gamma-ray photons (Kolykhalov & Syunyaev, 1979):
⇡ 0 ! 2 ph
(A.2)
and, ⇡ + decays into muon and muon neutrinos, which further decays into electron neutrinos, muon anti-neutrinos and positrons, respectively.
⇡ + ! µ+ + ⌫ µ

µ+ ! ⌫e + e+ + ⌫¯µ

(A.3)

We restrict our study to neutral pions ⇡ 0 since we are interested to study the gamma ray
emissivities obtained from an accreting Schwarzschild BH. The rate of ⇡ 0 production is
given by (in units of cm 3 s 1 ):
R⇡0 =

n2
< ¯ v̄ >⇡0 .
2

(A.4)

Here, < ¯ v̄ >⇡0 (units of cm3 s 1 ) is the velocity weighted cross-section, which was
evaluated for ⇡ 0 by Dahlbacka et al. in 1974, assuming experimental cross sections for
pion production and a relativistic Maxwell-Boltzmann distribution for protons. This was
further investigated by Weaver (1976) and Kolykhalov & Syunyaev (1979) who computed
< ¯ v̄ > for ⇡ 0 as well as for ⇡ + . This function is strongly dependent on the proton
temperature. In 1986 Colpi et al. obtained a best fit to these curves, expression of which
is given in Eq. 10 of their paper, and the same form was used to compute the emissivity
of -rays. It is clear from Eq. A.2 that each ⇡ 0 decays into two photons, therefore the
number of photons produced per unit time per unit volume is n2 < ¯ v̄ >⇡0 . We analysed
a posteriori the total gamma-ray luminosity as measured by an observer at infinity using
the methodology adopted in Colpi et al. (1984).
We checked the production of rays by varying the accretion rate of the system from
Ṁ = 0.01 (dotted, red) to 0.10 (dashed, green) and 1.0 (solid, blue) for a 10M BH (see
Figs. A.3a1–a2). Since this emission is crucially dependent on the proton temperature
we plot log Tp as a function of log r in Fig. A.3a1 for the di↵erent accretion rates. The
set of disc parameters used are = 2.61 and E = 1.0007. For Ṁ = 0.01, & 0.1, the
accretion solution do not undergo shock transition and the Tp distribution of the global
accretion solution are similar. But for the same set of E and
and Ṁ = 1.0, there
is a stable accretion shock and the Tp jumps at the shock location. The corresponding
spectra (Fig. A.3a2) for the three values of Ṁ show marked di↵erence, where the shocked
accretion solution is more luminous and the spectrum is harder (solid, blue), and becomes
less luminous and softer for lower Ṁ . The gamma-ray emission (calculated a posteriori) is represented in grey colour. As a result of ⇡ 0 decay, the contribution in the high
energy regime increases. Quantitatively, the gamma-ray luminosity for di↵erent accre175
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tion rates are related by the following relation L ph (Ṁ = 1.0) ' 200L ph (Ṁ = 0.1) and
L ph (Ṁ = 0.1) ' 100L ph (Ṁ = 0.01). Although L ph (Ṁ = 1.0) is much higher than
that compared to lower Ṁ s but compared to the overall luminosity for each Ṁ , L ph is
pitiably low. We chose Ṁ = 0.1 and the same values of E and and then studied the
gamma-ray production for accretion discs onto di↵erent masses of central BH: MBH = 102
(solid, blue), 104 (dashed, green) and 106 (dotted, red). We plot Tp vs r in log-log scale
and the corresponding spectra in Figs. A.3b1, b2, respectively. MBH a↵ects the system
quantitatively but not qualitatively. While the luminosity increases and spectra becomes
more broad band with the increase in MBH , but the efficiency of gamma-ray emission
(L ph /(Ṁ c2 )) remains almost same ⇠ 10 8 . In both the cases we examined here (change
in accretion rate and mass of BH), we found that the fractional change in luminosity is always < 10 5 . This analysis justifies our assumption of neglecting pion production leading
to emission of -rays.
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Figure A.3: Dependence of (1) log Tp as a function of log r and (2) log ⌫L⌫ with log ⌫
for (a1, a2) di↵erent accretion rates: Ṁ = 0.01 (dotted, red), 0.1 (dashed, green) and
1.0 (solid, blue) and (b1, b2) di↵erent BH masses: MBH = 102 (solid, blue), 104 (dashed,
green), 106 (dotted, red). The gamma ray emission is presented in grey in both the
spectrums.
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Appendix B

Two-Temperature Accretion
Flows Around NSs
B.1

Regenerating One-Temperature Accretion Solution
Around NS Using The New Methodology Proposed

In the one-temperature regime, for a given set of constants of motion E and Ṁ , a transonic
solution is unique. Therefore, one can solve it using di↵erent methodologies but every
method will admit a unique solution. In this section, we show that our proposed ‘ghost
solution’ method indeed regenerates the same accretion solution as was obtained by Singh
& Chattopadhyay (2018b), who started the integration from the critical points.
In Fig. B.1a, a typical one-temperature transonic accretion solution onto an NS is
presented, which has been obtained following the methodology of Singh & Chattopadhyay
(2018b). Here, Mach number (M = v/as ) is plotted against radial distance (r) from the
center of the NS. The parameters used are, E = 0.9977, P = 1.0s, Ṁ = 2.957 ⇥ 1015 g/s,
surface magnetic field B⇤ = 1010 G and M⇤ = 1.4M . Radius of the NS, r⇤ = 106 cm=
2.418rg , is marked in the figure and region below this is shaded in grey. The global
transonic solution (satisfying NS boundary condition) is represented by dashed magenta
curve with the sonic point rc , marked using a black star. The star surface drives a primary
shock (downward magenta arrow) at rps , located just near the surface (see, zoomed inset
plot), after which matter becomes subsonic and then slowly settles down onto the star
(v ! 0 at r ! r⇤ ). If the matter would have directly hit the surface of the star without
undergoing the primary shock transition, the supersonic branch in such a case would be the
one which is marked using a thick dashed orange line. The cooling processes considered are
same as those present in Singh & Chattopadhyay (2018b). The methodology adopted by
these authors to obtain an accretion solution is the general ‘sonic point analysis’ method
(Section 2.9). In this method, given a set of constants of motion, the location of rc is found
first. Then from rc , the equations of motion are integrated inwards (till the star’s surface:
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Figure B.1: (a) Transonic solution obtained by sonic point analysis of accretion flows
around NS (Singh & Chattopadhyay, 2018b): Solution is represented by M vs log r plot
(dashed, magenta) with sonic point marked with a black star, r⇤ represents the surface
of the NS and the region below it, is shaded in grey. Thick dashed orange curve is the
supersonic solution. A primary shock (rps ) is formed near the surface of the NS (see
zoomed inset). (b) Obtaining solutions with rin as the inner boundary: Iterating on ⇥in
until transonic solution TS (solid, red) is obtained, which completely coincides with dashed
magenta/thick dashed orange curve. The solid black and thick dashed grey lines are the
ghost solutions. The location of primary shock remains the same. The input parameters
used are, E = 0.9977, P = 1.0s, Ṁ = 2.957 ⇥ 1015 g/s, B⇤ = 1010 G , M⇤ = 1.4M and
r⇤ = 106 cm= 2.418rg .
to obtain the supersonic branch; thick dashed orange curve) and outwards (till rcorot : to
obtain the subsonic branch). Now, at every radius of the supersonic branch (especially in
the region near the star’s surface), they check for the allowed shock transitions until the
post-shock branch satisfies the NS boundary condition. In this way, the location of rps is
found and a global transonic accretion solution is obtained.
In Fig. B.1b, we compare the transonic solution (dashed, magenta) obtained by standard sonic point analysis method (followed by Singh & Chattopadhyay (2018b)) with the
‘ghost solution method’ proposed in this chapter. We consider a point at rin ⇠ rg . Then,
for the same set of constants of motion as in panel (a), we supply a guess value of ⇥ = ⇥in1
at rin . We estimate vin1 [⌘ vin (E, Ṁ , ⇥in1 )] and integrate out from rin , using the equations
of motion. Chances are, we will find only a supersonic branch SB (dotted, blue). For a
di↵erent guess value of ⇥in = ⇥in2 and correspondingly estimating the value of vin2 , we
obtain a multi valued branch MVB (dashed dotted, green). We iterate in between these
two ⇥in values until for ⇥in3 we get a transonic solution (TS, solid red). This solution
178

B.1 Regenerating One-Temperature Accretion Solution Around NS Using
The New Methodology Proposed

completely masks the underlying dashed magenta curve, but the thick dashed orange supersonic branch bears the witness that the two transonic curves have coincided with each
other. TS (solid, red) below the grey shaded region, represented using black curve, is the
‘ghost solution’ or the ‘projected transonic solution’. This is actually a continuation of
the TS obtained by Singh & Chattopadhyay (2018b), i.e. when the supersonic branch obtained by sonic point analysis method (thick dashed orange) is integrated further inwards
till rin is reached and is not terminated at the NS surface (r⇤ ), then the solution obtained
below r⇤ (thick dashed grey) overlaps with the black curve. The location of primary shock
remains the same for both these methods. Thus, using the ‘ghost solution’ method, we
have regenerated the full transonic solution as was obtained by Singh & Chattopadhyay
(2018b).
Hence we show that the new proposed method just uses the property of gravity, that
is, it behaves as if the mass is concentrated at the centre and therefore the ‘ghost solution’
is actually a part of the full solution, only to be chopped o↵ by the boundary condition.
This method in brief, directs us to obtain the projected transonic accretion solution, which
forms a shock near the star surface, but by starting the integration from a region smaller
than the actual star surface.
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Matter falling onto black holes is hot, fully ionized and has to be necessarily transonic.
Since the electrons are responsible for radiative cooling via processes like synchrotron,
bremsstrahlung and inverse-Compton, the electron gas and proton gas are supposed to
settle into two separate temperature distribution. But the problem with two-temperature
flow is that there is one more variable than the number of equations. Accretion flow in its
simplest form is radial, which has two constants of motion, while the flow variables are
the radial bulk three-velocity, electron and proton temperatures. Therefore, unlike single
temperature flow, in the two-temperature regime, there are multiple transonic solutions,
nonunique for any given set of constants of motion with a large variation in sonic points.
We invoked the second law of thermodynamics to find a possible way to break the
degeneracy, by showing only one of the solutions among all possible, has maximum
entropy and therefore is the correct solution. By considering these correct solutions,
we showed that the accretion efficiency increase with the increase in the mass accretion
rate. We showed that radial flow onto super-massive black hole can radiate with efficiency
more than 10%, if the accretion rate is more than 60% of the Eddington accretion rate,
but accretion onto stellar-mass black hole achieve the same efficiency, when it is close to
the Eddington limit. We also showed that dissipative heat quantitatively affects the two
temperature solution. In the presence of explicit heat processes, the Coulomb coupling
is weak.
Keywords: Accretion; black hole physics; hydrodynamics; radiative process.
PACS Number(s): 4.70.−s, 47.40.Hg, 51.30.+i, 95.30.Jx, 95.30.Lz, 97.10.Gz

1. Introduction
One of the most spectacular objects found in the Universe are black holes (BH).
Although not directly observable, their presence is interpreted from the huge
amount of energy they liberate through a process called accretion. BH is an
extremely compact object found, with sizes of the order of ∼3 km(MBH /M! ),
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where MBH is the mass of BH and M! is the solar mass. Due to their compactness, the amount of energy released due to accretion might be of the order of rest
mass energy of the matter falling onto it. In the Universe, there exist stellar-mass
BHs which accrete matter from a companion star and are visible in the sky as
X-ray binaries, or may exist as super-massive (∼106 − 109 M! ) BHs which can
feed on a full galaxy. Centres of such active galaxies are famously known as the
Active Galactic Nuclei (AGN) and are one of the brightest sources observed in the
Universe.
The advent of the theory of accretion onto compact objects began with the
seminal works done by Hoyle and Lyttleton1 and Bondi,2 where they studied radial
flow onto a gravitating center. With the discovery of quasars3 and X-ray sources4 in
1960s, accretion of matter onto compact objects gained popularity. That is because,
accretion onto a BH is the only plausible mechanism which could explain such high
luminosities. In 1964, Salpeter5 computed the luminosity by using the Bondi accretion model, but failed to match it with observations. Matter radially falling in case
of Bondi flows, do not get sufficient time to radiate. The general relativistic version
of Bondi flow was presented by Michel6 and this version of Bondi flow was also found
out to be “too fast” to produce significant radiation.7 At about the same time, the
famous Shakura–Sunyaev disc (SSD) or the Keplerian disc (KD) model was proposed.8 Since Bondi flow could not explain the observed luminosity, therefore a
rotation dominated disc model was envisaged in order to mitigate the effect of very
fast infall velocity. KD or SSD model assumes that matter is rotating with Keplerian
azimuthal velocity, with an anomalous viscosity removing angular momentum outward to accrete matter inward. The heat generated is radiated away efficiently and
the spectra produced by the disc is a multicolored black body. Though this model
could explain the thermal component of the spectrum, it was unable to explain the
high energy, nonthermal part of the spectrum. It was also realized that the flow
should not be Keplerian everywhere especially near the BH. Therefore the inner
region of an accretion flow has to be sub-Keplerian and has to pass through the sonic
point at least once before crossing the horizon as was shown by Liang and Thompson9 (hereafter, LT80). Subsequently, there was a significant body of work done by
a number of workers on advective, transonic flows. Transonic flow has been studied
for inviscid disc, viscous disc, around rotating BHs, discs harboring shocks and host
of other circumstances.10–23 While for inviscid, adiabatic flow the sonic point can be
obtained by solving a polynomial equation for a given Bernoulli parameter and specific angular momentum, but obtaining sonic points for accretion flow in presence
of heating and radiative cooling processes is not trivial. One can arbitrarily change
the inner, or outer boundary conditions in order to obtain some solutions, but without a systematic approach it may lead to obtaining limited class of solutions or a
few unphysical ones. In that context, Gu and Lu24 used the generalized Bernoulli
parameter which is also a constant of motion to obtain transonic viscous accretion
solutions for a particular viscosity prescription.25 The approach of Becker and Le26
and Becker et al.,27 of using the generalized Bernoulli parameter simultaneously
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with the measure of entropy close to the horizon, to find the sonic point and therefore the transonic solution, is physically the most correct approach. Based on this
approach, many papers were written to obtain solutions in single temperature accretion flows around BHs.19,21,22,28,29 Single temperature solutions are important to
the extent that, it gives a general idea about the flow behavior, its dynamics as well
as energetics. To study the luminosity and spectra of the accreting flow, one need to
know electron temperature of the flow, which may or may not be same as the proton
temperature.
Due to the extreme gravity, matter falling onto a BH is very hot and becomes
fully ionized. A fully ionized astrophysical plasma would be mostly composed of
electrons and protons because hydrogen is the most abundant element. Electrons
radiate most of the energy and protons do not, in addition, the Coulomb coupling
time scale is longer than the various cooling time scales, so in general, protons and
electrons would relax into two separate temperature distributions. In 1976, Shapiro
et al.30 (hereafter, SLE76) argued that the instability persisting at the inner region
of the disk could swell this optically thick radiation pressure dominated region into
an optically thin gas pressure dominated region and in this region, electrons and
protons will maintain separate temperature distributions. Since flow near the BH
is a two-temperature fluid, as a result research on two-temperature accretion flow
started to gain prominence.30,31
Two-temperature accretion solutions as presented by SLE76 incorporated
inverse-Compton processes and could produce hard radiation. However, the hydrodynamics was significantly simplified, and the accretion solutions considered were
not transonic. LT80 discussed primarily about single temperature transonic flow
but also briefly discussed about two-temperature solutions by assuming the ratio
of ion and electron temperature to be constant. Since then, many studies were
undertaken using two-temperature model. Colpi et al.32 solved the two-temperature
solution but by assuming freely falling matter. No transonic solutions were reported
here. Similar work was done by Chakrabarti and Titarchuk33 where only inverseComptonization of soft photons from the SSD, by the inner post-shock region was
considered. Mandal and Chakrabarti34 later extended this model for other cooling
processes. In both these papers, the authors imposed a density enhancement in the
flow to mimic the accretion shock. In these works, the assumption of free-fall implied
that the radiative transfer was not self consistently coupled with the hydrodynamics of the system. Laurent and Titarchuk35 computed the spectra from the model
of Chakrabarti and Titarchuk,33 by conducting a detailed Monte Carlo simulation
of the interaction of electron gas with the soft photons from the underlying KD. In
1995, Narayan and Yi,36 studied self-similar class of advective solutions (termed as
advection dominated accretion flow or ADAF) in the two-temperature regime. It
was assumed that the amount of heat transferred from protons to electrons through
Coulomb collisions is totally radiated away. This extra assumption helped them to
deal away with any kind of parametrization, that was otherwise assumed by LT80.
Needless to say self-similar class of solutions in conjunction with other assumptions
1950037-3
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mentioned above, are not transonic. Nakamura et al.,37,38 was among the first, who
actually solved transonic two-temperature solution. However, the solutions were
only for a limited class, obtained by imposing at the outer boundary, the ion temperature to be a fraction of the virial temperature and that the heat transferred to
the electrons is radiated away. Manmoto et al.39 followed similar outer boundary
conditions, however, in the inner region they considered that the electron energy
advection rate to be equivalent to the radiative cooling rate. Rajesh and Mukhopadhyay40 also obtained transonic solutions in the two-temperature regime, by choosing
the viscosity prescription of Chakrabarti and Molteni,25 but only presented transonic solutions through a single sonic point. Dihingia et al. (2017)41 discussed the
transonic global two-temperature solutions for smooth as well as shocked accretion
solutions. All these works were in the pseudo-Newtonian regime (strong gravity is
mimicked by modifying the Newtonian gravitational potential), and used two fixed
adiabatic indices (Γe and Γp for electrons and protons, respectively) equation of
state (EoS) of the gas. None of these works used the constants of motion (e.g. generalized Bernoulli constant) of the flow and the information of entropy close to the
horizon to obtain the solutions. As discussed above, the hydrodynamics of single
temperature regime is more complete and systematic. In two temperature regime,
this approach is sadly lacking in the literature.
The problem with two-temperature solutions is that, without any increase in
the number of governing equations, the number of flow variables increase, i.e. to
say, now instead of a single temperature, one has to consider different temperatures
for ion and electron. In addition, there is no known principle dictated by plasma
physics which may constrain the relation between these two-temperatures in any
of the boundaries. Some authors (cited above) assumed specific relations between
electron heating and cooling, in order to obtain the solution. But those choices were
arbitrary and cannot be considered a unique solution. Such arbitrary choices do not
“haunt” single temperature solution, since a transonic single-temperature solution
is unique for a given set of constants of motion. Still some other authors followed
the methodology of specifying the electron or ion temperature in a chosen boundary
and then iterate the other flow variables to obtain a transonic solution. However,
a different combination of electron and ion temperature in that boundary can give
rise to another transonic solution but for the same value of generalized Bernoulli
parameter.a This would give rise to degeneracy of solutions, i.e. multiple transonic
solutions for the same set of constants of motion. But nature would prefer only one
and the question is which one. Moreover, the electron and the ion temperature may
vary by orders of magnitude from a large distance to the horizon, so a nonrelativistic
EoS (i.e. EoS with fixed adiabatic indices) is untenable. However, it may also be
remembered that use of relativistic EoS even in single temperature domain has been
traditionally few and far between.10,11,42
a Generalized Bernoulli parameter in steady state, is a constant of motion in presence of dissipation
too.19,21,22
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In this paper, we address the basic problem of finding a unique two-temperature
transonic solution around BHs, in the general relativistic regime, using the twotemperature version of the Chattopadhyay–Ryu (CR) EoS,43,44 and how to overcome the problem, by laying down a prescription to obtain the correct solution.
As far as we know, such an attempt has not been undertaken before. Using the
CR EoS removes the constraint of specifying the adiabatic indices for the electron
and the ion gas. In this paper, we would confine our discussion for a fully ionized
electron–proton gas.
The paper is organized in the following way. In Sec. 2, we present the assumptions and equations used in the paper which would cover the EoS used and the
equations of motion. In Sec. 3, we will discuss the procedure to obtain unique transonic two-temperature solutions. In Sec. 4, we will present and discuss our results
and finally conclude in Sec. 5.
2. Assumptions and Equations
In this paper, we focus on obtaining the unique two-temperature solution in steady
state from all the degenerate solutions, which is actually difficult since plasma
physics do not impose any constraint on the relation between electron and proton
temperatures at any distance from the BH horizon. Therefore, we remove all frills
that might complicate and obscure the question at hand. As a first simplification,
we consider Schwarzschild metric i.e. the simplest BH. In order to further simplify
the flow, we consider radial accretion i.e. rotation is neglected. Therefore the flow is
spherical/conical. Although spherical accretion might look very simple, however, it
is not entirely implausible as an accretion model. In the viscous, single temperature,
rotating accretion flow regime, we have previously shown that the flow geometry in
the inner region of the disc is close to conical flow with low angular momentum.21,22
Therefore, radial accretion might be used to mimic the inner region of AGNs and
microquasars. This is to be expected too, since the BH gravity would start to
dominate over other interactions in the inner accretion region around the BH, as
a result a large number of papers do consider spherical flow to mimic the inner
region of accretion flow.45–47 In addition, standard accretion model onto isolated BH
from inter-stellar medium is indeed spherical.48,49 We consider all possible cooling
mechanisms like bremsstrahlung, synchrotron and inverse-Compton processes, and
it may be noted that the electron is the main agent of emission. Energy is exchanged
between electrons and protons through the Coulomb interaction term given by
Stepney.50 The effect of explicit heating is also discussed at the end.
It is to be noted that in the subsequent sections, all barred variables represent
dimensional quantities and all nonbarred variables denote dimensionless quantities,
until stated otherwise. Throughout this paper we have solved all the equations in the
dimensionless domain. We have employed a unit system, where G = MBH = c = 1,
such that the unit of length is rg = GMBH /c2 and time is in units of tg = GMBH /c3 .
Here, G = Gravitational constant, MBH = mass of the BH and c = speed of light.
1950037-5
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The background metric is that around a Schwarzschild BH. The nonzero components of the Schwarzschild metric are,
!
!
"
"−1
2
2
gtt = − 1 −
; gθθ = r2 ; gφφ = r2 sin2 θ.
(1)
; grr = 1 −
r
r
The energy–momentum tensor of accretion flow is T µν = (e + p)uµuν + pg µν , where
e is the internal energy density of the fluid and p is the isotropic gas pressure,
all measured in local fluid frame, µ and ν represent the spacetime coordinates
and uµ s are components of four velocities. The space component of the relativistic
momentum balance equation is given by
[(e + p)uν ui;ν + (g iν + ui uν )p,ν ] = 0.

(2)

The radial component of the above equation is given by
ur

1 dp
1
dur
+ 2 = −(g rr + ur ur )
.
dr
r
e + p dr

The equation of conservation of particle density flux is
√
1 ∂( −gnuν )
= 0,
(nuν );ν = 0, ⇒ √
−g
∂xν

(3)

(4)

where n is the number density of the particles in the flow and g is the determinant of
the metric tensor. Integrating Eq. (4), we get the accretion rate which is a constant
of motion throughout the flow, given by
Ṁ = 4πρur r2 cos(θ),

(5)

where θ is the co-latitude of the surface of the conical flow and is assumed to
be θ = 60◦ in this paper. The mass density is represented as ρ. The first law of
thermodynamics is given by
#!
$
"
e+p
µ
u
(6)
ρ,µ − e,µ = ∆Q,
ρ

where ∆Q = Q+ − Q− , Q+ being the heating term and Q− the cooling term. The
dimensional form of any quantity are written with a bar over it, Q̄s are in units
of ergs cm−3 s−1 , until mentioned otherwise. The calculation of Q̄s require the
value of number density (in units of cm−3 ). The number density is calculated from
the dimensional form of the accretion rate equation (in the dimensional form, the
accretion rate is expressed in terms of Eddington rate).
Since the flow contains electrons and protons equilibriating at two different temperatures we need to use the first law of thermodynamics separately for protons and
electrons unlike in the case of one-temperature flows where the Coulomb coupling
being extremely strong, allows protons and electrons to settle down to a single temperature.19–23 These two energy equations are coupled by the Coulomb coupling
term which allows protons and electrons to exchange energy. Therefore, ∆Q in the
1950037-6
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−
proton energy equation can be written as, ∆Qp = Q+
p − Qp and in the electron
+
−
energy equation as, ∆Qe = Qe − Qe .
If we integrate the radial component of the relativistic Euler Equation (3) with
the help of Eqs. (5) and (6), we obtain the generalized Bernoulli parameter which
is a constant of motion and is given by

%

∆Q +∆Q

E = −hut exp(Xf ),

(7)

p
e
where Xf =
dr. This is conserved throughout the flow even in the
ρhur
presence of dissipation. In case of nondissipative flows, Xf = 0 and
√
E → E = −hut = hγ gtt ,
(8)

where E is the canonical form of relativistic Bernoulli parameter18 for nondissipative
relativistic flow. The exact form of specific enthalpy h will be presented in Sec. 2.2
and γ is the Lorentz factor.
2.2. EoS and the final form of equations of motion
To solve the equations of motion mentioned in Sec. 2.1, we need an EoS which relates
temperature, pressure and internal energy of the system. As discussed before we
would use CR EoS.44 Since the adiabatic index is actually a function of temperature
and composition, so it does not appear explicitly in the EoS. The CR EoS is inspired
by the exact calculations done earlier.51–53 The advantage of using CR over the
exact EoS is that, the form of CR is much simpler and has been shown to be
equivalent.54 The explicit form of CR EoS for multispecies flow is given by
!
"$
&
&#
9p̄i + 3n̄i mi c2
2
ē =
ēi =
n̄i mi c + p̄i
,
(9)
3p̄i + 2n̄i mi c2
i
i

where i = proton (p), electron (e− ), positron (e+ ) and mi is the mass of the corresponding ith species. In this paper, we consider the accretion flow to be electron–
proton plasma (e− − p+ ). So, in the sections to follow, i would represent only protons and electrons.
We can define dimensional number density (n̄), corresponding mass density (ρ̄)
and pressure (p̄) present in Eq. (9) in the following way:
&
n̄i = n̄p + n̄e = 2n̄e ,
(10)
n̄ =
i

where n̄p = proton number density, and n̄e = electron number density (in units of
cm−3 ).
!
"
&
1
(11)
ρ̄ =
n̄i mi = n̄e me + n̄p mp = n̄e me 1 +
= n̄e me K̃,
η
i
!
"
&
&
Θp
p̄ =
p̄i =
n̄i kTi = n̄e k(Te + Tp ) = n̄e me c2 Θe +
,
(12)
η
i
i
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where η = me /mp , K̃ = 1 + 1/η, Ti is the temperature of the ith species (in
units of Kelvin) and k = Boltzmann constant. Θi = mkTi ci2 is the nondimensional
temperature which has been defined with respect to the rest-mass energy of the
corresponding ith species.
Using Eqs. (10)–(12) we can simplify the EoS (9) to obtain,
!
"
fp
ρ̄c2 f
,
(13)
=
ē = n̄e me c2 fe +
η
K̃
i +3
where fi is defined as, fi = 1 + Θi ( 9Θ
3Θi +2 ) and f = fe + fp /η.
Enthalpy can be defined as

h̄ =

ē + p̄
.
ρ̄

(14)

Using Eqs. (11)–(13) we can reduce the above equation into a dimensionless form
as
!
"
Θp
f + Θe +
η
h=
.
(15)
K̃
The expression for polytropic index and adiabatic index for electrons and protons
are given respectively as
Np =

dfp
;
dΘp

Ne =

dfe
;
dΘe

Γp = 1 +

1
;
Np

and Γe = 1 +

1
.
Ne

(16)

The definition of the radial three-velocity is v = [−(ur ur )/(ut ut )]1/2 . Simplifying
Eqs. (3)–(6), (9)–(16) we get the gradient of velocity,
N
dv
= ,
dr
D

(17)

1
where N = − r(r−2)
+ a2 P + (Γe − 1)E + (Γp − 1)P and D =

v
1−v 2 (1

Here, we have defined the sound speed as, a2 = G/hK̃.
The expressions used in N and D are as follows:
G = Γe Θ e +

Γp Θ p
;
η

P=

2r − 3
;
r(r − 2)

E=

∆Qe
;
ρhur

P=

−

a2
v 2 ).

∆Qp
.
ρhur

Substituting Eqs. (5), (10)–(13) in Eq. (6), we get the differential equation for both
the proton and electron temperatures which is given by
!
"
Θp
dv
dΘp
1
Pη K̃h
=−
,
(18)
P+
−
dr
Np
v(1 − v 2 ) dr
Np
!
"
Θe
dv
dΘe
1
EK̃h
=−
,
(19)
P+
−
2
dr
Ne
v(1 − v ) dr
Ne

respectively.
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2.2.1. Radiative processes considered
Cooling of protons can be caused due to Coulomb interactions (Q̄ep ) with electrons
if Tp > Te , or due to inverse bremsstrahlung (Q̄ib ). The expression for Coulomb
interaction term in cgs unit is given by55

Int. J. Mod. Phys. D 2019.28. Downloaded from www.worldscientific.com
by WSPC on 01/24/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Q̄ep =

3 me
n̄e n̄p σT ck
2 mp

Tp − Te
"
!
" ln Λc
1
1
K2
K2
Θe
Θp
#
!
"
!
"$
2(Θe + Θp )2 + 1
Θe + Θp
Θe + Θp
×
K1
+ 2K0
,
Θe + Θp
Θe Θp
Θe Θp
!

(20)

where σT is the Thomson scattering cross-section, Ki (x)’s are the modified Bessel
functions of ith order and second kind, ln Λc is the Coulomb logarithm which we
took to be equal to 20.
The expression for inverse bremsstrahlung is given by56,57
'
me
Q̄ib = 1.4 × 10−27 n̄2e
Tp .
(21)
mp
The cooling of electrons includes contributions from three radiative cooling
mechanisms namely bremsstrahlung (Q̄br ), synchrotron (Q̄syn ) and inverse Compton scattering (Q̄ic ). Therefore, Q̄−
e = Q̄br + Q̄syn + Q̄ic .
The expression for bremsstrahlung emissivity (in c.g.s units) is given by58
(
Q̄br = 1.4 × 10−27 n̄2e Te (1 + 4.4 × 10−10 Te ).
(22)

The cooling per unit volume in case of synchrotron radiation is given as36
Q̄syn =

2πkTe νc3
,
3c2 rrg

(23)

where νc is the critical frequency below which the emission is self-absorbed. It can be
defined as νc = 32 νo Θ2e xM , where νo = 2.8×106B. One has to solve a transcendental
equation to obtain the value of xM . Here, B is defined as the stochastic magnetic
field present in the flow, whose value is obtained by assuming its pressure (B 2 /8π)
to be in partial or full equipartition with the gas pressure (p̄). This ratio can be
defined as β and is chosen as β = 0.01, unless otherwise mentioned.
The Comptonization of the soft photons generated through synchrotron process,
is given as59
Q̄ic = ζ Q̄syn ,

(24)

where ζ is the enhancement factor which is defined as the average change in energy
of the photon at escape after all scatterings. It is expressed as ζ = P (A − 1)(1 −
P A)−1 [1 − (xc /(3Θe ))−(1+lnP/lnA) ]. Here, xc = hνc /me c2 , P = 1 − exp(−τes ) is the
probability of a photon to be scattered in a medium with optical depth τes , and
A = 1 + 4Θe + 16Θ2e , is the mean amplification factor in energy of the scattered
1950037-9
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photon. The optical depth of a medium where electron-scattering is dominant is
given by60
τes = 0.4[1 + (2.22Te × 10−9 )0.86 ]−1 .
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The plasma is heated via magnetic dissipation and it primarily affects the proton distribution, and part of this heat is transmitted to the electrons through the
Coulomb coupling term. The dissipative heating rate is given by47,49
Q̄+
p ≈ Q̄B =

3cur
3cur B 2
=
β n̄e k(Te + Tp ).
2rrg 8π
2rrg

(25)

2.2.2. Entropy accretion rate expression
From single temperature solutions we know we can define an entropy-accretion rate
by integrating Eqs. (18) and (19) by turning off the explicit heating and cooling
terms.
dΘp
Θp 1 dnp
Qep η K̃
=
+
,
dr
Np np dr
ρur Np

(26)
dΘe
Θe 1 dne
Qep K̃
=
− r .
dr
Ne ne dr
ρu Ne
In single temperature regime, it is very easy to integrate the above equation, but
now, due to the presence of Coulomb interaction term, Eq. (26) is not generally
integrable. And therefore, we cannot have an analytical expression for the measure
of entropy at every r in two-temperature solutions.
However, in regions where Qep can be neglected, an analytical expression is
admissible. Such a region is just outside the horizon, where gravity overwhelms any
other interaction. So, near the horizon, where Qep is negligible, Eq. (26) can be
integrated to obtain,
!
"
3
fein − 1
3
2
nein = κ1 exp
(3Θein + 2) 2 ,
(27)
Θein
Θein
!
"
3
fpin − 1
3
2
(3Θpin + 2) 2 ,
(28)
npin = κ2 exp
Θpin
Θpin

where κ1 and κ2 are the integration constants which are a measure of entropy.
We know from charge neutrality condition that nein = npin = nin . Subscript “in”
indicates quantities measured just outside the horizon. Therefore we can write,
√
n2in = nein npin ⇒ nin = nein npin
)
!
"
!
"
3
3
fein − 1
fpin − 1
2
2
= κ exp
Θpin
exp
Θein
Θein
Θpin
*
3
3
× (3Θein + 2) 2 (3Θpin + 2) 2 ,
(29)
√
where κ = κ1 κ2 .
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Thus, the expression of entropy accretion rate can be written as
)
!
"
!
"
3
3
Ṁ
fein − 1
fpin − 1
2
2
˙
= exp
Θpin
Min =
exp
Θein
4πκ(me + mp )cos(θ)
Θein
Θpin
*
3
3
× ((3Θein + 2) 2 (3Θpin + 2) 2 )ur r2 .
(30)
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In Sec. 4.2, we will use Eq. (30) to obtain the correct accretion solution.

2.2.3. Sonic point conditions
As argued before, BH accretion is transonic in nature. So, at some r = rc the critical
point, the flow dv/dr → 0/0. This condition gives us the critical point conditions.
Thus using Eq. (17) we get,
−
and

1
+ a2c Pc + (Γec − 1)Ec + (Γpc − 1)Pc = 0,
rc (rc − 2)
vc
1 − vc2

!

1−

a2c
vc2

"

= 0.

(31)

(32)

Here, “c” in the subscript resembles the values of the variables at the critical point.
At rc , the radial three-velocity is equal to the sound speed or vc = ac , i.e. the Mach
number Mc = vc /ac = 1. Since the derivative of velocity at the critical point has a
0/0 form, therefore it is calculated using l$ Hospital rule.
3. Solution Procedure
It has already been established by Bondi,2 that for a given boundary condition the
entropy of the transonic global solution is maximum, and therefore, a transonic
solution is the solution favored by nature. Therefore, we look for a transonic solution. The general procedure to find a solution in two-temperature is similar to the
one in the single temperature regime, which is — for a given set of flow parameters
(E, Ṁ ), the sonic point is obtained first, and then integrate the gradient of velocity
and temperature, that is Eqs. (17)–(19), from the sonic point inward and outward,
in order to obtain self-consistent values of v, Θp and Θe , respectively throughout
the flow. A spherical flow harbors only a single sonic point.
3.1. Method to find the sonic point: Single temperature versus two
temperature
This is the first step in obtaining a general transonic solution. Finding a sonic
point is not trivial in presence of heating and cooling. To find the sonic points, we
need to first choose a boundary: horizon or infinity. The advantage of choosing the
horizon as the boundary, is that atleast the inflow velocity on the horizon is known
(vin = c), while at the outer boundary its value is arbitrary. Unfortunately, there is
1950037-11
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a coordinate singularity on the horizon, so one cannot start the integration from the
horizon. Therefore, we chose a location asymptotically very close to the horizon,
rin → 2rg . Very close to the horizon gravity overwhelms all other interactions,
therefore the flow becomes adiabatic, i.e. as rin → 2rg , E → E. At rin for single
temperature flow, there are two unknowns vin and the temperature. So for a given
E, at rin we supply a temperature in the expression of E = E to obtain a value
$
. With these values of velocity and temperature we integrate the
of velocity, say vin
equations of gradient of velocity, and temperature to obtain a solution and check
for sonic point conditions. If the solution does not pass through the sonic point,
then we change the temperature supplied at rin and repeat the process until and
$
which on integration
unless for a certain temperature at rin we obtain a vin = vin
satisfies the sonic point conditions at some r = rc . Therefore, we obtain a transonic
solution by iterating the temperature to give us the unique transonic solution. This
is in essence a variation of the solution procedure of Becker and his collaborators.
For two-temperature flow however, we have three unknowns, vin , Θein and Θpin
at rin , and still two constants of motion E and Ṁ . That is, the number of variables
increases by one, while the number of equations, or equivalently the number of
constants, remains the same as we had in the single temperature regime. So for a
$
from the expression
given E and Ṁ , we supply Θ$pin , Θ$ein at rin and compute vin
$
$
$
of E. Considering Θpin , Θein and vin as guess values of temperatures and flow
velocity near the horizon, we integrate Eqs. (17)–(19) outward and check for sonic
point conditions (Eqs. (31), (32)). If the sonic point condition is not satisfied, then
$
and again we integrate
we change the value of Θ$ein , obtain another value of vin
$
the same equations. Similarly we also change Θpin and repeat the same procedure
again, if no transonic solution is obtained. If the sonic point is found out, then the
$
for
transonic solution with those values of Θpin = Θ$pin , Θein = Θ$ein and vin = vin
that particular set of E and Ṁ , is the solution. We have chosen rin = 2.001 rg . One
has to remember however, now the system is under determined, the consequence
of which will be seen in Sec. 4. It may be further noted that, we mentioned Θpin is
supplied to iterate Θein and vin from E, however while presenting results, we prefer
to quote Tpin or Tein instead. This will make it easier for the reader to relate to the
problem.
4. Result
We initially assume Q+
p = 0 to discuss various features of two-temperature solution.
=
(
0
will be discussed later in Sec. 4.5.
The effect of Q+
p
4.1. Investigating degeneracy in two-temperature flows
In Figs. 1(a)–1(c), we present the accretion solutions of two-temperature Bondi
flow for MBH = 10 M! , Ṁ = 0.01 and E = 1.0001. Each panel shows the accretion
Mach number or M = v/a (solid, red) and corresponding wind M (dotted, red) as a
function of r. The crossing points are the location of sonic/critical points. The three
1950037-12
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(a)

(b)

(c)

0

Fig. 1. (Color online) (a) Accretion M (solid, red) and wind M (dotted, red) as a function of r
corresponding to MBH = 10 M" , Ṁ = 0.01 and E = 1.0001. The different solutions are obtained
changing Tpin (values are written on the top of each panel).

solutions plotted in the figure are obtained by changing the proton temperature Tpin
(Tpin = Tp |r→rin ), but for the same E and Ṁ for a given central BH. This implies
that different values of Tpin would yield different solutions, each with a unique sonic
point position and sonic point properties. In Sec. 3.1, we pointed out that the twotemperature regime is under determined, because we need to know three unknowns
at rin but there were only two constants of motion. The degeneracy in solution
is the direct fall out of such a scenario. All transonic two-temperature solutions,
whether in exact GR or in pseudo-Newtonian regime, suffers from this deficiency.
In Sec. 4.2, we will discuss, the physical principle to be followed in order to obtain
a unique two-temperature transonic solution.
4.2. Entropy measure as a tool to remove degeneracy in
two-temperature flows
As has been shown in Figs. 1(a)–1(c), for a given set of constants of motion namely
E and Ṁ , there can be a plethora of transonic solutions, each differentiated by the
Tpin at rin . Now the only way this degeneracy can be removed is by invoking the
second law of thermodynamics. It has also been shown in Sec. 2.2.2, that a general
analytical expression of entropy measure is not possible, however, the entropy of the
accreting matter very close to the BH can be calculated (Eq. (30)). So in Fig. 2(top
left panel) we plot the measure of entropy M˙in at r = rin as a function of Tpin , for
an accretion flow characterized by constants of motion Ṁ = 0.1 and E = 1.001 on
to a BH of MBH = 10 M! . We have marked points “a” to “e” on the M˙in versus
Tpin curve, and then have plotted the corresponding solutions (M versus r) in the
adjacent panels also named as “a”–“e”. It is easy to note that the solutions are
completely different since, the sonic points of the solutions vary by a few ×100 rg
for this particular E and Ṁ . In particular, solution marked “a” and that marked
“e” both have the same M˙in and E, but the sonic point of “a” is at rc = 75.008 and
1950037-13
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(a)

(b)

(e)

(d)

(c)

Fig. 2. Top left panel: Variation of M˙in as a function of Tpin for accretion flow of Ṁ = 0.1
and E = 1.001 onto a 10 M" BH. Panels “a” to “e” presents M of the accretion (solid) with r
corresponding to each of the points “a”–“e” on the M˙in –Tpin curve. The stars show the location of
sonic points. At Tpin = 5.0 × 1011 K (marked “c”) entropy maximizes, so panel “c” is the correct
solution for the given E and Ṁ .

that of “e” is at rc = 451.297, respectively. Different proportions of Te and Tp might
give rise to the same M˙in and E! This also implies a wrong choice of solution would
lead us to wrong conclusions about the physical processes around BHs. However,
only one of them is correct. It must be noted that, of all the solutions, the entropy
distribution has single well behaved maxima at Tpin = 5 × 1011 K, and therefore,
by the second law of thermodynamics, the accretion solution corresponding to this
entropy at point “c” on the curve is the correct one.
4.3. Properties of unique two-temperature transonic solution
4.3.1. Critical point properties
For adiabatic flow, sonic points can be found directly from a given value of E, but
in our case the sonic point can be obtained only after obtaining the solution. Since
1950037-14
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(a)

(c1)

(b)

(d)

(c2)

Fig. 3. (Color online) Variation of sonic points and its properties with the accretion rate (Ṁ )
of the BH. Here, we have assumed MBH = 10 M" . We have taken Ṁ = 0.01 (yellow-solid), 0.10
(red-dotted), 0.50 (magenta-dashed), 1.00 (green-long-dashed) and 5.00 (blue-dot-dashed).

the system is under determined, unique rc can only be obtained by invoking the
second law of thermodynamics. Taking all these factors into consideration, we plot
E as a function of rc (Fig. 3(a)); while vc (Fig. 3(b)); Γpc , Γec (Fig. 3(c)) and M˙in
(Fig. 3(d)) as functions of E. Each curves are for accretion rate Ṁ = 0.01 (yellowsolid), 0.10 (red-dotted), 0.50 (magenta-dashed), 1.00 (green-long-dashed) and 5.00
(blue-dot-dashed). Here a BH of 10 M! has been considered. For low accretion rates
(Ṁ ≤ 0.1), the range of sonic points are 3 < rc → ∞, however, for higher accretion
rates, the sonic point range decreases significantly. In presence of significant cooling
(i.e. higher Ṁ ), hot flows from large distance can be accreted, which otherwise could
not be accreted. As a result vc and the entropy both are higher for flows with higher
Ṁ . From all the plots it is clear that, for spherical accretion, there can be only one
sonic point.
4.3.2. Flow variables and emissivity
In Figs. 4(a)–4(f), we present various flow variables of the correct Bondi accretion on
to a BH MBH = 10 M! . The constants of motions are E = 1.00001 and Ṁ = 0.01.
1950037-15
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 4. Variation of (a) M ; (b) E; (c) Tp and Te ; (d) Γe and Γp ; (e) v; and (f) total (Q−
e ),
bremsstrahlung (Qbr ), synchrotron (Qsyn ), inverse-Compton (Qic ), and inverse-bremsstrahlung
(Qib ) emissivities as a function of r. The Coulomb coupling Qep is over plotted. The star on the
M distribution represent the location of the sonic point rc . The accretion disc parameters are
E = 1.00001, MBH = 10 M" and Ṁ = 0.01. The Qs presented, are in physical units (ergs cm−3
s−1 ).

The flow variables plotted are M , E, Tp and Te , Γe and Γp and v on the panels
Figs. 4(a)–4(e), respectively. The star mark indicates the location of sonic point.
Figure 4(b) shows that the generalized Bernoulli parameter E is indeed a constant
of motion. It is also to be noted that, Te ≈ Tp (solid, Fig. 4(c)) at large r and
Te < Tp at 2 < r < 1000. Moreover, the electron fluid while traveling a distance of
about 104 rg on the way to the BH, spans a temperature range of more than two
orders of magnitude which means 1.6 > Γe ∼ 4/3 and do not have any constant
value. In addition, 1.6 < Γp ∼ 5/3 and the temperature of the proton fluid spans
more than three orders of magnitude. But the distribution of Γe and Γp would
also change for a different set of constants of motion (E, Ṁ ). In other words,
considering CR EoS is important. In Fig. 4(f), we plot the total electron emissivity
or Q−
e , bremsstrahlung (Qbr ), synchrotron (Qsyn ), inverse-Compton (Qic ), inversebremsstrahlung (Qib ) and Coulomb coupling term (Qep ) as a function of distance.
1950037-16

January 9, 2019 16:12 WSPC/S0218-2718

142-IJMPD

1950037

Int. J. Mod. Phys. D 2019.28. Downloaded from www.worldscientific.com
by WSPC on 01/24/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Two-temperature accretion solutions around black holes

All the Qs used are in physical units (ergs cm−3 s−1 ), and for simplicity Q̄ are not
used. Qbr dominates the radiative process for this particular set of E and Ṁ , except
near the horizon where the Qsyn >
∼ Qbr . Qic is quite weak for low accretion rate. Qib
may have larger contribution than Qsyn or Qic at larger distance, but Qib + Q−
e .
−
Since Qep is also comparable to Qe except near the horizon, Tp and Te is comparable
in a large range of r. Close to the horizon, Qep + Q−
e as a result Tp , Te . On
careful inspection it is clear that at r > 2000 rg , Qep < 0 and therefore Te > Tp .
So one can say, attainment of single temperature distribution or, two-temperature
distribution depends on the relative strength of Coulomb interaction and various
radiative processes.
4.3.3. Dependence of accretion flow on E and Ṁ
In Figs. 5(a1 )–5(c3 ) we show how the global transonic two-temperature solutions
depend on constant of motion E (increases left to right) for a given Ṁ on to a

(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

(a3)

(b3)

(c3)

Fig. 5. Variation of v (a1 , b1 , c1 ); electron number density ne (a2 , b2 , c2 ) and Tp and Te
in panels (a3 , b3 , c3 ), as a function of r. The generalized Bernoulli parameter changes from the
left panels E = 1.0001 (a1 , a2 , a3 ), to the middle panels E = 1.001 (b1 , b2 , b3 ) and then to the
right panels E = 1.01 (c1 , c2 , c3 ). Other parameters selected are MBH = 10 M" and Ṁ = 0.01.
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stellar mass BH. We have plotted v (a1 , b1 , c1 ); electron number density ne (a2 ,
b2 , c2 ) and Tp and Te in panels (a3 , b3 , c3 ), as a function of r. The star on the
velocity curve shows the location of sonic point. For higher E, rc is formed closer
to the horizon. Increasing E, raises the temperature at the outer boundary and
reduces v, thus the electron number density at the outer boundary is also higher for
higher E.
Increasing Ṁ has similar effect on the accretion solutions. We plot the velocity
distribution (Figs. 6(a1 ), 6(b1 ) and 6(c1 )), ne (Figs. 6(a2 ), 6(b2 ) and 6(c2 )), Te

(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

(a3)

(b3)

(c3)

(a4)

(b4)

(c4)

Fig. 6. Variation of v (a1 , b1 , c1 ); electron number density ne (a2 , b2 , c2 ), Tp and Te in panels
(a3 , b3 , c3 ) and various radiative emissivities and Qep (a4 , b4 , c4 )in panels as a function of r. The
accretion rate changes from the left panels Ṁ = 0.01 (a1 , a2 , a3 , a4 ), to the middle panels Ṁ = 0.2
(b1 , b2 , b3 , b4 ) and then to the right panels Ṁ = 0.5 (c1 , c2 , c3 , c4 ). Other parameters selected
are MBH = 10 M" and E = 1.0001. All Qs are presented in physical units (ergs cm−3 s−1 ).
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and Tp (Figs. 6(a3 ), 6(b3 ) and 6(c3 )) and different radiative emissivities and Qep
(Figs. 6(a4 ), 6(b4 ) and 6(c4 )) as a function of r. Once again Qs presented in this
figure are in physical units and we do not put ‘bar’ in order, not to make the figure
clumsy. Keeping E = 1.0001 const. we change Ṁ = 0.01 (a1 –a4 ), to Ṁ = 0.2
(b1 –b4 ) and then to Ṁ = 0.5 (c1 –c4 ). Emission increases with the increase in Ṁ ,
and therefore can accrete hotter flow at large distances. As a result the sonic points
form closer to the horizon, even for same E. The sonic point in the figure can
also be seen to move closer to the horizon (the star mark in the velocity distribution). For low Ṁ , Qbr dominates (see also Fig. 4(f)). Interestingly, for a distance
range of 20 < r < 1000, Qep ≈ Q−
e (long dashed-dot). Since Coulomb interaction is comparable to the bremsstrahlung emission, Te ≈ Tp in the same range.
As the accretion rate increases, inverse-Compton cooling becomes more efficient
and dominates in the overall emissivity (Fig. 6(b4 )). The Qep term becomes less
effective, as a result the difference between Te and Tp increases. For even higher Ṁ
(Fig. 6(c4 )), inverse-Compton dominates the cooling and Coulomb term becomes
even weaker and therefore Te and Tp becomes significantly different from each
other. In fact, Coulomb coupling is effective when emission process is not very
strong.
4.3.4. Effect of the mass of the central BH
Since the mass supplied is described in the units of Eddington rate, so the net
amount of mass flux increases with the central mass of the BH. The number density
3
.
is proportional to the inverse of MBH , but the volume would increase as MBH
−2
Therefore, emissivity is proportional to MBH . As a result net radiative cooling
increases with MBH . This allows hotter matter to flow onto a more massive BH,
which pushes the sonic point closer to horizon even for matter starting with same E
and Ṁ (in units of Eddington rate). We plot ne (Figs. 7(a1 ), 7(b1 ) and 7(c1 )) and
Q−
e , Qbr , Qsyn , Qic , Qib , Qep (Figs. 7(a2 ), 7(b2 ) and 7(c2 )) as a function of r, but
for different MBH = 10 M! (Figs. 7(a1 ) and 7(a2 )), MBH = 103 M! (Figs. 7(b1 )
and 7(b2 )) and MBH = 106 M! (Figs. 7(c1 ) and 7(c2 )). The Qs are presented in
physical units. The sonic point for MBH = 10 M! is at rc = 61.535, for MBH =
103 M! the rc = 39.966 and finally for MBH = 106 M! the sonic point is at rc =
19.786. So it is clear that radial accretion onto larger BH, is hotter and will be more
luminous than the smaller ones. For low accretion rates where the number density
is lower, Qic is generally lower than Qbr or Qsyn . But for higher Ṁ accretion, Qic
starts to dominate in the inner region. And since accreting larger BHs are more
luminous, the total emissivity is dominated by Qic . These plots also shows that,
for lower mass BH and higher Ṁ , Qsyn is similar to Qbr , however, for higher MBH ,
Qbr is much stronger than Qsyn . Whatever may be the mass of the central BH
or accretion rate, Qib is significantly lower than the net emissivity. The Coulomb
coupling term Qep is negligible for high Ṁ and decreases even more for flow around
massive BHs.
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(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

Fig. 7. Variation of ne (a1 , b1 , c1 ); emissivities and Coulomb coupling (a2 , b2 , c2 ) as function of r.
Left column panels (a1 and a2 ) are for MBH = 10 M" , the middle column are for MBH = 103 M"
(b1 , b2 ) and for right column MBH = 106 M" (c1 , c2 ). Other parameters selected are E = 1.0001
and Ṁ = 0.5. The Qs are in physical units (ergs cm−3 s−1 ).

4.4. Luminosity and efficiency of the systems
Shapiro7 computed luminosity from Bondi flow via only the bremsstrahlung process,
and concluded that radial flow is not efficient enough. However, that accretion
model was not strictly two-temperature. Moreover, all classes of solutions were not
investigated. From Figs. 4–6 of this paper, it is quite clear that the different cooling

(a)

(b)

Fig. 8. (Color online) (a) Luminosity L, and (b) efficiency ! as a function of Ṁ . Each curve
corresponds to MBH = 108 M" (solid, red) and MBH = 10 M" (dotted, blue). Other parameter
is E = 1.001.
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processes start to dominate at different Ṁ . For lower Ṁ inverse-Compton is not a
very dominant process, while for higher accretion rate, inverse-Compton becomes
important. Therefore, it can be safely assumed that both luminosity and efficiency
of the accretion flow would also depend on the accretion rates.
In Fig. 8(a), we plot the variation in luminosity (L) in units of ergs s−1 , with Ṁ
for accretion flow on to MBH = 10 M! (dotted, blue), and MBH = 108 M! (solid,
red). Other parameter of the flow is E = 1.001. The efficiency of a BH system can
be written as - = L/(Ṁ c2 ). In Fig. 8(b), the corresponding - is plotted as a function
of Ṁ . For low Ṁ ! 0.2, the efficiency of conversion of accretion energy to radiation
is really low - ! 0.01 for both kind of BHs. However, for Ṁ > 0.5 the efficiency

(a1)

(b1)

(a2)

(b2)

(a3)

(b3)

Fig. 9. Three-velocity v (a1 , b1 ), temperatures (a2 , b2 ) and emissivities, heating and Coulomb
coupling (a3 , b3 ) as a function of r. The solutions are for Ṁ = 0.01 (a1 –a3 ) and Ṁ = 0.5 (b1 –b3 )
Other parameters are for E = 1.001 and MBH = 10 M" .
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" 0.1 for accretion on to 108 M! BH and comfortably produces L " 1044 ergs s−1 .
At super Eddington accretion rates super massive BH produces luminosities above
1045 erg s−1 with efficiency - ∼ 0.2. Accretion flow on to stellar mass BH can emit
at L ∼ 1038 erg s−1 for Ṁ " 0.8. However, the efficiency of accretion flow around
stellar mass BH is generally lower than the one around super-massive BH, however,
for Ṁ > 0.8 the efficiency - > 0.1. So not only the accretion flow onto massive BHs
are brighter, even its radiative efficiency is more.
4.5. Effect of dissipative proton heating
So far in this paper, we considered no explicit heating. We now consider dissipative
magnetic heating in the footsteps of Ipser and Price.47 It mainly affects the protons,
however, through Coulomb coupling the dissipated energy is also transmitted to
the electrons. In Figs. 9(a1 )–9(a3 ), we plot v (panel a1 ), temperatures (panel a2 )
and various emissivities, heating rate and the Coulomb coupling term (panel a3 ).
Comparing with Figs. 5(b1 )–5(b3 ), which was for the same accretion parameters
but without heating, the effect of heating is clearly seen. The sonic point in the
present case is pushed back, i.e. BH is accreting matter with lower temperatures
at the outer boundary. Since the Ṁ is low, so the heating term Q+
p dominates.
In Figs. 9(b1 )–9(b3 ) the same variables are plotted but now for higher Ṁ = 0.5.
+
In this case the Q−
e dominates over Qp . The Coulomb coupling on either case is
negligible. Heating processes quantitatively affects the solutions, if the dissipative
heat only directly affects the protons. This is because, in general Coulomb coupling
is not very effective in energy exchange between electrons and protons and was also
suggested by Manmoto et al.39
5. Discussions and Conclusions
A correct two-temperature solution is very important, because a proper electron
temperature distribution for a given boundary condition, produces the correct spectrum and luminosity. Moreover, analytical solutions obtained in this paper is also
important since, these solutions may act as tests, as well as, may be used as initial
conditions for simulation codes.
Although there are few papers in the single temperature regime, which used
constants of motion to obtain the solutions, but as far as we know, probably there
are none in the two-temperature domain which even addresses the issue of constants of motion while obtaining the solutions. It may be remembered that, a fluid
solution is not just characterized by its energy but also its entropy, and according
to the second law of thermodynamics, any physical solution should correspond to
the one with highest entropy. It was Bondi2 who used this principle in order to
stress that a transonic solution is the correct accretion solution under the influence
of gravity. Later Becker and his collaborators26–29 used the information of energy as
well as the entropy to obtain transonic accretion solutions around a BH in presence
1950037-22
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of dissipation. Since the set of equations in single temperature flow is complete, so
finding a transonic solution suffices the criteria for second law of thermodynamics.
However, as has been discussed extensively in the paper, the set of governing equations are less than the number of variables, second law of thermodynamics becomes
essential even to find a proper solution. The novelty of this work is to identify this
problem and laying down the procedure to overcome it, by actually following the
footsteps of Bondi and Becker.
In this paper, we obtained the expression for the generalized Bernoulli parameter (E) for two temperature flow, by integrating the energy–momentum balance
equation and showed that it is indeed a constant of motion. Moreover, integrating
the continuity equation we obtained the expression for accretion rate (Ṁ ) which
is the other constant of motion. In addition, we explicitly showed that degenerate transonic solutions exist for a given set of constants of motion. To remove the
degeneracy we took the help of the second law of thermodynamics near the horizon, according to which the transonic solution which has maximum entropy should
be the solution. The next hurdle was, that there was no analytical expression of
entropy measure for two-temperature flow. We used the BH inner boundary condition (gravity overwhelms all other interactions), in order to obtain the analytical
expression of entropy measure (M˙in ) for a gas in two-temperature regime valid only
near the horizon and that too, by using relativistic EoS.
To focus on the problem of degenerate two-temperature solutions and its possible remedy, we considered a simple accretion model of radial flow onto a BH. More
complicated accretion model would have obscured the crux of the problem. Simple
as it may be, but spherical accretion is preferred mode of accretion onto isolated
BHs immersed in interstellar matter and has been shown by many authors.48,49
Moreover, the inner region of a BH accretion disc is also quasi spherical and many
researchers have considered radial inflow to mimic inner accretion disc.45,46 Since
radial flow has no angular momentum (quasi spherical flow may have minuscule
amount), viscous transport should be negligible for accretion onto isolated BH or
in the inner region of an accretion disc. Moreover, authors who have obtained transonic two-temperature solution before,39 are of the view that Coulomb coupling
is not an efficient energy transfer process. Therefore any viscous heating will anyway not find its way into heating up the electrons. Looking into all these factors,
we ignored viscous dissipation and concentrated two-temperature accretion flow by
only considering cooling mechanisms in this paper. However, at the end we did
consider dissipative proton heating.47 Heating has quantitative effect on the accretion solutions and confirmed that Coulomb coupling is weak as was mentioned by
Manmoto et al.39
Using the methodology explained above, we obtained all possible solutions for
any given set of E and Ṁ . For higher E and higher Ṁ , sonic points were formed
closer to the horizon, while for lower values of both the constants of motion, sonic
points occurred at larger distances. We showed that for correct solutions the adiabatic index of electron and proton fluid varies from nonrelativistic to relativistic
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values. We also showed that, different cooling processes become important for different values of Ṁ . Therefore radiative efficiency depends on Ṁ . For Ṁ < 0.1, whether
it is a super massive BH or a stellar one, the accretion flow is inefficient. However
for super-massive BH, the accretion flow becomes radiatively efficient i.e. more than
10% for Ṁ " 0.6. For stellar mass BH, the accretion becomes radiatively efficient
when the accretion rate is close to Eddington rate. It is observed that whenever
local inverse-Compton processes dominate, the accretion flow becomes luminous.
Therefore, it is not necessary that radial accretion is radiatively inefficient.
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ABSTRACT
Aims. We investigate a two-temperature advective transonic accretion disc around a black hole and analyse its spectrum in the presence

of radiative processes such as bremsstrahlung, synchrotron, and inverse-Comptonisation. The aim is to link the emergent spectra with
constants of motion of the accretion disc fluid, however, the number of unknowns in two-temperature theory exceeds the number
of equations for a given set of constants of motion. We intend to remove the degeneracy using a general methodology and obtain a
unique solution, along with its spectrum.
Methods. We used hydrodynamic equations (continuity, momentum, and energy conservation equation) to obtain sonic points and
solutions. To solve these equations of motion we used the 4th order Runge-Kutta method. For the spectral analysis, general and special
relativistic e↵ects were taken into consideration. The system is, nonetheless, degenerate and we remove the degeneracy by choosing
the solution with maximum entropy, as dictated by the second law of thermodynamics.
Results. We obtained a unique transonic solution for a given set of constants of motion. The entropy expression is a tool used to make
a selection between the degenerate solutions. We found that Coulomb coupling is a weak energy exchange term, which allows protons
and electrons to settle down into two di↵erent temperatures, justifying, hence, our study of two-temperature flows. The information of
the electron flow allows us to model the spectra. We show that the spectra of accretion solutions depend on the associated constants of
motion. At low accretion rates, bremsstrahlung is important. A fraction of the bremsstrahlung photons may be of higher energy than
the neighbouring electrons, energising them through the process of Compton scattering. Synchrotron emission, on the other hand,
provides soft photons, which can be inverse-Comptonised to produce a hard power law part in the spectrum. Luminosity increases
with the increase in the accretion rate of the system, as well as with the increase in BH mass. However, the radiative efficiency of
the flow has almost no dependence on the BH mass, but it sharply rises with the increase in the accretion rate. The spectral index,
however, hardens with the increase in the accretion rate, while it does not change much with the variation in BH mass. In addition
to the constants of motion, the value of the plasma beta parameter and magnitude of magnetic dissipation in the system also helps in
shaping the spectrum. A shocked solution exists in two-temperature accretion flows in a limited region of the parameter space. We
find that a shocked solution is always brighter than a solution without a shock.
Conclusions. An accreting system in two-temperature regime admits multiple solutions for the same set of constants of motion,
producing widely di↵erent spectra. Comparing the observed spectrum with that derived from a randomly chosen accretion solution
would give us a wrong estimation of the accretion parameters of the system. The form of entropy measurement we obtained helped us
to remove the degeneracy of the solutions and allowed us to understand the physics of the system, shorn of arbitrary assumptions. In
this work, we show how the spectra and luminosities of an accreting system depend on the constants of motion, producing solutions
ranging from radiatively inefficient flows to luminous flows. An increase in BH mass quantitatively changes the system, making
the system more luminous, while the spectral bandwidth also increases. A higher BH mass system spans the range from radio to
gamma-rays. However, increasing the accretion rate around a BH of certain mass has little influence on the frequency range of the
spectra.
Key words. hydrodynamics – accretion, accretion disks – black hole physics – shock waves – radiation mechanisms: general

1. Introduction
Accretion is the primary mechanism that may explain the observation of radiation coming from microquasars and active galactic
nuclei (AGN). Stellar mass black holes (BH) and neutron stars
are thought to reside in microquasars, whereas super-massive
BHs reside in AGNs. The energy released due to the accretion
of matter onto relativistic compact objects, such as neutron stars
and BHs, is a fraction of the rest mass energy of the matter

falling onto it. The study of the accretion process was initiated by Hoyle & Lyttleton (1939), where they studied accretion
of matter onto a Newtonian star passing through the interstellar medium (ISM). In Bondi (1952) gave the first full analytical
solution for spherical flows (also known as Bondi flows) around
a static star. This theory is also relevant to the case of stellar
winds. He showed that accretion and wind are characterised by a
unique transonic solution having maximum entropy. But it took
ten years, up until the discovery of quasars and X-ray sources

Article published by EDP Sciences

A209, page 1 of 21

A&A 642, A209 (2020)

in the 1960s, that accretion phenomena gained in popularity.
Salpeter (1964) and Zel’dovich (1964) extensively investigated
accretion as a probable mechanism for driving and powering
these luminous objects. It was concluded that the Bondi accretion model produced luminosities which are too low to explain
the observations. As matter is radially falling and exhibiting
short infall timescales compared to their cooling timescales, it
leads to the low radiative efficiency of such flows. This finding
led to the development of the famous Shakura & Sunyaev (1973)
disc model (SSD) or the Keplerian disc model (Pringle & Rees
1972; Shakura & Sunyaev 1973; Novikov et al. 1973). In this
model, it is assumed that matter is rotating in Keplerian orbits
having negligible radial velocity an pressure gradient terms. The
shear between di↵erentially rotating matter gives rise to viscous stresses, which help in removing angular momentum outwards, allowing matter to spiral inwards and finally fall onto the
central object. The time taken for inspiral allows for the matter to produce emission for a longer duration, unlike spherical flows. Since at every radius the angular momentum of the
disc is Keplerian, the disc must therefore be geometrically thin.
In other words, this implies that the heat generated due to viscous dissipation needs to be efficiently radiated away such that
the angular momentum distribution remains close to the Keplerian one (hence the name “cool discs”, King 2012). In SSDs,
matter and radiation are in thermal equilibrium, where each
annulus of the disc emits a blackbody spectrum (or, depending on opacity, a modified version of it) that peaks at the temperature of the annulus of the disc. The composite spectrum
is hence the sum of these blackbodies and is called the modified multicoloured blackbody spectrum. Although this model
could successfully regenerate the thermal part of the spectrum
from sources associated with BHs, it was unable to explain the
non-thermal part. In addition, the assumption of Keplerian angular velocity at each annulus implied that the disc is arbitrarily terminated at the inner stable circular orbit (ISCO). Soon
after, it was also concluded that these discs were thermally
and secularly unstable (Pringle et al. 1973; Lightman & Eardley
1974; Artemova et al. 1996). In Thorne & Price (1975) argued
that the instability present at the inner region of an SSD could
expand into an optically thin gas-pressure dominated region.
Shapiro et al. (1976, hereafter SLE76) considered this geometrically thick and optically thin, pu↵ed-up region to be composed
of protons and electrons described by two di↵erent temperature
distributions. Using this model, they successfully reproduced the
hard component part of Cygnus X-1 spectrum from 8–500 keV.
Unfortunately, the SLE model was also found to be thermally
unstable (Piran 1978). If the disc is heated, it expands, reducing its number density and thereby its cooling rate. This makes
the system even hotter, leading to a runaway thermal instability.
Although the system proved to be unstable, this study has served
as one of the cornerstones in two-temperature accretion theory.
The models discussed above have su↵ered from simplifying assumptions, for example, the cooling rate at each radius
of the disc was equated with the heating rate and the advection term was not properly dealt with. In general, the heating
and cooling rates do not need to be equal and some part of the
heat could be advected inwards, along with the bulk motion of
the system. Abramowicz et al. (1988) extensively investigated
advection, in their “slim” optically thick accretion disc model,
and found that the solutions obtained were thermally and viscously stable. The importance of advection was further demonstrated, using self similar solutions in the works of Narayan & Yi
(1994), Abramowicz et al. (1995). Today, these discs are broadly
classified as advection-dominated accretion flows (ADAFs) and
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Ichimaru (1977) was the first to propose it (for review also see
Bisnovatyi-Kogan & Lovelace 1997, 2001).
A general conclusion can be drawn from the above models
that an accretion flow does not need to be Keplerian throughout
but it could also be sub-Keplerian or a combination of both. In
addition, the flow must be transonic. Matter that is very far away
from the horizon is subsonic, whereas the BH boundary condition insists that matter should cross the horizon at the speed
of light. Thus, accreting matter has to pass through at least one
sonic point, or in other words, the BH accretion solution is necessarily transonic. Bondi (1952) in his seminal paper already
highlighted the importance of transonicity for spherical accretion flows. Liang & Thompson (1980; hereafter LT80) argued
that similarly to spherical flows, which are characterised by a
single sonic point, rotating flows around BHs are characterised
by multiple sonic points. Fukue (1987) extended their work and
presented in detail the nature of sonic points in transonic rotating
accretion flows. He concluded that even though a BH does not
possess any hard surface, it can undergo a shock transition in the
presence of multiple sonic points (also see Chakrabarti 1989).
All the works mentioned above (except SLE76) assume onetemperature accretion flows. One-temperature flows are based on
the fact that the timescale of the energy exchange process (like
Coulomb coupling) between the ions and electrons is shorter or
comparable to the dynamical time scale of the system, allowing
the system to e↵ectively settle down into a single temperature
distribution (Le & Becker 2005; Chattopadhyay & Chakrabarti
2011; Kumar & Chattopadhyay 2014). Yet, in many astrophysical cases, infall timescales are generally much shorter
than Coulomb collision timescales, that is, Coulomb coupling
between the protons and electrons are not strong, allowing the
two species to equilibrate to two di↵erent temperature distributions (Rees et al. 1982; Narayan & Yi 1995). Therefore, in addition to the advective transonic nature of an accretion flow around
a BH, the gas is likely to be in the two-temperature regime. Also,
the electrons are more prone to radiative cooling, compared to
ions. This makes the electron temperature deviate largely from
the protons especially in the inner regions of the accretion disc.
After the seminal paper of SLE76, a two-temperature
assumption was largely used to model accretion flows as it could
successfully reproduce the observed spectrum, electrons being
the main radiators. Colpi et al. (1984) included advection and
solved the energy equation (or, first law of thermodynamics) for
spherical accretion flows (i.e. with no angular momentum), and
assumed a free-fall velocity field with radial dependence taking
the form: v / r 1/2 . The transonic nature of the flow was not
taken into account, but emission processes relative to protons
and electrons were discussed briefly. Narayan & Yi (1995; hereafter NY95) incorporated angular momentum and extensively
discussed the nature of two-temperature, optically thin accretion discs. The equations of motion were solved under the selfsimilar assumption. It is to be noted that self-similarity in accretion solution around BH is plausible only at a large distance from
the horizon and not near it. Additionally, a self-similar solution
is not transonic. NY95 neglected the electron advection term and
assumed the heating and cooling rates of electrons to be equal.
There have been other notable works done in a two-temperature
regime, where the issue of transonicity was bypassed, but the
radiative transfer part was properly treated nonetheless. One
such work is by Chakrabarti & Titarchuk (1995), where the
spectrum was computed assuming two-components in the accretion flow: a Keplerian and another sub-Keplerian. An exact
Comptonisation model was incorporated, following a discussion
of the variation in the spectrum with the change in mass of BH
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and accretion rate. Mandal & Chakrabarti (2005) went a step further and included a non-thermal distribution of electrons along
with the general thermal distribution inside the accretion flow.
Similar to Colpi et al. (1984), in this paper the velocity field was
assumed to be in free-fall, but the shocked solution and its signature in the observed spectrum were qualitatively studied.
Nakamura et al. (1996) obtained the first global transonic,
two-temperature accretion solutions in which the advection terms
were considered without any simplifying assumptions. However,
at the outer boundary, the authors assumed the ion temperature to
be a fraction of the virial temperature and Coulomb coupling was
equated with bremsstrahlung. Manmoto et al. (1997) extended
the work of Nakamura et al. (1996) to calculate the spectrum. In
addition, they slightly modified the outer boundary conditions,
where the total gas temperature (and not the ion temperature)
was assumed to be a fraction of the virial temperature and
equated Coulomb coupling with the total cooling of electrons
(bremsstrahlung, synchrotron, and inverse-Comptonisation).
Recently, a more general transonic advective two-temperature
accretion solution was obtained by Rajesh & Mukhopadhyay
(2010), where the viscous stress was assumed to be proportional
to the sum of ram pressure and gas pressure (see Chakrabarti
1996, for details on this particular viscosity prescription). In
this work, a limited class of solutions were studied. This work
was extended and a global class of transonic two-temperature
solutions, including accretion-shock, were investigated by
Dihingia et al. (2017). The most striking feature of the transonic
two-temperature studies mentioned above is that the solutions
depend on the choice of inner or outer boundary conditions,
however, based on single-temperature hydrodynamics, we know
that transonic solutions are unique for a given set of constants of
motion. We highlight this issue in greater detail below.
Hydrodynamic equations, even in the single temperature
regime, admit an infinite number of solutions, but a transonic
solution is physically favoured because it has the highest entropy
among all possible global solutions (Bondi 1952). In addition,
the location of the sonic point corresponds to a unique boundary condition. The number of hydrodynamic equations for flows
in one-temperature and two-temperature regimes are exactly the
same, but there is one more variable in case of two-temperature
flows (i.e. the existence of di↵erent ion and electron temperature
distributions). Obtaining a self-consistent two-temperature flow
would require solving basic hydrodynamic equations, but since
there is one more flow variable in the two-temperature regime,
the system is degenerate. We obtain a large number of transonic
solutions for the same set of constants of motion, of the flow.
A hint of the problem of degeneracy was reported briefly in
LT80, but it was skirted by parameterising the temperatures of
protons and electrons to some constant value, arguing that the
coupling between these species is unknown. As mentioned earlier in this paper, several authors also assumed an arbitrary proton or electron temperature at the boundary where they started
integrating to find possible solutions. A global treatment of twotemperature problem would require all the equations to be solved
self-consistently without taking recourse to any set of arbitrary
assumptions on temperature values at any boundary. This problem of degeneracy was identified and a prescription for obtaining a unique transonic two-temperature solution was reported
in Sarkar & Chattopadhyay (2019, hereafter SC19). However it
was applied to flows having zero angular momentum. Spherical flows have single sonic points, which simplifies our problem,
allowing us to focus only on the issue of degeneracy in a twotemperature regime. In SC19, we reported that for a given set of
constants of motion, infinite transonic solutions exist, each hav-

ing a sonic point property di↵erent from the rest. The question
that arises is which solution should be chosen since nature generally disfavours degeneracy.
In a one-temperature regime, the transonic solution is unique
(Le & Becker 2005; Becker et al. 2008) but for reasons cited
above, a two-temperature solution is degenerate for the same
set of constants of motion. Following Bondi (1952), we can
look for the highest entropy solution to remove the degeneracy. However, the two-temperature energy equation within
the adiabatic limit is not integrable (unlike in one-temperature
regime, Kumar et al. 2013; Kumar & Chattopadhyay 2013,
2014; Chattopadhyay & Kumar 2016). This prevented us from
obtaining an analytical expression for measuring entropy in the
two-temperature regime. The integration of the energy equation
is spoiled by the presence of the Coulomb coupling term. However keeping in mind the fact that near the horizon, gravity overpowers any other interaction or processes, we can neglect the
Coulomb coupling term. Thus, as we reported in SC19 for the
first time, we can use a form of entropy measurement which
would only be applied near the horizon. Using the formula, we
measured the entropies at the horizon for the transonic spherical
two-temperature solutions obtained for a given set of constants
of motion. We saw that the entropy was maximum for a particular solution. Based on the second law of thermodynamics, we
selected the solution with maximum entropy as the solution that
nature would prefer. This solved the problem of degeneracy in
a two-temperature model. It may, however be noted that spherical flows were simple to handle thanks to the presence of single
sonic points.
It may be noted that much like the flow speed, the thermal
state of the flow around a BH is also trans-relativistic in nature.
This means that very far away from the horizon, matter is thermally non-relativistic and as it approaches the BH, it could be
sub-relativistic or relativistic. Matter is referred as thermally relativistic when its thermal energy is comparable to or greater than
its rest mass energy, kT/mc2 & 1 (where k = Boltzmann constant, T = temperature, m = mass of the species), and its adiabatic index, ( ) ⇠ 4/3; it is non-relativistic if its thermal energy
is less than the rest mass energy (kT/mc2 < 1) and ⇠ 5/3.
So, not only the temperature but also the mass of the constituent
particles determine the relativistic nature of the flow. So, in twotemperature flows, where we consider two species with masses
di↵ering by &1000 times, an equation of state (EoS), with a
fixed adiabatic index, is untenable. Chattopadhyay (2008) and
Chattopadhyay & Ryu (2009), proposed an approximate EoS for
multispecies flow (CR EoS, hereafter) that is analytical and computationally easy to handle. Although it is an approximation, it
matches perfectly well (Vyas et al. 2015) with the relativistically
perfect EoS obtained by Chandrasekhar (1939). In a later work,
the authors extended the use of CR EoS for dissipative, relativistic accretion disc as well (Chattopadhyay & Kumar 2016). To
incorporate the trans-relativistic nature of protons and electrons,
it is necessary to utilise a variable adiabatic index EoS.
In this paper, we would like to extend our previous
Sarkar & Chattopadhyay (2019) model to rotating flows and,
thereby, to remove the degeneracy of accretion solutions around
BHs. Needless to say, choosing any one of the degenerate solutions would give us an incorrect picture of the accretion parameters of the BH. To handle the trans-relativistic nature of these
flows, we use the CR EoS, which freed us from having to specify the adiabatic indices of each species. Hydrostatic equilibrium along the disc thickness is maintained at each radius of
the disc. The radiative processes with proper special and general
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relativistic corrections have been incorporated to compute the
spectrum.
In this paper, we aim to analyse how the correct unique accretion solution depends on the constants of motion of the flow,
along with the mass of the BH, and to discuss how these properties play an active role in shaping the spectrum. Further, we
intend to study the relative contribution of various radiative processes on the emitted spectrum and also investigate which part
of the disc is likely to contribute the most in the emitted spectrum. In addition, we want to check whether an accretion shock
imparts any special spectral signature. Apart from this, we would
like to study the dependence of radiative efficiency and the spectral index with the variation in the accretion rate of the BH and
its mass, in the presence of di↵erent radiative processes.
This paper is divided into the following sections. In Sect. 2,
we give a brief overview of the basic equations and assumptions
used to model the flow. In Sect. 3, we discuss the solution procedure for finding a unique transonic two-temperature solution.
We present the results in Sect. 4 and our conclusions in Sect. 5.

are the components of four-velocity. The mass accretion rate is
obtained by integrating the conservation of four mass-flux:

2. Two-temperature advective disc model:
assumptions and governing equations

where, v and
are the Lorentz factors in the radial
and azimuthal directions,
as v =
q respectively and defined
p
p
2
1/(1 v2 ) and
= 1/(1 v ), where v =
u u /ut ut
and v is the velocity in the localpco-rotating frame. It can be
shown that v2 = 2 v2r̂ , where vr̂ =
ur ur /ut ut . The total Lorentz
factor, therefore is, = v .
The first law of thermodynamics, or the energy balance equation, is uµ T ;⌫µ⌫ = Q and can be written as:
"
!
#
e+ p
ur
⇢,r e,r = Q.
(5)
⇢

In this paper, our main intention is to obtain all possible accretion solutions onto a BH and compute the typical spectrum corresponding to each mode of accretion. The solution involving a
rotating accretion flow is much more complicated than spherical
accretion due to the presence of multiple sonic points. Therefore,
the spectra are di↵erent for di↵erent kinds of solutions. Furthermore, two-temperature flows are degenerate, which makes the
method for obtaining a unique solution very important. In the
next sub-sections, we discuss the equations we used to model
the two-temperature accretion flow. We also give an overview of
the radiative processes we incorporated and the methodology we
used to implement these processes in curved space-time.
2.1. Equations of motion (EoM)

The space-time metric around a non-rotating BH is described
using a Schwarzschild metric:
ds2 = gtt c2 dt2 + grr dr2 + g✓✓ d✓2 + g d 2 ,

(1)

where the metric tensors are expressed as, gtt = grr1 = (1
2GMBH /c2 r) and g✓✓ = g = r2 , since an accretion flow is
described around the equatorial plane. Here, r, ✓, and are
the usual spherical coordinates and t is the time coordinate,
G = Gravitational constant, and MBH = mass of the BH. We note
that throughout the paper, we employ a system of units where the
unit of length, velocity, and time are defined as rg = GMBH /c2 , c
and rg /c = GMBH /c3 , respectively. All the variables used in the
rest of the paper are written in this unit system unless mentioned
otherwise. The BH system that we model is in a steady state and
axis-symmetric, therefore @/@t = @/@ = 0. Moreover, at any
radius, we assume that only the radial gradient of any quantity is
dominant, therefore, @/@✓ = 0.
The radial component of the momentum balance equation is:
ur

dur
1
+ 2
dr
r

(r

3)u u + (grr + ur ur )

1 dp
= 0,
e + p dr

(2)

where e and p are the internal energy density and isotropic gas
pressure, respectively, measured in the local fluid frame, and uµ s
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Ṁ = 4⇡⇢Hur r,

(3)

where ⇢ = n(mp + me ) = local mass density of the flow, n is
the particle number density, mp and me are the mass of proton and electron, respectively, and H is the local half-height of
the disc. Here, Ṁ– the accretion rate, is a constant of motion
throughout the flow. Half-height is calculated assuming hydrostatic equilibrium along the vertical direction of the disc (Lasota
1994; Chattopadhyay & Chakrabarti 2011) which can be written
as
s
pr3
H=
·
(4)
⇢ 2
Also, based on uµ uµ = 1, we obtain:
s
!
2
ut =
1
v ,
r

Here, Q = Q+ Q , where, Q+ and Q represent the rate
of heating and cooling present in the flow for all the species,
respectively. These rates are in units of ergs cm 3 s 1 , which are
converted into geometric units before being applied in the above
equation.
Coulomb coupling serves as an energy exchange process, which transfers energy between protons and electrons.
In the single-temperature case, with Coulomb coupling being
infinitely strong, protons and electrons equilibrate locally
into a single-temperature distribution (Lanzafame et al. 1998;
Lee et al. 2011, 2016; Chattopadhyay & Kumar 2016). However
for two-temperature flows, it is not strong enough, hence, protons and electrons are allowed to thermalise at two di↵erent
temperatures. In other words, the timescale required for protons
and electrons to attain a thermal equilibrium and settle down
into a single temperature is more than the timescale in which
each of the two populations thermalise separately. To describe
such flows, we need to use two separate energy equations, one
for protons and another for electrons. These two energy equations are not independent and, as discussed, are connected by
the Coulomb coupling term which acts as a cooling term for protons and a heating term for electrons if the proton temperature is
higher than electron temperature.
If we integrate the equation of motion (Eq. (2)) with the
help of the energy equation (Eq. (5)), we obtain the generalised
Bernoulli constant, given by
E = hut exp(X f ),

(6)
R

Q + Q

p
e
where, h = (e + p)/⇢ = specific enthalpy and X f =
⇢hur dr.
+
Here, Qi = Qi
Qi represents the di↵erence in the heating
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and cooling rates of the ith species. The generalised Bernoulli
constant is conserved all throughout the flow, even in the presence of heating and cooling. The X f term mainly comes up due
to the presence of dissipation. In case of adiabatic flows, with no
dissipation, X f = 0 and E ! E = hut , which is the canonical form of relativistic Bernoulli constant (Lightman et al. 1975;
Chattopadhyay & Chakrabarti 2011).
2.2. EoS and the final form of the EoM

We ought to note that in this sub-section, barred variables have
been used to denote dimensional quantities and unbarred variables are, as before, non-dimensional. In order to solve the above
equations of motion, we need to supply an equation of state
(EoS). In this paper, we use the Chattopadhyay-Ryu (CR) EoS
given by Chattopadhyay (2008), Chattopadhyay & Ryu (2009).
The form of CR EoS for multispecies flow is:
!#
X
X"
9 p̄i + 3n̄i mi c2
2
ē =
ēi =
n̄i mi c + p̄i
,
(7)
3 p̄i + 2n̄i mi c2
i
i
where, the summation is over ith species. Since, in this paper, we
consider the accretion flow to be composed of protons and electrons (e
p+ ) only, thus i represents these two species. Number density (n), mass density (⇢), and isotropic gas pressure (p),
present in Eq. (7), can be represented in dimensional form in the
following way:
X
n̄ =
n̄i = n̄ p + n̄e = 2n̄e ,
(8)
i

⇢¯ =

X

n̄i mi = n̄e me + n̄p mp = n̄e me 1 +

i

p̄ =

X

p̄i =

i

X
i

!

1
= n̄e me K̃,
⌘

(9)

!
⇥p
n̄i kT i = n̄e k(T e +T p ) = n̄e me c ⇥e +
, (10)
⌘
2

where, ⌘ = me /mp and K̃ = 1+1/⌘. T i is the temperature in units
of kelvin, while ⇥i =

kT i
is the non
mi c2

dimensional temperature

defined with respect to the rest-mass energy of the respective ith
species. The EoS, Eq. (7), can be simplified using Eqs. (8)–(10)
to
!
fp
⇢c
¯ 2f
ē = n̄e me c2 fe +
=
,
(11)
⌘
K̃
!
fp
9⇥i + 3
where, fi = 1 + ⇥i
and f = fe + ·
3⇥i + 2
⌘
Polytropic index and adiabatic index can be written as
Ni =

d fi
d⇥i

and

i

=1+

1
·
Ni

(12)

The equation for half-height (Eq. (4)), can be simplified to:
s
!
2 (r
⇥p
[r3
2)]
H=
⇥e +
.
(13)
⌘
K̃
Here, = u /ut is the specific angular momentum of the flow.
Angular momentum plays a very important role in accretion
disc physics because it can significantly modify the infall time
scale. Using Eqs. (8)–(13), we can simplify the energy equation

(Eq. (5)) and obtain two di↵erential equations for temperature,
one for protons and another for electrons. They are as follows:
!
d⇥p
2⇥p
1
dv
=
A+
P⌘,
(14)
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v(1 v2 ) dr
d⇥e
=
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2⇥e
1
dv
A+
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respectively, where,
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r
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2)]
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2 Qp K̃
r
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,
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2 Qe K̃
.
⇢ur (2Ne + 1)

If we simplify the radial component of the relativistic momentum balance equation (Eq. (2)) using Eqs. (8)–(15), we get the
expression of gradient of three-velocity, which has the form:
dv N
= ,
dr D

(16)

where,
N=
and

2 2

1
r(r
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2)

+

v
1
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The e↵ective sound speed (a) has been defined as
a2 =

G
,
hK̃

where, G =

(17)
2 p Np ⇥p
2 e Ne ⇥e
+
·
⌘(2Np + 1) (2Ne + 1)

2.3. Heating and cooling processes included in the flow

In the following sub-sections, we briefly discuss the processes
that lead to the heating and cooling of plasma in the accretion
flow.
2.3.1. Heating due to magnetic dissipation

The magnetic field in the medium surrounding the BH would be
frozen into the highly conductive infalling plasma. As the matter falls inwards, its magnetic field strength would increase by
1/r2 and magnetic energy density (B2 /8⇡) by 1/r4 . Schwartzman
(1971) argued that before the magnetic energy density exceeds
the thermal energy density, turbulence and hydromagnetic instabilities would lead to reconnection of magnetic field lines. In
other words, it means that the magnetic energy density is limited by equipartition with thermal energy density. This magnetic energy dissipated would heat up the matter, either protons
or electrons or both, ensuring relativistic temperatures even far
away from the BH. The expression for the dissipative heating
rate, as given by Ipser & Price (1982) is
Q̄B =

3ur c
3ur c B2
=
2rrg 8⇡
2rrg

d p̄

=

3ur c
2rrg

d n̄e k(T p

+ Te )

ergs cm 3 s 1 . (18)

The above equation is a measure of the heating due to magnetic
dissipation. However, there are uncertainties in the estimates of
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heating processes that are controlled by d . We used d = 0.001,
unless stated otherwise, as a representative case. In Sect. 4.6, we
varied the value of d and studied how the solutions depend on
it. In this work, we assume that both protons and electrons can
absorb the magnetic energy dissipated. Hence, we can write
Q+p = QB

and

Q+e = (1

)QB ,

(19)

where is the uncertainty parameter, which dictates the amount
of heat absorbed by protons, the rest being absorbed by electrons. There is insufficient knowledge available in the literature
relating to this issue. Thus, throughout our work, for simplicity,
we consider = 0.5, which means that 50% of this heat would
go to protons and the remaining 50% into electrons, unless otherwise specified.
In our present study, we investigate inviscid flows since the
proper handling of the general relativistic (GR) form of viscosity in transonic flows is not trivial. The shear tensor in GR contains a derivative of u , v and other terms (Peitz & Appl 1997,
hereafter PA97). It is impossible to obtain a solution if all the
terms of the shear tensor is considered. In PA97, the authors
proposed an approximate form of shear tensor by neglecting all
derivatives of v and then presented a limited class of solutions.
Chattopadhyay & Kumar (2016) used the same form of viscosity but obtained the full range of solutions. They also computed
the mass-loss from such advective accretion solutions. We envisage that the method to obtain viscous solution is not easy since
the Bernoulli parameter of viscous flow has no analytical form.
In addition, the sonic point is not known a priori and it needs
to be obtained as a part of the eigenvalue of the solution. Moreover, the angular momentum on the horizon needs to be computed. And yet the solutions obtained are limited because the
viscosity is still phenomenological and various terms of the relativistic version of the shear tensor has to be neglected in order
to obtain a solution. The two-temperature regime further complicates the problem as pointed out above. Most of the works
from the literature assume a Newtonian form of viscosity or
the Shakura & Sunyaev (1973) ↵-viscosity prescription (hereafter SS), which would not be appropriate for our GR model. So
we avoided the use of any form of viscosity since the prime focus
of this paper is to present a novel methodology for obtaining
unique transonic two-temperature solutions for accretion discs
around BHs. In addition, it is extensively shown in Figs. 2h–i;
3h–i of Chattopadhyay & Kumar (2016) that the specific angular
momentum ( = u /ut ) and bulk angular momentum (L = hu )
in the last few 100rg is almost constant and sub-Keplerian.
This is to be expected as gravity supersedes all other interactions near the BH horizon. In order to exhibit the qualitative
e↵ect of viscosity as a representative case, the one-temperature,
viscous accretion disc solutions are presented in Appendix A,
following the methodology of Chattopadhyay & Kumar (2016).
We use two forms of viscosity, where the viscous stress tensor
is given by (i) tr = 2⌘vis r , (abbreviated as PA) and (ii)
tr = ↵vis p (SS form of viscosity). The form of r of PA
is adopted from Peitz & Appl (1997), Chattopadhyay & Kumar
(2016), but presently, we assume the dynamical viscosity coefficient ⌘vis = ⇢h⌫vis , instead of ⌘vis = ⇢⌫vis , where ⌫vis is the kinematic viscosity. In Fig. 14a, we show that for both the form of
viscosities (PA and SS), ⇡ constant for r . 1000rg . In Fig. 14b,
we plot the heat dissipated by various processes. The PA form of
viscosity is stronger than the SS type of viscosity, but it is generally much weaker than QB . It is comparable to QB only in a very
narrow region. Close to the horizon, the angular momentum variation of the flow is quite small and the viscous heat dissipated
is less than the magnetic heating; as a result, for simplicity, in
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this paper we study accretion in the weak viscosity limit. We
concentrate on obtaining self-consistent two-temperature, transonic, rotating accretion solutions by considering low-angularmomentum flows at the outer boundary and compute the spectra for such flows. We study how the accretion rate, angular
momentum, and mass of the central black hole might a↵ect the
solution, as well as the emergent spectra that come from such
solutions.
2.3.2. Coulomb coupling

As discussed above, Coulomb coupling (Qep ) serves as an
energy exchange process between protons and electrons.
Therefore,
Qp = Q+e = Qep .

(20)

The expression for Coulomb coupling in cgs units (ergs cm 3 s 1 )
is given by Stepney & Guilbert (1983),
Q̄ep =

Tp Te
3 me
⇣
⌘ ln ⇤c
n̄e n̄p T ck
2 mp
K2 (1/⇥e ) K2 1/⇥p
"
!
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2(⇥e + ⇥p )2 + 1
⇥e + ⇥ p
⇥e + ⇥ p
⇥
K1
+ 2K0
,
⇥e + ⇥ p
⇥e ⇥p
⇥e ⇥p
(21)

where T is the Thomson scattering cross-section, Ki (x)’s are
the modified Bessel functions of second kind and ith order
and ln ⇤c is the Coulomb logarithm which is set to be equal
to 20.
Apprehensions have been expressed about the possibility that more efficient energy exchange processes might exist
between ions and electrons, in addition to Coulomb coupling.
In that case, the accretion flow may settle down into a single
temperature distribution (Phinney 1981). Begelman & Chiueh
(1988) used plasma waves and Sharma et al. (2007) used
magneto-rotational instability to increase the energy exchange
between the two species inside the flow. However, some authors
have raised doubts about the e↵ectiveness of these processes
(Blaes 2014; Abramowicz & Fragile 2013). In this paper, we
ignore any type of collective e↵ects and consider only Coulomb
coupling as the main energy exchange process between the protons and electrons.
2.3.3. Inverse bremsstrahlung

Inverse bremsstrahlung (Q̄ib ) is a radiative loss term for the protons, the expression of which is given as (Boldt & Serlemitsos
1969),
r
me
27 2
Q̄ib = 1.4 ⇥ 10 n̄e
Tp.
ergs cm 3 s 1 .
(22)
mp
2.3.4. Radiative mechanisms leading to cooling of electrons

The cooling of electrons could be caused by three basic
cooling mechanisms (1) bremsstrahlung (Qbr ), (2) synchrotron
(Qsyn ), and (3) inverse-Comptonisation (Qic ). Emissivity due
to bremsstrahlung (in ergs cm 3 s 1 ) is given by Novikov et al.
(1973),
⌘
p ⇣
Q̄br = 1.4 ⇥ 10 27 n̄2e T e 1 + 4.4 ⇥ 10 10 T e .
(23)
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We used thermal synchrotron radiation in our model, following
the prescription of Wardziński & Zdziarski (2000). The emissivity is given by:
Q̄syn =

2⇡ ⌫t3
me ⇥e ,
3 rrg

(24)

where, ⌫t is the turnover frequency, above which the plasma is
optically thin to synchrotron radiation and below which it is
highly self-absorbed by the electrons itself. For the calculation
of ⌫t , we need the information of magnetic field in the flow. For
this purpose, we consider a stochastic magnetic field which is in
partial or total equipartitionpwith the gas pressure, as mentioned
in Sect. 2.3.1. Thus, B = 8⇡ p̄. We set = 0.01 throughout
this paper unless otherwise specified. In Sect. 4.5, we vary the
value of and discuss how the spectrum depends on it.
The soft photons generated through thermal synchrotron process could be inverse-Comptonised by the electrons present in
the plasma. This is given by (Wardziński & Zdziarski 2000),
Q̄ic = ⇣ Q̄syn ,

(25)

where, ⇣ is the enhancement factor. It is expressed as
⇣ = 3'
Here,
'=

xt
⇥e
inc

!↵0

1

"

inc

1

↵0 ,

!

xt
6 inc (↵0 )Psc
+
.
⇥e
inc (2↵0 + 3)

(26)

It is the slope of the power-law photons that are generated
due to inverse-Comptonisation at each radius. Therefore, the
net spectral index (↵) of the final inverse-Compton spectrum is
obtained from the contributions of all the values of ↵0 from each
radius of the disc. In Eq. (26), A = 1 + 4⇥e + 16⇥2e , is the average amplification factor in energy of photon per scattering and
Psc = 1 exp( ⌧es ) is the probability that a photon is scattered.
Here, ⌧es is defined as the optical depth of the medium where
electron scattering is important, the expression of which is given
by (Turolla et al. 1986),
1

⇢Hr
¯ g.

(27)

2.3.5. Compton heating

As discussed above, less energetic photons would cool the flow
through the process of inverse-Comptonisation. However if the
temperature of the electrons is less than the temperature of the
photons present in the flow, then the electrons will gain energy
via Compton scattering. This would lead to the Compton heating
of the electrons. We assume that this has the same expression
as that of inverse-Comptonisation, but the sign changes (Esin
1997), causing heating rather than cooling. Therefore,
Q̄+e = Q̄comp .

and

Qp = Qep + Qib ,

(29)

respectively. And for heating and cooling of electrons:
Q+e = (1

)QB +Qep +Qcomp ,

respectively.
Therefore, Qp =
(1
)QB + Qep + Qcomp

and

Qe = Qbr +Qsyn +Qic (30)

QB
Qep
Qib , and
Qbr Qsyn Qic .

Qe

=

In this paper, we ignore pion production and its contribution to the observed spectra, in addition to ignoring pair production arising from the interactions of high energy photons present
inside the disc. Further on, in Sect. 4, based on posteriori calculations, we show that the contribution of both processes is not
significant.
2.4. Entropy accretion rate expression

d⇥e ⇥e 1 dne
=
dr
Ne ne dr

defined as:


⇣
⌘0.86
⌧es = 0.4 1 + 2.22T e ⇥ 10 9

Q+p = QB ,

d⇥p ⇥p 1 dnp Qep ⌘K̃
=
+ r and
dr
Np np dr
⇢u Np

h⌫t
is the incomplete gamma function, xt =
,
me c2

ln Psc
·
ln A

So, to conclude, we have taken for heating and cooling of
protons:

If we switch o↵ the explicit heating and cooling of protons
and electrons, the gradient of proton and electron temperatures
becomes (using Eq. (5)):

#

[1 + (2⇥e )2 ]
, ↵0 is the spectral index which can be
[1 + 10(2⇥e )2 ]

↵0 =

2.3.6. Final expressions for Qp and Qe

(28)

Qep K̃
·
⇢ur Ne

(31)

(32)

Due to the presence of the Coulomb interaction term, we cannot integrate the above equation and obtain an analytical form1 .
Hence, we cannot have a measure of entropy at every point of
the flow.
However, an analytical expression is admissible only in
regions where Qep is negligible. Such a region is near the horizon (rin ), where gravity overpowers any other interaction. The
integrated form of Eqs. (31) and (32) are:
!
3
3
fein
2
nein = 1 exp
⇥ein
(3⇥ein + 2) 2
(33)
⇥ein
!
3
fpin
3
2
npin = 2 exp
⇥pin
(3⇥pin + 2) 2 ,
(34)
⇥pin
where 1 and 2 are the integration constants which are measures
of entropy. The neutrality of the plasma implies nein = npin = nin .
The subscript “in” indicates quantities measured just outside the
horizon. Therefore,
p
n2in = nein npin ) nin = nein npin .
(35)
Thus, we can write
s
!
!
3
3
fpin
fein
3
3
nin =  exp
exp
⇥ 2 ⇥ 2 (3⇥ein + 2) 2 (3⇥pin + 2) 2 ,
⇥ein
⇥pin ein pin
(36)
1

In a single-temperature regime, the absence of Coulomb coupling
makes it easier to integrate the corresponding equation and obtain an
analytical measure of entropy for all r (Kumar et al. 2013).
A209, page 7 of 21

A&A 642, A209 (2020)

where,  =

p

1 2 .

The expression of the entropy accretion rate, using Eq. (3), can
be written as
Ṁ
4⇡(me + mp )
4⇡nin (me + mp )Hin urin rin
=
4⇡(me + mp )
2s
3
!
!
666
77
3
3
fpin
fein
3
37
6
2
2
6
2
2
= 664 exp
exp
⇥ein ⇥pin (3⇥ein + 2) (3⇥pin + 2) 77775
⇥ein
⇥pin

Ṁin =

⇥ Hin urin rin .

(37)

2.5. Sonic point conditions

The mathematical form of Eq. (16) suggests that at some point
of the flow, where a = v, the denominator (D) goes to 0. Then,
for the flow to be continuous, the numerator (N) also has to go
to 0. This is called the sonic point of the flow. Sonic points exist
whenever dv/dr = N/D = 0/0. Thus, the sonic point conditions
are:
1
rc (rc

2)

and
vc
1

v2c

1

+

2 2
c c (rc

rc4

3)

+

!
a2c
= 0 ) vc = ac .
v2c

a2c Ac

+

pc Npc Pc

+

hc K̃
Qc
=0
⇢c hc urc

ec Nec Ec

(38)

(39)

Here, the subscript “c” corresponds to the value of flow variables
at the sonic point. The derivative at the sonic point dv/dr|c , is
computed using the L’Hospital rule.
2.6. Shock conditions

The relativistic shock conditions or the Rankine-Hugoniot
conditions (Taub 1948) are:
Conservation of mass flux across the shock: [ Ṁ] = 0
Conservation of energy flux: [Ė] = 0
Conservation of momentum flux: [⌃h v2 v2 + W] = 0,
where, ⌃ = 2⇢H and W = 2pH are the vertically averaged density and pressure, respectively. The square brackets denote the
di↵erence of the quantities across the shock.
2.7. Observed spectrum

In this model, we include radiative processes such as bremsstrahlung, synchrotron, and inverse-Comptonisation, which give rise
to emissions spanning the whole electromagnetic spectrum. This
emission (measured in units of ergs s 1 Hz 1 ) when plotted as a
function of frequency (in units of Hz) gives us the spectrum. The
spectrum is an observational tool that helps us in determining the
intrinsic properties of any object (distant or nearby). Thus, the
calculation of the correct spectrum is important. While obtaining
a solution for a given set of flow parameters, that is, the mass of
the BH, accretion rate etc, we have information on the emission
coming from each radius; or, in other words, the spectrum at each
radius is known and is computed as a function of the local v, ⇢,
and T . When the contribution from each radius is added, we get
the total observed spectrum. The model presented in this paper
A209, page 8 of 21

is in the pure GR regime, so we take into account all the general
and special relativistic e↵ects in the observed spectrum. Below,
we explain the methodology used to compute the spectrum.
Let us assume that the isotropic emissivity per frequency
interval per unit solid angle in the fluid rest frame is j⌫ . If we
transform this emissivity to a local flat frame, then by using
special-relativistic transformations this becomes:
p
1 v2
1 v2
0
0
j ⌫ 0 = j⌫
and
⌫
=
⌫
·
(40)
(1 vcos✓0 )
(1 vcos✓0 )2
Here, ✓0 is the angle which the velocity of the fluid element
directed inwards makes with the line of sight.
We note that all the photons emerging from the disc do not
need to reach the observer. Some would be captured by the BH
due to its extreme gravity. The amount of emission captured by
the BH, depends on its distance from the BH. The expression to
calculate this was given by Zel’dovich & Novikov (1971):
s
!2 !
27 2
2
|cos✓⇤ | =
+ 1,
(41)
4 r
r
where ✓⇤ is the angle within which photons will be captured by
the BH and hence lost.
Now if we integrate the emissivity expression over the whole
volume of the disc and on all solid angles, taking into account
✓⇤ , we get the luminosity of the system as a function of frequency and, hence, the spectrum. We also accountpfor the gravitational redshift, which introduces a factor of 1 2/r into
the observed frequency. Furthermore, if we want to calculate
the bolometric luminosity of the system, we need to integrate
the frequency-dependent luminosity over all the frequencies. For
more details on calculating the spectrum, see Shapiro (1973).
In the total spectrum, there are signatures of all the emission
processes; this is discussed extensively in the results section.
Bremsstrahlung emission always comes in the high-frequency
part of the spectrum. When the accretion rate of the system is
low, the contribution from bremsstrahlung emission is visible
in the spectrum. Synchrotron emission is characterised by the
turnover/absorption frequency (⌫t ). Inverse-Comptonisation, on
the other hand, is identified as a power-law part in the spectrum,
following the relation F⌫ _ ⌫↵ , ↵ as the spectral index.

3. Solution procedure
Accretion discs around BHs are transonic in nature and may
possess multiple sonic points (LT80; Fukue 1987; Chakrabarti
1989). The nature of the sonic point is also dictated by the slope
of the solution at the sonic point. If the slope (i.e. dM/dr|c , here
M = v/a is the Mach number) admits two real roots at the sonic
point, then a solution can actually pass through it. These types
of sonic points are termed X-type or saddle-type. The accretion
solution corresponds to the negative slope, while the excretion
solution corresponds to the positive slope. However, if both the
roots of the slope are imaginary or complex, then matter cannot
pass through them. These sonic points are called O-type (imaginary slope) and spiral-type (complex), respectively. The combined e↵ect of the flow parameters like E, , & Ṁ, determines
the number of sonic points formed inside an accretion flow, as
well as the topology of the solution. An accretion flow with low
values of admits only one outer sonic point (rco ; located at
larger distance from the BH), while those with higher values
of admit only inner sonic points (rci ; closer to the BH). In
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the intermediate range, the accretion disc may admit a maximum of three sonic points : inner (rci ), middle (rcm ), and outer
(rco ), where rci and rco are X-type, while the middle sonic may be
spiral or O-type depending on whether the system is dissipative
or non-dissipative, respectively (for further information on sonic
points see, Holzer 1977; LT80; Ferrari et al. 1985; Fukue 1987;
Chakrabarti 1989). Flows with high value of E, generally admit
only one rci . On the other hand, Ṁ controls radiative cooling and
modifies the thermal state of the flow. This, in turn, modifies the
range of E and , which allows for the formation of multiple
sonic points.
In Sect. 3.1, we describe the method for finding sonic points.
In Sect. 3.2, we show that the transonic solutions are degenerate
and we present an extensive discussion of how to remove the
degeneracy.
3.1. Method for obtaining sonic points in two-temperature
flows

In a single temperature regime, the location of the sonic point
and its property is unique for a given set of constants of motion.
In dissipative systems, sonic points are not known a priori and
they are obtained self-consistently by integrating the equations
of motion. So, presently, in the two temperature regime, we follow exactly the same procedure to solve the equations, as done
in the single temperature realm. We need to select some fixed
boundary from where we can start integrating dv/dr, d⇥p /dr
and d⇥e /dr to find the sonic point. As r ! 2rg : v ! c and E
is defined at the horizon, the latter being a constant of motion.
However, we cannot start integration from r = 2rg because
of coordinate singularity on the horizon. Therefore, we select
a point asymptotically close to the horizon (rin = 2.001rg ).
It is here, where gravity overpowers any other processes or
interactions, therefore, infall timescales are much smaller than
any other timescales. In other words, at r = rin , X f ! 0
and E ! E = hut (from Eq. (6)). Simplifying this, we
obtain an expression of vin in terms of E, , rin , ⇥pin , and
⇥ein . We list the procedure for obtaining a transonic solution
below:
1. For a given set of values of E,
& Ṁ, we start integration from a point asymptotically close to the horizon at
rin = 2.001 (in units of rg ).
2. As rin ! 2, E ! E = hin ut = hin (1 2/rin )1/2 v . Here
hin = hin (⇥pin , ⇥ein ) is the specific enthalpy at rin .
3. We supply ⇥pin .
4. We also supply ⇥ein . Then vin is obtained as a function of the
flow parameters and can be expressed as
2
31/2
3
rin
666
7
(1 2/rin )
27
6
vin = 41
hin 775 .
3
2
E2
{rin
(rin 2)}
5. Using the values of ⇥pin , ⇥ein , and vin we integrate Eqs. (14)–
(16), from r = rin to outwards. As we integrate, we simultaneously check the sonic point conditions (Eqs. (38) and
(39)).
6. If a sonic point is not found, we supply another value of ⇥ein
and repeat steps 4 and 5 until the sonic point conditions are
satisfied.
7. Once a sonic point is found, we integrate the equations of
motion from sonic point to larger distances and obtain the
full, global, transonic two-temperature accretion solution.
8. After we locate one sonic point, we change ⇥ein again and
repeat steps 4–7 to check if any other sonic point exists. If it
is found, we obtain its corresponding transonic solution.

3

⇥ein = 7.731
⇥ein = 9.244
⇥ein = 11.948

(a)

⇥ein = 5.974
⇥ein = 6.255
⇥ein = 6.571

(b)

(c)

2
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SB

1

MB

MB
TS

0
log r
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1

1

2
log r

3

1

2
log r

3
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Fig. 1. Method for finding sonic points. Solutions are presented in terms
of Mach number M (= v/a) vs log r plot. ⇥pin = 7.162 ⇥ 10 2 for
all iterations. Panel a: iterations to obtain inner sonic point rci (black
circle) and panel b: iterations to obtain outer sonic point rco (black star).
Various branches plotted are multivalued branches (MB; green dasheddot), transonic (TS; red dashed), and supersonic (SB; blue dashed-dot).
Respective ⇥ein s are mentioned inside the panels. Panel c: full set of
transonic solutions. Global accretion solution (red solid) through rco and
accretion solution through rci (red, dashed) is plotted. Equatorial global
wind (through rco ) and non-global wind (through rci ) are represented
using red dotted curve. The accretion disc flow parameters used are =
2.5, E = 1.000045, Ṁ = 0.001 ṀEdd , and MBH = 10 M .

We note that if our supplied guess value of ⇥pin is unphysical, then even by iterating with all possible values of ⇥ein , the
sonic point conditions can never be satisfied. This is basically the
modified version of the methodology adopted by Le & Becker
(2005), who obtained accretion solutions for a dissipative flow
in the single temperature regime.
We illustrate the procedure to find transonic solutions,
enlisted above, in Figs. 1a–c. All three panels in this figure plots
Mach number (M = v/a) vs log r. The accretion disc parameters are = 2.5, E = 1.000045, and Ṁ = 0.001 ṀEdd around a
BH of 10 M . We would like to point out that all these accretion
disc parameters and the BH mass chosen are for representative
purposes only. These have been varied and their e↵ect on the
solution were studied later.
In Fig. 1a, we present the method to obtain inner sonic point
or rci and the transonic solution through it. Following steps 1, 2,
and 3, we supply ⇥pin = 7.162 ⇥ 10 2 for the aforementioned
values of E, , and Ṁ. Following step 4, we start by supplying
a high value of ⇥ein and obtain vin . Then we integrate the equations of motion (step 5). For higher values of ⇥ein , we obtain a
multi-valued branch (MB) of solutions. We plot one such MB
solution (green dashed-dot) corresponding to ⇥ein = 11.948.
Clearly, the MB solutions are not correct. We reduce the value
of ⇥ein (step 6) and repeat the whole procedure up to step 5.
We observe that as we reduce ⇥ein , the MB solutions approach
the transonic solution, that is, they would shift rightward, but in
all probability, we would overshoot the transonic solution and
end up with a purely supersonic branch (SB) solution (i.e. when
v > a or M > 1 at all r). We plot a representative case of a purely
SB solution (blue dashed-dot) corresponding to ⇥ein = 7.731.
When the solutions corresponding to various ⇥ein suddenly shift
from an MB solution to SB, then we know that the ⇥ein corresponding to a transonic solution (TS) lies in between these two
values of ⇥ein . We iterate using the electron temperature at rin
within the range 7.731 < ⇥ein < 11.948 and obtain the transonic
solution (TS) (red dashed) and the sonic point is at rci = 5.186
(black circle). Then, by following step 7, we obtain the complete transonic solution from rin to a large distance through rci .
In Fig. 1b, we present the procedure for finding the existence
of the outer sonic point for the same set of flow parameters.
Following step 8, we reduce ⇥ein by a comparatively large value,
such that we start obtaining MB type solutions similar to the
A209, page 9 of 21
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ones we obtained while trying to locate rci . In this panel, we
present an example of an MB solution (green dashed-dot) for
⇥ein = 6.571. We repeat steps 4–6 and check when the solution jumps from MB to SB. In this instance, it corresponds to
⇥ein = 7.106 (blue dashed-dot). We iterate on ⇥ein between the
two limits, 6.571 < ⇥ein < 7.106, until we obtain a transonic
solution through rco = 3644.9 (black star). No other sonic point
exists for these flow parameters (E, , Ṁ). In Fig. 1c, we plot
the complete set of transonic solutions, accretion (red dashed and
red solid) as well as equatorial wind solutions (red dotted) for
the disc parameters = 2.5, E = 1.000045 and Ṁ = 0.001 ṀEdd
around a BH of 10 M . The global accretion solution connecting
infinity to the horizon is represented by a red solid line, while
a red dashed line represents an accretion solution which is not
global. We should remember that not all set of disc parameters
produce multiple sonic points and this point is discussed in detail
in the following sections.
3.2. Presence of degeneracy in two-temperature transonic
solutions : Method for removing it to obtain unique
transonic solutions, invoking the second law of
thermodynamics

In the last section, we laid down the procedure to obtain transonic solution by supplying a guess value of ⇥pin and iterating
with various values of ⇥ein , until we get the sonic point. This
has been elaborately discussed in steps 1–8 in Sect. 3.1. Now, if
we choose a di↵erent value of ⇥pin and again follow the steps
1–8 of Sect. 3.1 for the same set of disc parameters (E, &
Ṁ), we obtain a di↵erent transonic solution with distinctly different sonic point properties. This means that for a given set
of constants of motion, two-temperature EoMs admit multiple
transonic solutions. Since the number of EoMs (accretion rate,
momentum, and energy equation) are less than the number of
flow variables (density, velocity components, and two temperatures), even the transonic solutions become degenerate as a
result. From the second law of thermodynamics, it is clear that
out of all the possible solutions, only the solution with the highest entropy (Ṁ) would be expected to be favoured by nature
(Sarkar & Chattopadhyay 2019). In dissipative systems, entropy
is not conserved, so we measure entropy in the region near the
event horizon (see, Eq. (37) of Sect. 2.4). For each transonic
solution corresponding to a given ⇥pin , we compute Ṁin . If the
computed Ṁin is plotted with respect to ⇥pin , then there is a
clear maxima in Ṁin . Following the second law of thermodynamics, the solution (corresponding to a ⇥pin ) with maximum
entropy (Ṁin ) is the physically plausible solution. Hence, we
are able to constrain the degeneracy and obtain a unique transonic two-temperature solution for a given set of constants of
motion.
In Figs. 2a–g, we illustrate the methodology for obtaining a
unique two-temperature transonic solution. We choose the accretion disc flow parameters: E = 1.0015, = 2.6, Ṁ = 0.02 ṀEdd ,
and MBH = 10 M . As described above, we supply a ⇥pin or
equivalently T pin and then we iterate on ⇥ein (or T ein ) to obtain a
transonic solution. The entropy accretion rate Ṁin , corresponding to the transonic solution for the particular T pin , is plotted
in Fig. 2g. The black solid line is for those T pin whose solution passes through outer sonic point (rco ) and black dotted
line is for those passing through inner sonic point (rci ). From
this figure, we select few T pin s (points marked “a”–“f”) which
are (a) 3.1 ⇥ 1011 K, (b) 5.605 ⇥ 1011 K, (c) 6.04 ⇥ 1011 K, (d)
6.460 ⇥ 1011 K, (e) 6.554 ⇥ 1011 K and (f) 7.0 ⇥ 1011 K and plot
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Fig. 2. Left: M vs log r plot for various values of T pin . (a) T pin =
3.1 ⇥ 1011 K, (b) T pin = 5.605 ⇥ 1011 K, (c) T pin = 6.04 ⇥ 1011 K,
(d) T pin = 6.460 ⇥ 1011 K, (e) T pin = 6.554 ⇥ 1011 K and ( f ) T pin =
7.0 ⇥ 1011 K. Global solutions are represented by solid lines. Panel g:
Ṁin vs T pin . Solid black curve is for the solutions passing through outer
sonic point, while dotted black curve is for solutions passing through
inner sonic point. Panels a–f: solutions corresponding to the points
marked in right panel g. The disc flow parameters are E = 1.0015,
= 2.6 and Ṁ = 0.02 ṀEdd . The space-time is described by a BH of
mass 10 M .

their solutions in terms of M vs log r, presented in Figs. 2a–f,
respectively. The global accretion solutions are represented by
solid curves, dotted are the wind types, while the dashed curves
are accretion solutions which are not global. There is a range of
T pin where both inner and outer sonic points are present and is
the multiple sonic point regime. For example, “b”, “c” and “d”
has both inner (marked circle) and outer sonic points (marked
triangle). For point “e”, the solutions passing through inner and
outer sonic points (magenta triangle and magenta circle), have
almost the same value of Ṁin (see inset). A corresponding solution is plotted in Fig. 2e, which shows that the global solution
(connecting horizon to large distances) passes through rco . Now,
corresponding to point “a” (orange triangle, in panel g), the solution passes only through rco (Fig. 2a), while for point “f” (blue
circle), the solution passes through rci (Fig. 2f). However, the
entropy is exactly same for both these points. This means that
the solution character can be completely di↵erent even if Ṁin
has the same value. Similarly another pair, “b” and “d”, also
has the same entropy but di↵erent T pin . Also, their corresponding solutions are significantly di↵erent, although both solutions
lie in the multiple sonic point regime. This shows that not only
all solutions presented in the figure have the same E, Ṁ, , but
they may even have the same Ṁin and yet, the solutions are completely di↵erent.
In order to drive the point all the way home, we present
T pin , Ṁin , rc , vc , & L (luminosity) for all degenerate solutions in
Table 1. Some solutions can be about four times more luminous
than other solutions. It is evident from the figure and table that
degeneracy in two-temperature model is a serious problem. An
observational parameter such as L is quite di↵erent for di↵erent degenerate solutions. Any random choice from the pool of
degenerate solutions would provide us with completely wrong
information about the system as well as an erroneous spectrum.
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Table 1. Various flow properties of the solutions plotted in Figs. 2a–f.

T pin
11

Ṁin

(⇥10 K)

Inner

3.100
5.605
6.040
6.460
6.554
7.000

–
704.505
609.971
502.357
476.702
350.168

a
b
c
d
e
f

Notes. The disc parameters used are E = 1.0015,

rc (sonic point)
Inner

Outer

Inner

Outer

(⇥10 ergs s 1 )

350.132
478.373
481.873
478.377
476.552
–

–
8.826
7.651
7.118
7.027
6.672

227.514
149.380
134.135
118.565
11.946
–

–
0.177
0.191
0.199
0.200
0.207

0.041
0.051
0.054
0.057
0.058
–

1.092
1.763
4.467
2.457
2.722
3.020

2500
0
5

Tpin

6

7
⇥1011

Fig. 3. Stability analysis of the unique transonic two-temperature solution with maximum
entropy.
The flow parameters used are same as
⇣
⌘
Fig. 2. = dṀin /dT pin is plotted against variation of T pin . The arrows
indicate that converge at T pin = T pin|max (blue dot) and is the stable
equilibrium solution. This T pin is the solution with maximum entropy
marked “c” in Fig. 2g.

Hence, the removal of degeneracy is important. Although all
the solutions presented above have the same energy, angular
momentum, and accretion rate, only one of them possesses the
highest entropy (highest Ṁin ). In this particular case, the highest entropy solution is the one corresponding to point “c” (red
triangle) in Ṁin –T pin curve (Fig. 2g), and the correct, unique
two-temperature accretion solution is represented in Fig. 2c (red
solid).
3.3. The stability of the highest entropy transonic solutions

In this section, we investigate the stability of the unique transonic two-temperature solution selected from the available set
of degenerate solutions. We note that the proposed unique solution is that of the highest entropy and, based on the second law
of thermodynamics, nature should prefer it. Therefore, the solution should be stable. However, because there is a degeneracy of
solutions, we need to study the stability of the proposed unique
solution as well. We provide a qualitative analysis for the stability of the unique two-temperature solution.
Let us assign Ṁin|max = max(Ṁin ) and T pin|max = T pin
for which Ṁin is maximum. Let us further define T pin which
is the⇣ di↵erence between
adjacent higher and lower T pin and
⌘
= dṀin /dT pin as the gradient of Ṁin . Now the change in
Ṁin is given by
dṀin
Ṁin =
dT pin

!

T pin =

T pin .

33

= 2.6, Ṁ = 0.02 ṀEdd around MBH = 10 M .

5000

4

L

Outer

7500

2500
3

vc (v at rc )

(42)

It is clear that
= 0 for any extrema of Ṁin
T pin curve,
but the solution is said to be stable if T pin moves away from
the value T pin|max and the system adjusts automatically to regain
its old value. We prefer the graphical method to investigate the
stability and the technique is similar to the first derivative test
for obtaining local extrema (Melo 2014). We plot vs T pin in
Fig. 3. At T pin < T pin|max , the figure shows that
> 0. Then
from Eq. (42), Ṁin > 0. So the system tends to go to higher
Ṁin , which we denote using a rightward arrow. Similarly, for
T pin > T pin|max , < 0 which implies Ṁin < 0. Since, based
on the second law of thermodynamics, a physical system is not
amenable to decreasing its entropy, therefore for T pin > T pin|max ,
the system would tend to come back to T pin|max . We represent this
in the figure by using a leftward arrow. In other words, entropy
can only increase ( Ṁin > 0), if T pin ! T pin|max from either side
of T pin|max . Hence, a solution corresponding to T pin = T pin|max
must be stable. Therefore, in addition to the fact that T pin|max corresponds to a solution with maximum entropy, we can conclude
that the solution is also stable.

4. Results
Two-temperature accretion solutions are parameterised by E, ,
Ṁ. In addition, d and controls heating and cooling. Since we
quote accretion rates in terms of the Eddington rate, therefore,
the information on MBH also enters the solution. In this section,
we study in detail the two-temperature accretion solutions and
discuss their spectral properties. We only analyse solutions with
maximum entropy, selected from the available degenerate group
of solutions.
4.1. General two-temperature solutions

In Fig. 4, we study a typical two-temperature transonic advective
accretion disc solution. The parameters used are, E = 1.000045,
= 2.5, Ṁ = 0.001 ṀEdd ,and MBH = 10 M . In Fig. 4a, we
plot Ṁin vs T pin . The solution with T pin = 6.0 ⇥ 1011 K has the
maximum entropy (marked with green triangle) and the corresponding M vs log r (green solid line) is plotted in Fig. 4b. The
global solution passes through an outer sonic point whose position is rco = 3040.182 (black star). The radial three-velocity
(v; cyan solid) in co-rotating frame and flow velocity in the
azimuthal direction (v ; blue dotted) is plotted in Fig. 4c. Matter
far away from the horizon has negligible velocity in the radial
as well as in the azimuthal directions. As it approaches the BH
(r ! rg ), v ! c, thus satisfying the BH boundary condition.
On the other hand, v increases with the decrease of r, but is
maximised at r ⇠ 3rg and finally goes to zero on the horizon.
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Emissivities and spectral properties

In Fig. 5, we present the heating and cooling rates for the solution plotted in Fig. 4. In Fig. 5a, we plot the heating terms. The
red solid line represents the heating due to magnetic dissipation.
This amount of heat is assumed to be equally distributed among
protons and electrons. Blue dotted line represents the Compton
heating of electrons. It is mainly the hard bremsstrahlung photons present inside the flow which leads to the heating of the
electrons, which is due to their higher energy as compared to
electrons. In Fig. 5b, we plot Coulomb Coupling term (yellow
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3

Emissivities (ergs cm

This is mainly because near the horizon infall timescale is much
shorter than any other timescales. The strong gravity does not
allow the matter enough time to rotate in the azimuthal direction. In Fig. 4d, we plot the number density (in units of cm 3 )
as a function of radius. The number density increases with the
decrease in radius, as it should be for a convergent flow. Values
for T p (red dotted) and T e (orange solid) are plotted in Fig. 4e.
The cooling processes are dominated by electrons compared to
protons. They are, however, coupled by a Coulomb coupling
term which acts as an energy exchange term between the protons and electrons, as previously discussed. This term is weak,
which allows protons and electrons to equilibrate into two different temperatures (T p and T e ), unlike in the case of singletemperature flows where Coulomb coupling term is assumed to
be very efficient, allowing protons and electrons to attain a single temperature. Figure 4f shows that adiabatic indices of both
protons (red dotted) and electrons (orange solid) vary with the
flow. This justifies our use of CR EoS. p ⇠ 1.66 and e ⇠ 1.60
at large distances away from the BH, hence, both the species
are thermally non-relativistic. When the flow approaches the
BH, e becomes relativistic i.e. e ⇠ 1.33 near the horizon.
We can see that p does not vary much but it becomes mildlyrelativistic near the horizon owing to the higher mass of protons.
In Fig. 4g, we prove that the generalised Bernoulli constant is a
constant of motion throughout the flow, even in the presence of
dissipation.

s 1)

Fig. 4. (a) Ṁin plotted against T pin . The entropy for inner sonic point solutions (black, dotted) and outer sonic points (black, solid) are presented.
T pin marked with green triangle corresponds to maximum entropy solution. Flow variables plotted are (b) M (green, solid), (c) v (cyan, solid) and
v (blue, dotted), (d) log n (magenta, solid), (e) T p (red, dotted), T e (orange, solid), ( f ) p (red, dotted), e (orange, solid), (g) E (brown, solid) as
functions of log r. The flow parameters are E = 1.000045, = 2.5, Ṁ = 0.001 ṀEdd and MBH = 10 M . Panel b: the sonic point is marked with a
black star.
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Fig. 5. Emissivity vs log r plot for the flow presented in Fig. 4, shown
here in the top three panels. Bottom panel: spectrum of the accretion
flow.

solid line) and inverse bremsstrahlung (green dotted line). The
strongest heating term is represented by QB .
In Fig. 5c, we plot the emissivities of all the cooling processes for electrons: bremsstrahlung (red dotted line), synchrotron (green dashed line), and inverse-Comptonisation (blue
dashed-dotted line). For the present set of disc parameters,
at the outer boundary of the disc, the temperatures are nonrelativistic and, therefore, bremsstrahlung emission dominates
over all other processes. In the inner regions of the accretion disc, that is, close to the BH horizon, synchrotron
and inverse-Comptonisation becomes important and exceeds
bremsstrahlung. However, inverse-Comptonisation is less than
synchrotron emission, mainly due to the low accretion rate of
the flow. The total cooling of electrons is represented by a black
solid line. In Fig. 5d, we plot the spectrum for the accretion flow
(black solid line). It is plotted by summing up the contributions
of all emission processes at each radius. General and special
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Table 2. Spectral properties of the regions marked in Fig. 5.
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Fig. 6. (a) M and (b) log T vs log r, and (c) total spectrum (black
solid) plus contribution from various length scales of the accretion
disc, 2 3rg (magenta, dotted), 3 5rg (blue, dashed), 5 8rg (green,
short-dashed-dotted), 8 10rg (brown, long-dashed-dotted), 10 100rg
(orange, dashed-double-dotted) and 100 1000rg (red, dashed-tripledotted). Flow parameters are E = 1.0002, = 2.48, Ṁ = 0.05 ṀEdd ,
and MBH = 10 M .

Colour

Region (in rg )

% of Ltot

Magenta
Blue
Green
Brown
Orange
Red
–

2–3
3–5
5–8
8–10
10-100
100–1000
1000–10000

3.597
45.810
35.250
6.965
7.845
0.286
0.247

4.2. Contributions of different regions of the accretion disc to
the overall spectrum

In Fig. 5d, we show the contribution of all the emission processes in the total broad band continuum spectrum. However,
in the following, we aim to investigate the contribution of various regions of an accretion disc in the overall spectrum. We
chose a set of flow parameters: E = 1.0002,
= 2.48,
Ṁ = 0.05 ṀEdd , and MBH = 10 M . In Fig. 6a, we plot the
Mach number M of the accretion flow and in Fig. 6b, we plot
T p (black solid) and T e (black dotted) as a function of log
r. In panels a and b, we indicate various regions with vertical lines which represents accretion disc section from 2 3rg
(magenta, dotted), 3 5rg (blue, dashed), 5 8rg (green, shortdashed-dotted), 8 10rg (brown, long-dashed-dotted), 10 100rg
(orange, dashed-double-dotted) and 100 1000rg (red, dashedtriple-dotted). The spectra from all these regions are separately
over plotted in Fig. 6c, the colour-coding of the spectra matches
the region from which they are computed. The black curve represents the overall spectrum for the disc parameters stated above.
The contribution from the region r = 103 104 rg is too low in
the overall spectrum and is not plotted, therefore, in order to
avoid cluttering the figure. The spectrum computed from the
region 2 3rg is low in spite of the high values of n and T e since
a significant number of photons emitted from that region are
captured by the BH. Most of the high energy emission is contributed by accreting matter from the region between 3 5rg and
5 8rg and the low-energy end of the spectra from this region
is always around and above 1012 Hz. We tabulated these details
and other spectral properties in Table 2. We can conclude from
the table that ⇠90% of the emission comes from a region <10rg
of the accretion disc. The lower energy part of the spectrum is
mostly contributed by the outer part of the disc. Since we only
considered the advective disc, the spectrum is hard and the radiative efficiency for this particular set of disc parameters is less
than 1%.

1.044
1.072
1.141
1.236
1.323
2.392
2.233 ⇥ 10

5

E
2.0
1.5

relativistic frame transformations from the fluid rest frame to
the observer frame are taken into account while computing the
spectra, including photon capture and photon bending e↵ect
due to the presence of strong gravity. This is widely discussed
in Sect. 2.7. Spectrum of each emission process is also plotted. Bremsstrahlung is shown as a red dotted line, synchrotron
by a green dashed line, and inverse-Comptonisation by a blue
dashed-dotted line. The overall luminosity of the system is low,
namely, L = 2.536 ⇥ 1029 ergs s 1 , with an radiative efficiency of
⌘r = 1.957 ⇥ 10 5 . It may be noted that efficiency is defined as
⌘r = L/( Ṁc2 ). The spectral index is ↵ = 1.744.
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Fig. 7. Variation of solutions, M as a function of log r with variation of
E and . From left to right: the specific energy increases as E = 1.0005,
1.001, 1.003, and 1.01. From top to bottom: the angular momentum
increases as = 2.40, 2.55, 2.70, and 2.85. The other parameters are
Ṁ = 0.01 ṀEdd and MBH = 10 M .

4.3. Dependence of accretion solutions and corresponding
spectra on energy and angular momentum

In Figs. 7 and 8, we investigate the dependence of accretion solutions and the corresponding spectra on E and for a 10 M BH
with Ṁ = 0.01 ṀEdd . In these figures, E increases from left to
right and the values are E = 1.0005, 1.001, 1.003, and 1.01;
whereas, as we go from top to bottom, increases as = 2.40,
2.55, 2.70, and 2.85. In short, E changes along the row while
changes along the column. Low-angular-momentum flows
( = 2.40) behave as Bondi flow, possessing a single sonic point,
through which the global solution passes (see Figs. 7a1–a4), irrespective of the value of E. As angular momentum increases, the
rotation head of the specific energy (E) of the flow plays a significant role inside the system and multiple sonic points form
in an appreciable section of the parameter space. For = 2.55
(Figs. 7b1–b3), multiple sonic point exists in a large range of E.
In Figs. 7b1–b2, the global solution (blue, solid) passes through
the outer sonic point; whereas in Fig. 7b3, the solution (blue,
solid) harbours a shock and passes through both inner and outer
sonic points. In Fig. 7b4, only a single sonic point exists. This
is mainly due to the fact that for flows with higher energy, the
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Fig. 8. Variation of the spectrum with E and . The set of values for E
and and other parameters are same as in Fig. 7.

Fig. 9. Typical shocked solution (a), with its corresponding number density (b), emissivities, (c) and spectrum (d), is presented. The parameters
taken are E = 1.002, = 2.58, Ṁ = 0.2 ṀEdd , and MBH = 10 M .

4.4. Shocked solution, spectra and the parameter space

distribution of sound speed a is generally higher compared to
flows with lower E. Therefore, the flow can only become transonic when v increases significantly, which can happen only very
close to the BH. For low values of E, the sound speed distribution
a(r) is comparatively low. Therefore the sonic points form further out because the flow becomes transonic whenever the infall
velocity v(r) attains moderately high values.
Angular momentum has a di↵erent e↵ect on the flow structure. If we increase , then the distribution of v (r) increases.
Higher values of v restrict the increase of v to moderate values, except near the horizon. So for flows with higher , the
sonic points shift towards the BH. For even higher
2.85,
only inner sonic point exists irrespective of the value of E (see
Figs. 7d1–d4). In Figs. 7c1–c2 which are for = 2.70, shocks
form even at low energies. If one compares with single temperature accretion discs (Chattopadhyay & Chakrabarti 2011;
Kumar & Chattopadhyay 2014, 2017; Chattopadhyay & Kumar
2016), it is clear that multiple sonic points form in a much
smaller range of the energy-angular momentum parameter
space of a two-temperature accretion disc, as is shown in
Figs. 7a1–d4.
Figure 8 shows the corresponding spectra, which span from
1012 1022 Hz. As a general trend, with the increase in of the
system, luminosity increases since matter gets enough time to
radiate. However the spectral shape and slope (arising because of
inverse-Comptonisation) remains roughly the same, except for
the solutions which harbours shock. The spectral slope is flatter in case of shocked solutions. With the increase in E, thermal energy of the system increases, emission is hence higher.
The spectral shape and slope is visibly changed. Bremsstrahlung
emission, the broad peak in the higher frequency range, is
increased with the increase in E (left to right), while angular
momentum seems to have little e↵ect on this particular radiative process. Since, in this case, we are dealing with a flow with
a low accretion rate, the spectrum is relatively soft as inverseComptonisation is not significant.
A209, page 14 of 21

In Figs. 7b3,c1,c2, the accretion solutions admit stable shocks.
As previously discussed, for low , a flow admits only one sonic
point (Figs. 7a1–a4). As increases, the flow possess multiple
sonic points. A flow can pass through both the sonic points only
when the shock conditions are satisfied (see, Sect. 2.6). With the
increase in , the centrifugal term increases and the twin e↵ect
of the centrifugal and the thermal term can restrict the infalling
matter, leading to a centrifugal pressure mediated shock transition. In the following section, we analyse the shocks present in
two-temperature accretion flows.
In Fig. 9a, we present a typical shock solution for the parameters E = 1.002, = 2.58, Ṁ = 0.2 ṀEdd , and MBH = 10 M .
For these parameters, the flow possess multiple sonic points. The
blue dashed line is for the accretion solution passing through the
outer sonic point rco . When this solution becomes supersonic, it
encounters a shock at rsh = 20.952. Then it jumps to the subsonic
branch and enters the BH supersonically after crossing through
the inner sonic point rci . The global solution is represented with
a red solid line. The compression ratio (R = ur /ur+ , ± implies
post and pre-shock quantities, respectively) is 1.459 in this case.
In Fig. 9b, we plot the number density as a function of r. At the
shock, there is an increase in number density of both protons
and electrons equally. This leads to increased cooling in the system which is evident from Fig. 9c, where we plot emissivities of
various cooling processes related to electrons. The corresponding spectrum is plotted in Fig. 9d. In Figs. 9c–d, bremsstrahlung
is represented using dotted green line, synchrotron in dashed
yellow, and inverse-Comptonisation in dashed-dotted magenta,
while the total cooling is represented by solid black line. The
accretion rate of the system is high, so the spectrum is mainly
dominated by inverse-Comptonisation, especially in the postshock region.
In Fig. 9d, the total spectrum of the system is plotted in
black, while superimposed upon it is the spectrum (blue solid)
of the shock-free solution (blue dashed of panel a). The luminosity of the system is 2.831 ⇥ 1036 ergs s 1 , which corresponds
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Fig. 11. Change in spectra with increase in = 0.002 (blue, solid),
0.01 (green, dashed), and 0.02 (red, dotted). Other parameters used are
E = 1.003, = 2.54, and Ṁ = 0.1 ṀEdd in an accretion disc around
MBH = 10 M .

Fig. 10. Shock parameter space for Ṁ = 0.01 ṀEdd (green, solid),
0.10 ṀEdd (blue, dashed), and 1.00 ṀEdd (red, dotted) around a 10 M BH.
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4.5. Dependence of spectrum on

The magnitude of stochastic magnetic field inside the flow is
controlled by . Any change to it would lead to a change in synchrotron emission from electrons and, eventually, a change in the
radiation due to inverse-Comptonisation. Hence, the spectra that
an observer would see significantly depends on the value of .
In Fig. 11, we plot the change in spectra with change in for
the flow parameters E = 1.003, = 2.54, Ṁ = 0.1 ṀEdd , and
MBH = 10 M . We varied : 0.002 (blue, solid), 0.01 (green,
dashed), and 0.02 (red, dotted). The present flow has high accretion rate where cooling is more pronounced. Even for low ,
the power law signature in the spectrum arising due to inverseComptonisation, is hard. However, the dominant emission comes
from bremsstrahlung, as can be inferred from its bump at higher
frequency regime. As we increase , the bump feature vanishes.
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to an efficiency (⌘r ) of 1.09%, while for a shock-free branch
(blue dashed), the luminosity would be 1.293 ⇥ 1036 ergs s 1 and
⌘r = 0.50%. Because of the shock, the luminosity and, hence,
the efficiency of the system doubles. However, it seems that
there is no special spectral signature of shock in accretion flow,
except that the luminosity of the power-law part of the spectrum
increases. This is also evident in Figs. 8b3, c1, and c2.
The bounded region in E- space in Fig. 10, represents the
shock parameter space, i.e. a flow with E, values from the
bounded region for the given Ṁ that is to undergo a stable
shock transition. Each bounded region or shock-parameter space
is characterised by di↵erent accretion rates: Ṁ = 0.01 (green,
solid), Ṁ = 0.1 (blue, dashed), and Ṁ = 1.0 (red, dotted) around
a 10 M BH. We can see that as Ṁ increases, the parameter space
decreases and shifts to the lower angular momentum side. High
values of Ṁ imply higher rates of cooling and, therefore, much
hotter flow at the outer boundary, which can accrete and form
the disc. Hence, even for lower , the centrifugal term in conjunction with the thermal term can resist the infall to produce an
accretion shock. That is why for higher Ṁ, the shock parameter
space shifts to the lower values. For low Ṁ, the shock parameter space is almost similar, it significantly changes only in the
presence of high accretion rates. More interestingly, it is clear
that an accretion flow with high accretion rate may also harbour
accretion shocks.

37

36

35
15 16 17 18 19 20 21 22
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Fig. 12. Accretion solutions (a1, b1) and their corresponding spectra
(a2, b2) plotted for a flow with E = 1.001, = 2.61 around MBH =
10 M . Various curves are for d = 0.013 (blue, solid), d = 0.015
(green, dashed) and d = 0.017 (red, dotted). The accretion rates and
ratio of magnetic to gas pressure are chosen as Ṁ = 1.0 ṀEdd , = 0.2
(a1, a2), and Ṁ = 1.5 ṀEdd , = 0.15 (b1, b2).

This is mainly due to the fact that with the increase in , synchrotron emission and, hence, inverse-Comptonisation increases
more as compared to bremsstrahlung, which is independent of
the magnitude of the magnetic field in the flow. The synchrotron
turnover frequency also shifts to higher frequencies with the
increase in .
4.6. Dependence of solutions and spectra on

d

Figure 5a shows that magnetic dissipation is a more efficient
heating mechanism compared to Compton heating and to the
Coulomb heating of electrons. In Figs. 12a1–b2, we vary d ,
which controls magnetic dissipation. We compare the solutions
and resultant spectra for d = 0.013 (blue, solid), 0.015 (green,
dashed), and 0.017 (red, dotted). For Figs. 12a1,a2, we chose a
higher ratio between magnetic and gas pressure, = 0.2, and
accretion rate Ṁ = 1.0 ṀEdd . For Figs. 12b1,b2, we selected
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Ṁ = 1.5 ṀEdd and
= 0.15. For both the cases, we have
E = 1.001, = 2.61 and MBH = 10 M . The sonic point, luminosities, and spectral index of the accretion flows are given in
Table 3. Evidently, luminosity and, hence, efficiency, decreases
with increasing d , but increases with increasing Ṁ. If the
dissipative heating is higher (i.e. higher d ), then matter with
lower temperature at large r may achieve the same E. Therefore, the accretion flow would have an overall lower temperature and would emit less. That is exactly, what is observed in
Figs. 12a2,b2, where the luminosity goes down with the increase
in d . The spectrum is decisively hard for super-Eddington accretion rates. It means that no single flow parameter can dictate
whether the spectrum is hard or soft; instead all the flow parameters together contribute for the final outcome. However, it is
clear that d does influence the emitted spectra and luminosity
significantly.

increases. The spectra also becomes harder, mainly because the
inverse-Compton output increases with the increase in number
density of hot electrons inside the flow. However, the range of
frequency ⌫ on which the spectrum is distributed do not increase
appreciably with the increase in accretion rate. The corresponding spectral properties are presented in Table 4.
In Fig. 13b, we plot spectra from discs with the same accretion rate Ṁ = 0.1 ṀEdd , but around di↵erent MBH which are:
10 M (blue, solid), 103 M (magenta, dashed), and 106 M
(brown, dotted). The more massive the black hole, the brighter
the disc since absolute accretion rate increases. In addition, the
spectrum spans a larger range of ⌫, with significant emission
from radio to rays. It may be noted that higher MBH results in a
more broadband spectra, therefore, the disc becomes more luminous but the spectral index does not change much. The spectral
properties are presented in Table 5.

4.7. Possibility of pair production and pion production

4.9. Luminosity, efficiency, and spectral index of
two-temperature flows

Up to this point, we have investigated how various factors can
a↵ect the two-temperature solutions and resulting spectra. However, it may be noted that we have ignored pair production from
particle-particle interactions in the accretion disc or from accretion disc radiations. We have also ignored the production of
gamma-rays due to high energy interactions like pion decay.
We assumed that these processes will not significantly a↵ect the
solutions. In Appendix B, we investigate the pair production processes a posteriori. We compare the number densities of protons np with positrons ne+ (Figs. B.1a1, b1) generated through
photon interactions produced in accretion discs as well as compare the total emissivity Qtotal with pair annihilation emissivity
Qann (Figs. B.1a2, b2). We consider two sets of accretion disc
parameters (1) Ṁ = 1.0,
= 0.2 (Figs. B.1a1, a2) and (2)
Ṁ = 1.5, = 0.15 (Figs. B.1b1, b2). The rest of the parameters
are common for both the cases, namely, d = 0.013, E = 1.001,
and
= 2.61. These two accretion disc cases are described
around a BH of 10 M . After the a posteriori calculations, elaborately discussed in Appendix B, we can conclude that, ne+ ⌧ np
and Qann ⌧ Qtotal .
In Appendix C, we compute the production of pions (⇡0 )
a posteriori and the gamma rays emitted due to its decay. We
plot log T p vs log r in Figs. C.1a1, b1 and the corresponding
spectra in Figs. C.1a2, b2. We study the generation of pions
and gamma ray photons for two cases (1) by varying accretion rate ( Ṁ = 0.01 : red, dotted, 0.1 : green, dashed, and
1.0 : blue, solid) around a BH of MBH = 10 M (Figs. C.1a1,
b1) and (2) by varying mass of the BH (MBH = 102 : blue,
solid, 104 : green, dashed, and 106 : red, dotted), keeping the
accretion rate Ṁ = 0.1 constant. The other disc parameters are
E = 1.0007, = 2.61, = 0.01, & d = 0.001. Luminosity for
higher Ṁ is higher and so is the gamma-ray produced by decay
of pions. The same trend is observed when we increase the BH
mass. However, the gamma ray luminosity is always <10 5 times
that of the total luminosity. An elaborate discussion on these two
cases is presented in Appendix C. We can conclude that the consideration of pair production or pion decay does not a↵ect the
accretion solutions or the spectra significantly.
4.8. Dependence on Ṁ and MBH

In Fig. 13a, we plot the continuum spectra for Ṁ = 0.1 ṀEdd
(blue, solid), Ṁ = 0.6 ṀEdd (green, dashed), and Ṁ = 1.2 ṀEdd
(red, dotted) from a disc around a BH of 10M . The disc
becomes brighter as Ṁ increases and even the efficiency also
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In Fig. 14a, we calculate the luminosities and in Fig. 14b, we plot
the efficiency of the accretion of matter onto BHs of di↵erent
masses (10 M , 103 M and 106 M ) as a function of the accretion rate ( Ṁ). The sizes of the circles are in order of increasing
value of the BH mass. The parameters used are E = 1.001 and
= 2.4. We note that luminosity rises steeply with the increase
in accretion rate of the system for all BH masses. The more matter is supplied, the greater the conversion of it into energy. However, at higher accretions rates, luminosities approach asymptotic values. Radiation emitted by the accretion disc is the e↵ect
of conversion of gravitational energy released in the act of accretion into electro-magnetic radiation. So as Ṁ increases, emission
increases due to an increased supply of matter. However, it cannot emit more than the energy obtained from the accretion process and, therefore, it reaches a ceiling around ⌘ ⇠ 10%. It is
apparent from Fig. 14b, that the efficiency is slightly a↵ected
by the BH mass. The spectral index (↵) is represented as colour
bar over both Figs. 14a,b. It changes visibly with the increase in
accretion rate of the system (also, see Fig. 13a and Table 4) but
does not change much with the change in BH mass (also, see
Fig. 13b and Table 5).

5. Discussion and conclusions
In this paper, we study solutions for two-temperature accretion
discs around non-rotating BHs. We note that the spin of the BH
may play an important role in jet generation via a process called
Blandford-Znajek mechanism (Blandford & Znajek 1977), however, accretion is still the primary mechanism for explaining the
observed luminosities. A proper two-temperature accretion solution is the best way to obtain the spectra from such systems. Twotemperature equations produce a degenerate set of solutions even
when they have the same set of disc parameters such as the generalised Bernoulli parameter (E), accretion rate ( Ṁ) and angular
momentum ( ). For the given set of disc parameters, a choice
of proton temperature may produce a transonic solution through
the outer sonic point, while some other choice of the temperature would produce a solution through inner sonic point and yet
another would produce solutions which undergo shock transition. The resulting radiation also varies accordingly. In fact some
solutions may exhibit four times more luminosity compared to
some other solutions (see Fig. 2 and Table 1). Therefore, this
degeneracy issue is serious and calls for urgent attention.
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Table 3. Various flow properties of the solutions plotted in Fig. 12.

Parameters
Ṁ = 1.0 ṀEdd and

= 0.20

Ṁ = 1.5 ṀEdd and

= 0.15

(a)

36

log ⌫L⌫ (ergs s 1)

35
34
33
Ṁ = 0.1
Ṁ = 0.6
Ṁ = 1.2

32
31

14

16

18

20

22

39
38
37
36
35
34
33
32
31
30

0.013
0.015
0.017
0.013
0.015
0.017

rc

L
⇥1038 (ergs s 1 )

613.365
838.022
1053.310
466.718
669.746
849.084

2.523
1.877
1.514
8.31
5.726
4.518

0.672
0.680
0.683
0.606
0.619
0.625

Table 5. Various properties of the spectra plotted in Fig. 13b.

(b)

MBH = 10
MBH = 103
MBH = 106

10

↵

12

log ⌫ (Hz)

14

16

18

20

MBH
(M )

L
(ergs s 1 )

⌘r
(%)

↵

10
103
106

4.731 ⇥1034
6.426 ⇥1036
6.106⇥1039

0.037
0.049
0.047

0.939
0.936
0.915

22

log ⌫ (Hz)

Fig. 13. Spectra from (a) MBH = 10 M for di↵erent accretion rates Ṁ =
0.1 ṀEdd (blue, solid), Ṁ = 0.6 ṀEdd (green, dashed), and Ṁ = 1.2 ṀEdd
(red, dotted); (b) Ṁ = 0.1 ṀEdd but around MBH = 10 M (blue, solid),
MBH = 103 M (magenta, dashed), and MBH = 106 M (brown, dotted).
Other disc parameters are E = 1.001 and = 2.4.
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In this work, we lay down the methodology to obtain a
unique two-temperature solution using the principles of the second law of thermodynamics. We stated that the solution with the
highest entropy near the horizon is the correct solution. Since
the proposed correct transonic solution is the one with the highest entropy, therefore it is warranted that these solutions should
be stable for the relevant boundary conditions. In fact, the collective wisdom of the community on accretion solutions has led to
an expectation that close to the horizon, accretion should be transonic. However, for a given set of accretion disc parameters such
as Ṁ, E, and , we do have a large number of transonic twotemperature solutions and the question of stability of the solutions arises. In Sect. 3.3, we show that the gradient of entropy
of the flow with the proton temperature, that is, dṀin /dT pin , is
such that it tends to push the solution towards the temperature
corresponding to the highest entropy solution. In other words, if
our proposed solution is perturbed, then dṀin /dT pin would automatically try to restore the solution to the one corresponding to
the highest entropy.
Once we have established the method for obtaining the
unique two-temperature solution in a rotating disc, we investigate the e↵ects of various disc parameters on two-temperature
accretion solutions. We obtained all possible solutions depending on E and for a given Ṁ and MBH (Fig. 7) and, in addition,

0.6

40
1

Ṁ
( ṀEdd )

1.0

44

log L (ergs s

Table 4. Various properties of the spectra plotted in Fig. 13a.

0.8

⌘r %

log ⌫L⌫ (ergs s 1)

37

d

0.00

0.25

0.50
Ṁ/Ṁedd

0.75

1.00

0.00

0.25

0.50
Ṁ/Ṁedd

0.75

1.00

Fig. 14. (a) Variation of bolometric luminosity (in ergs s 1 ) and (b)
efficiency (in %) as a function of Ṁ (in units of Eddington rate, Ṁedd ).
Colour bar indicates the spectral index (↵). The BHs of di↵erent masses:
10 M (small circle), 103 M (medium circle), and 106 M (largest circle) are represented with increasing sizes of the circles. The parameters
used here are E = 1.001 and = 2.4.

we also plot the emitted spectrum (Fig. 8). This also shows Ṁ
or MBH do not alone determine the emitted spectrum or even
the luminosity. Depending on E and , the solution changes and,
thus, so do the spectrum and luminosity. The constants of motion
are uniquely linked to the obtained spectrum.
There are indeed shocked accretion solutions even in the
two-temperature regime. The shocked solutions are more luminous because in the post-shock region, inverse-Comptonisation
becomes e↵ective, the intensity of the power-law photons
increases, as compared to a shock-free solution (Fig. 9). We
also show that accretion flow can harbour steady shocks in
a small but significant patch of the energy angular momentum parameter space (see Fig. 10). However, in general, the
shock strength in the two-temperature flow is less than that in
a one-temperature flow. Moreover, we did not find any particular spectral signature for the presence of shock, only that the
shocked solution is more luminous than shock-free ones. However, it has been found in cases where the accretion rate of the
flow is low, and where a weak bremsstrahlung feature is visible (in the high frequency end of the spectrum) in a shock-free
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solution, that this feature disappears in a shocked solution
(see Figs. 8c1,c2).
The radiative properties of a BH system depend on and
and d ,
d , along with E, , Ṁ, and MBH . For low values of
the radiative efficiency is around a few percent, but for higher
values, the efficiency can easily surpass ten percent, even for the
same accretion rate and mass of the BH. We also showed that the
spectra becomes broad-band if the mass of the central BH considered is higher, it also becomes more luminous but the spectral index remains roughly the same. Whereas, with the increase
in accretion rate of the BH, the bandwidth of spectra remains
the same, while the luminosity and the spectral index change
significantly.
We did not consider pair production from the radiation of
the accretion disc, nor did we consider particle production due
to high energy interaction of the protons. We show, based on
a posteriori calculations, that pair production is negligible and,
therefore, the contribution of the pair annihilation emission in
the total spectrum of the disc is also negligible. Similarly, we
showed, with the help of a posteriori estimate, that the gammaray production from pion decay is also negligible.
In this work, we do not consider the viscosity of the flow,
but invoking our results from our previous works on viscous accretion solutions in the single temperature regime (and
also Appendix A), we argue that since the angular momentum is almost constant in the inner part of the disc and the
viscous heating is much weaker than the magnetic dissipation, we neglect viscosity to ease our computation. Considering the single-temperature viscous flow as the representative
case, we may conclude that there would not be any qualitative
change resulting from a consideration of viscosity, although a
possible quantitative e↵ect cannot be ruled out. In fact, since
we show magnetic dissipation to be a very efficient heating process, we could incorporate most heating processes by tuning the
parameter d .
In conclusion, it is absolutely necessary to obtain a unique
transonic two-temperature solution. To interpret the relevant
observations, the hydrodynamics of the system must be properly handled. Selecting an arbitrary solution would mislead us.
We allowed the second law of thermodynamics to dictate and
select the solution, without taking recourse to any assumption,
so that consistency is maintained. In addition to spherical flow
(Sarkar & Chattopadhyay 2019), the accretion disc solution also
corresponds to the highest entropy solution.
Acknowledgements. The authors acknowledge the anonymous referee for helpful suggestions which improved the quality of the paper. SS acknowledges Mr.
Kuldeep Singh for help in python plotting.
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Appendix A: Effects of viscosity in the system

200

⇢ur (L

L0 ) = 2⌘

r

,

(A.1)

where, L0 is the bulk angular momentum at the horizon.
L is the local bulk angular momentum expressed as L =
hu = hl. The specific angular momentum is defined as
= u /ut = l/ut . The dynamical viscosity coefficient is
⌘vis = ⇢h⌫vis . Here, ⌫vis = ↵vis ar(1 v2 )2 , is the kinematic
viscosity, ↵vis being the Shakura & Sunyaev viscosity parameter. r is the r
component of the shear tensor which
has been evaluated using the expression given in Peitz & Appl
(1997), Chattopadhyay & Kumar (2016). We abbreviate this
form of viscosity as PA. Using the same procedure followed
in Chattopadhyay & Kumar (2016), we find solutions for E =
1.0005, ↵vis = 0.01, 0 = 2.60, Ṁ = 0.01 ṀEdd and MBH =
10 M . Also, we investigate another case of one-temperature
flows using the same set of parameters but assuming a form of
viscosity which is generally followed in non-relativistic accretion disc equations and is given by tr = 2⌘vis r = ↵P. We
abbreviate it as the SS form of viscosity.
We plot in Fig. A.1a the angular momentum distribution of
the system as a function of radius where each curve represent
PA form of viscosity (green, solid) and SS viscosity (magenta,
dotted). It is evident from the figure that angular momentum has
been transported outwards (for both the cases) due to the presence of viscosity. Within a distance r ⇠ 1000rg , angular momentum is almost constant, similar to the case of inviscid flows. The
SS form of viscosity is weaker so it is less efficient in removing angular momentum and hence angular momentum remains
almost constant .3 ⇥ 104 rg . So, neglecting viscosity within these
regions does not a↵ect the system qualitatively. Viscosity in
addition to removing angular momentum, also heats up the system. We plot in Fig. A.1b the heat that is dissipated due to the
presence of the PA form of viscosity (green, solid) and SS form
of viscosity (magenta, dotted). We see that using SS viscosity is
inefficient with regard to heating up the system and it is always
3 orders of magnitude less than PA viscosity. Very far away
from the BH, it is 9 orders of magnitude less than the former.
We also compare the heating due to magnetic dissipation (QB ,
blue, dashed), which is the source of heating in this work of twotemperature inviscid flows. In Fig. A.1b, QB has been calculated
using the velocity, temperature, and pressure of the corresponding one-temperature flow and using d = 0.02. We see that QB
is an efficient source of heating in the system. It always supersedes the heating due to the presence of GR viscosity, except in
a very small region near the BH, where it becomes comparable.
Thus, our assumption of taking QB as a source of heating in the
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Here, we discuss the e↵ect of viscosity as (1) a mechanism
to remove angular momentum outwards and (2) a source of
heating in the system. The handling of viscosity is not trivial
and applying it to two-temperature flows might further complicate the scenario and divert us from the question at hand,
which is to find the unique transonic two-temperature accretion solutions for rotating flows. Presently, we recall the physics
of viscosity in a relativistic but a single-temperature disc like
Chattopadhyay & Kumar (2016) and show that near the horizon
viscosity would have marginal e↵ect. And in the outer region it
would have a more significant e↵ect, but since that region contributes less in the spectrum, so for our purpose, we can neglect
it without compromising on the qualitative aspect of the present
work. In viscous one-temperature flows we have azimuthal component of radial-momentum equation, the integrated form of
which is:

PA
SS

PA
SS
QB

10
8
6
4
2

1

2
3
log r

4

5

00

1

2
3
log r

4

5

Fig. A.1. (a) Distribution of specific angular momentum ( ) and (b)
heating in the system as a function of radius (log r), when viscosity assumed is relativistic (green, solid) and Newtonian (magenta,
dotted). Panel b: we also compare the heating due to magnetic dissipation, QB (blue, dashed), assuming d = 0.02. The flow parameters are
E = 1.0005, ↵vis = 0.01, 0 = 2.60, Ṁ = 0.01 ṀEdd , and MBH = 10 M .

absence of viscosity suffices for our problem. If viscosity was
present, then the total heating would not have changed much,
except in a very narrow region.

Appendix B: Estimation of electron-positron pair
production in an advective two-temperature
accretion disc
In this section, we estimate how many pairs can be produced using the two-temperature accretion solution as the background solution. There are three processes which could lead
to pair (electron and positron) production in accretion discs,
namely: photon-particle (electron, positron, or proton) interaction, particle-particle interaction, and photon-photon interaction.
Svensson (1982a,b, 1984) gave a detailed analysis of the e↵ect
of electron-positron pairs present in relativistic and mildly relativistic plasmas. From these papers, it is apparent that photonphoton interaction is the dominant process responsible for the
generation of pairs in accretion discs around BH. The reason
behind particle-particle interactions and photon-particle interactions to be of less importance is their excessively small reaction cross-sections, which are of the order of 1/137 (value of
fine structure constant) and (1/137)2 , respectively. The photonphoton pair production process has a threshold condition, which
is E1 E2 (1 cos ✓ pp ) 2(me c2 )2 , where E1 and E2 are the energies
of the photons and ✓ pp is the angle between these two photons.
The advective two-temperature accretion disc solution take into
account synchrotron emission which can produce ample amount
of soft photons.
These photons are too soft to satisfy the criterion for pair
production (Esin 1999). However, these photons, after interacting with high-energy electrons, can get upscattered to high energies, contributing to pair production. Also, the bremsstrahlung
emission process produce ample amount of hard photons. Thus,
at any particular radius, we can assume the radiation field to be
made of a flat bremsstrahlung spectrum which is flat with a high
energy cut-o↵ and a Comptonisation spectrum, which is the sum
of cut-o↵ power law and the Wien tail (Gould & Schréder 1967;
Zdziarski 1985; Esin 1999). We used the formula given by (see
Eq. (B1) of the paper Svensson 1984) to compute the rate of
photon photon pair production from two power law (PL) photon
distribution with an exponentially cut-o↵, Wien photon interaction (W–W) and power law photons with Wien photons (PL–W).
The pair density is estimated a posteriori, by using the temperature profile and velocity profile of the two-temperature solution
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Appendix C: Estimation of the gamma-ray emission
by pion interaction
In this section, we discuss whether pion production leads to a
viable amount of cooling in the disc and whether it exhibits any
observational signature. The reactions leading to pion (⇡± , ⇡0 )
production by proton-proton interactions are as given below
(Eilek 1980):
p + p ! p + n + ⇡+
p + p ! p + p + ⇡0
p + p ! d + ⇡+ .

Qtot
Qann

1

2

log r

3

1

2

log r

3

Fig. B.1. a1, b1: comparison of number density of protons np (black,
solid), positron number densities ne+ (without annihilation, blue, dotted), and with both production and annihilation rates (green, dashed).
a2, b2: comparison of emissivities of the total radiative cooling Qtot and
emissivities due to annihilation of pairs Qann . For two sets of accretion
disc parameters, (a1, a2) Ṁ = 1.0, = 0.2 and (b) Ṁ = 1.5, = 0.15.
The other parameters are d = 0.013, E = 1.001,
= 2.61 and
MBH = 10 M .

of this paper. The positron number density is computed from
Z
1
ne+ =
(S + S )rHdr.
(B.1)
rH

Here, ne+ is the positron number density, S ± are the source and
the sink terms or pair production and annihilation rate, respectively. S ± rates are adopted from Svensson (1984, 1982a, respectively). Since the accretion disc studied in this paper is composed
of e p+ fluid, we first integrate Eq. (B.1) with only the S + term
to compute the maximum possible ne+ produced. With this distribution of ne+ , we compute annihilation rate. We iterate few
times till the solution converges. To estimate the production of
electron-positron pairs (i.e. e
e+ ), we chose two sets of accretion disc parameters presented in the manuscript since the spectrum for this disc parameters is hard and it is possible to obtain
significant hard photons which satisfy pair-production threshold
conditon mentioned above. We compute pair production for the
case of d = 0.013 of Fig. 12, and present in Figs. B.1a1, a2 the
same two cases Ṁ = 1.0, = 0.2 and (b1, b2) Ṁ = 1.5, =
0.15. In the upper panels (a1, b1), we compare the proton number density np (black, solid), estimated positron number density
ne+ when annihilation rate is ignored (blue, dotted) and the ones
for which both production and annihilation rates are considered
(green, dashed). The blue curve is the maximum possible number of positrons that can be produced in the disc and ne+ ⌧ np . In
the bottom panels (a2, b2), we plot the corresponding emissivity
Qann obtained due to the annihilation of pairs (red, dotted) and
compared that with the total emissivity Qtot (brown, solid). The
estimated number density of positrons is negligible and the contribution to the total emissivity is negligibly small compared to
the total emissivity obtained from radiative processes like, synchrotron, bremsstrahlung, and Comptonisation. This a posteriori
estimation justifies our assumption of not considering pair production in the present work.
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(C.1)

The threshold temperature for these reactions is 290 MeV. For
negative pions temperatures of >2 GeV are required. Thus,
it is can be assumed that negligible ⇡ will be present
in the disc. The ⇡0 further decay into gamma-ray photons
(Kolykhalov & Syunyaev 1979):
⇡0 ! 2

ph

(C.2)

and ⇡+ decays into muon and muon neutrinos, which further decays into electron neutrinos, muon anti-neutrinos and
positrons, respectively.
⇡+ ! µ+ + ⌫µ

µ+ ! ⌫e + e+ + ⌫¯ µ

(C.3)

We restrict our study to neutral pions ⇡0 since we are interested
to study the gamma ray emissivities obtained from an accreting
Schwarzschild BH. The rate of ⇡0 production is given by (in units
of cm 3 s 1 ):
R⇡0 =

n2
h ¯ v̄i⇡0 .
2

(C.4)

Here, h ¯ v̄i⇡0 (units of cm3 s 1 ) is the velocity-weighted crosssection, which was evaluated for ⇡0 by Dahlbacka et al. (1974),
assuming experimental cross sections for pion production
and a relativistic Maxwell-Boltzmann distribution for protons. This was further investigated by Weaver (1976) and
Kolykhalov & Syunyaev (1979), who computed h ¯ v̄i for ⇡0 as
well as for ⇡+ . This function is strongly dependent on the proton
temperature. In Colpi et al. (1986) obtained a best-fit to these
curves, the expression of which is given in Eqs. (10) of their
paper and the same form is used to compute the emissivity of rays. It is clear from Eq. (C.2) that each ⇡0 decays into two photons, therefore, the number of photons produced per unit time
per unit volume is n2 h ¯ v̄i⇡0 . We analysed a posteriori the total
gamma-ray luminosity as measured by an observer at infinity
using the methodology adopted in Colpi et al. (1984).
We checked the production of rays by varying the accretion
rate of the system from Ṁ = 0.01 (red, dotted) to 0.10 (green,
dashed) and 1.0 (blue, solid) for a 10 M BH (see Figs. C.1a1,
a2). Since this emission is crucially dependent on the proton temperature, we plot logT p as a function of log r in Fig. C.1a1 for
the di↵erent accretion rates. The set of disc parameters used are
= 2.61 and E = 1.0007. For Ṁ = 0.01, & 0.1, the accretion
solution does not undergo shock transition (see, Fig. 9) and the
T p distribution of the global accretion solution is similar. However, for the same set of E, but Ṁ = 1.0, there is a stable
accretion shock and the T p jumps at the shock location. The corresponding spectra (Fig. C.1a2) for the three values of Ṁ show a
marked di↵erence where the shocked accretion solution is more
luminous and the spectrum is harder (solid, blue), and becomes
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less luminous and softer for lower Ṁ. The gamma-ray emission
(calculated a posteriori) is represented in grey colour. As a result
of ⇡0 decay, the contribution in the high energy regime increases.
Quantitatively, the gamma-ray luminosity for di↵erent accretion
rates are related by the following relation L ph ( Ṁ = 1.0) '
200L ph ( Ṁ = 0.1) and L ph ( Ṁ = 0.1) ' 100L ph ( Ṁ = 0.01).
Although L ph ( Ṁ = 1.0) is much higher than that compared to
lower Ṁs but compared to the overall luminosity for each Ṁ, L ph
is pitiably low. We chose Ṁ = 0.1 and the same values of E and
and then studied the gamma-ray production for accretion discs
onto di↵erent masses of central BH. We plot the proton temperature distribution T p vs r in log-log scale and the corresponding
spectra in Figs. C.1b1, b2, for central BH masses MBH = 102
(blue, solid), 104 (green, dashed) and 106 (red, dotted). The MBH
a↵ects the system quantitatively but not qualitatively. While the
luminosity increases and spectra become more broad band with
the increase in MBH , but the efficiency of gamma-ray emission
(L ph /( Ṁc2 )) remains almost same ⇠10 8 . In both cases (change
in accretion rate and mass of BH), the fractional change in luminosity is always <10 5 . This analysis justifies our assumption of
neglecting pion production leading to emission of -rays.
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Fig. C.1. a1, a2: dependence on the accretion rate, Ṁ = 0.01 (red, dotted), 0.1 (green, dashed), and 1.0 (blue, solid). (a1) log T p as a function
of log r and (a2) log ⌫L⌫ with log ⌫. (b1, b2) Dependence on mass of
BH, MBH = 102 (blue, solid), 104 (green, dashed), 106 (red, dotted)
in the production of rays. (b1) log T p as a function of log r and in
(b2) the corresponding spectra are plotted. The gamma ray emission is
presented in grey.
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Abstract. We present here unique transonic two-temperature accretion solutions in presence
of radiation processes. Unlike one-temperature flow, the set of equations governing twotemperature flow is not complete, since for the latter, the number of equations is less than the
number of flow variables. Consequently, a large number of transonic solutions of the equations of
motion exist, for a given set of constants of motion. We invoke the second law of thermodynamics
and identified the solution with the maximum entropy as the physically possible solution. In
this paper, we compare spherical and rotating accretion two-temperature flows. We also show
that the luminosity, as well as radiative efficiency of rotating flows, is higher by an order of
magnitude, as compared to spherical flows.

1. Introduction
Accretion is a process by which the gravity of a compact object like white dwarf, neutron
star or a black hole (BH), accumulates matter onto it, from the surrounding environment.
This mechanism powers the brightest sources in the Universe, which are Active Galactic Nuclei
(AGN). Accretion model started with the seminal papers of Hoyle & Lyttleton[1] (1939) and
Bondi (1952)[2] who gave the first accretion solutions around a Sun-like star and a compact
object respectively. But it was until a decade later, with the discovery of quasars and X-ray
binaries, that accretion as a mechanism to explain the huge amount of emission coming from
these objects, was realised. In 1964, Salpeter[3], used the Bondi accretion model (available at
that time) to explain the luminosities of quasars (L ∼ 1012 L" ). But, he reported that this
flow is too fast to explain it. Shakura & Sunyaev (1973)[4], on the other hand, considered
a rotation dominated flow to allow maximum time before the flow enters into the BH. Such
a flow has Keplerian azimuthal velocity and negligible radial velocity. The flow is cold with
negligible pressure gradient force, geometrically thin and optically thick. These disks were
famously known as Shakura-Sunyaev disks (SSD) or Keplerian Disks (KD). The overall spectral
profile of a SSD is a modified multi-coloured blackbody. Although this model was successful
in explaining the thermal component of X-ray binaries and AGNs, but it could not explain the
non-thermal part present in the spectra of these objects. Thorne & Price in 1975[7] argued
that the instability present at the inner portion of the accretion disk could puff up the optically
thick, radiation pressure dominated region into an optically thin, gas pressure dominated region.
Using this assumption, Shapiro, Lightman & Eardley in 1976[6], put forward the first model of
Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd
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two-temperature theory. They assumed that the inner puffed up region consisted of protons
and electrons described by two-different temperature distributions and explained the hard Xrays coming from Cygnus X-1. From the above papers, a general conclusion can be drawn that
accretion flow should be a combination of Keplerian and sub-Keplerian matter. It has to be
transonic, since the matter crosses the horizon at the speed of light, while at the outer boundary
it should be subsonic. In 1980, Liang & Thompson (LT80)[8] pointed out this fact and reported
that rotating sub-Keplerian flows around BH possess multiple sonic points, due to the presence
of gravity and angular momentum. Presence of relativistic effects induces the formation of
another sonic point. It was later showed that rotating sub-Keplerian flows passing through the
outer sonic point, may undergo shock transition and enter the BH through the inner sonic point
(Fukue 1987[9], Chakrabarti 1989[10]). Sub-Keplerian flows also have significant advection and
the flow is also hotter than SSD (Abramowicz et al . 1988[11], for a brief review see, BisnovatyiKogan & Lovelace 2001[12]). Few works were also focussed to study radiative properties of
these systems. Colpi, Marashi & Treves (1984)[13] studied two-temperature version of spherical
flows around BHs, where they elaborately discussed the radiative mechanisms while Narayan &
Yi (1995) (NY95)[14] considered rotating advection-dominated two-temperature flows in order
to obtain the spectra of low accreting BH systems. But in NY95, self-similarity was assumed
while obtaining solutions, which is valid only far away from the BH and cannot be assumed
throughout the flow. Also electron energy equation was dealt locally, neglecting its advection. In
1996, Nakamura et al .[15], were the first to obtain global transonic two-temperature advection
dominated accretion solutions. Manmoto et al .[16] in 1997, computed the spectra of such
flows. Since then, works have been done in two-temperature advection dominated branch of
solutions, notable being by Chakrabarti & Titarchuk (1995) [17], Bisnovatyi-Kogan & Lovelace
(1997)[18] and Mandal & Chakrabarti (2005)[19]. Few works considered transonicity like Rajesh
& Mukhopadhyay (2010)[20] and Dihingia et al .(2017)[21].
Flows around BH are trans-relativistic in nature varying from thermally non-relativisitic,
adiabatic index (Γ) ∼ 5/3, very far away from the central object to mildlyrelativistic/relativistic, Γ → 4/3, near the horizon, therefore a fixed Γ equation of state (EoS)
is untenable. However, most of the previous works in two-temperature model assumed so. In
2009, Chattopadhyay & Ryu[22], gave an approximate analytical form of EoS for multispecies
flow, which is easy to handle and it matches perfectly well[23] with the relativistically perfect
EoS[24].
It is worth noting that the number of hydrodynamic equations in one-temperature and twotemperature is same, but there is one more variable in the latter (Te =electron and Tp =ion
temperature). Number of unknowns is hence more than the number of equations. Or in
other words the two-temperature model is degenerate. If we scan the parameter space of twotemperature transonic solutions we can obtain infinite solutions for the same constants of motion.
This problem was never been reported and solved for, in literature known so far, although hint
of this was given in LT80, where they parametrized Te and Tp by a constant ratio. The standard
Coulomb interaction between electrons and ions is weak, therefore the energy exchange is not
substantial to establish a stronger correlation between Te and Tp . In absence of any other physical
processes dictated by plasma physics, all other parametrization employed by various authors are
arbitrary. In Sarkar & Chattopadhyay (2019) (SC19)[25], we gave a detailed methodology to
obtain a unique transonic two-temperature accretion solution around BHs, albeit for spherical
accretion. In SC19, we derived for the first time, an entropy measure form, close to the horizon.
Second law of thermodynamics dictates that nature prefers a solution with maximum entropy.
Hence, we select the maximum entropy solution as the unique transonic two-temperature solution
for a given set of constants of motion. In this paper, we extend SC19 to rotating, conical accretion
flow around BHs. Since, rotating flows possess multiple sonic points, complexity of the problem
is increased further. In the methodology section, we will discuss in detail how SC19 is modified
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in the present paper. We have also used the variable Γ index CR EoS which removed the problem
of specifying the adiabatic indices of the species.
The paper is divided into the following sections. In section (2), we will give a brief overview
of the basic equations and assumptions used to model the flow. In section (3), we will discuss
the methodology to find unique transonic two-temperature solutions, showing some important
results in section (4) and would finally conclude in section (5).
2. Basic Equations and Assumptions
We consider here inviscid conical rotating axis-symmetric two-temperature accretion flows
around BHs described by Schwarzschild metric. It is to be noted that qualitative feature of
the flow is not hampered while neglecting viscosity. It has been observed in viscous, single
temperature, rotating accretion flow that angular momentum remains almost constant till ∼
few ×100 Schwarzschild radius (rg ) [26, 27, 28]. Spherical coordinate system has been employed
where, r, θ, φ have their usual meaning and t is the time coordinate. It is to be noted that
throughout the paper, we have used a system of units where, G = M = c = 1, such that the
unit of length, time and velocity are given as rg = GM/c2 , rg /c = GM/c3 and c, respectively,
where G = Gravitational constant, M = mass of BH, c = speed of light. In the subsequent
sections all the variables are in this unit system unless otherwise mentioned. The system is in
steady state and is axis-symmetric. Additionally, all the quantities are averaged in the vertical
direction. Therefore, ∂/∂t = ∂/∂φ = ∂/∂θ = 0.
The energy momentum tensor of the accreting matter is T µν = (e + p)uµ uν + pgµν + trad ,
where, e and p are the internal energy density and isotropic gas pressure, all measured in local
fluid frame, uµ s are the components of four-velocity and trad is the radiation tensor. gµν s are
the inverse of metric tensor components, non-zero components of which are :
"
!
"
!
2 −1
2
; grr = 1 −
; gθθ = r 2 ; gφφ = r 2 sin2 θ
(1)
gtt = − 1 −
r
r
Conservation law for : (1) Energy : T;νµν = 0, (2) particle density flux : (nuν );ν = 0 where, n =
particle number density. If we project the four-divergence of the energy-momentum tensor along
the space direction, i.e. hiµ T;νµν = 0, we get the Euler equation, radial component of which is :
1
1 dp
dur
+ 2 − (r − 3)uφ uφ + (grr + ur ur )
= 0.
(2)
dr
r
e + p dr
The azimuthal component is absent, since the angular momentum is a constant of motion in the
absence of viscosity.
On integrating the equation for conservation of particle density flux, we get the form of mass
accretion rate, which is another constant of motion :
ur

Ṁ = 4πρur r 2 cos θ,

(3)

where, ρ = n(mp + me ) = mass density, mp and me being the mass of proton and electron
respectively, θ is the angle which the surface of the flow makes with the normal.
The first law of thermodynamics is uµ T;νµν = 0 and can be simplified to :
"
$
#!
e+p
r
ρ,r − e,r = ∆Q,
(4)
u
ρ
where, ∆Q = Q+ − Q− . Q+ is the rate of heating present in the flow and Q− gives the cooling
rate. Generalised Bernoulli constant, a constant of motion, is obtained by integrating Eq.(2)
with the help of Eq.(4) and is given by,
E = −hut exp(Xf ),
3

(5)
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% ∆Qp +∆Qe
dr. E is constant even in
where, h = (e + p)/ρ, is the specific enthalpy and Xf =
ρhur
the presence of dissipation. In case of no dissipation, Xf = 0 and E → E = −hut , which is the
canonical form of relativistic Bernoulli constant [26].
To close the equations of motion, we use CR EoS [22], which for electron-proton plasma, in
geometric units, is given by,
"
!
ρf
fp
=
e = n e me f e +
,
(6)
η
K̃
&
'
i +3
where, K̃ = 1 + 1/η and η = me /mp . Here, fi = 1 + Θi 9Θ
and Θi = mkTi ci2 is the non3Θi +2
dimensional conjugate of the dimensional temperature (Ti ), where k = Boltzmann constant
dfi
and i ≡electron or proton. Polytropic index and adiabatic index are defined as, Ni = dΘ
and
i
1
Γi = 1 + Ni . If we rewrite the first law of thermodynamics Eq.(4), separately for protons and
electrons using Eq.(6), we get the differential equation for their temperatures :
!
"
!
"
Θp
dv
Θe
dv
1
dΘe
1
dΘp
=−
A+
− Pη and
=−
A+
− E,
(7)
dr
Np
v(1 − v 2 ) dr
dr
Ne
v(1 − v 2 ) dr
∆Q K̃

p
2r−3
e K̃
where, A = − r(r−2)
, E = ∆Q
, P = ρur N
ρur Ne , These equations are not independent, but are
p
coupled by a Coulomb coupling term. If we simplify Eq.(2), using Eqs.(3),(6-7), we obtain:

N
dv
= ,
dr
D

(8)

(
λ2 γφ2 (r−3)
Γ N P+Γ N E
∆Q
1
where, v =
+
+ a2 A + p p hK̃ e e − ρhu
ur ur /(1 + ur ur ), N = − r(r−2)
r and
r4 )
&
'
2
Γ Θ
v
1 − av2 . The sound speed is defined as, a = G/hK̃ , where G = pη p + Γe Θe .
D = 1−v
2
2.1. Sonic point conditions and shock conditions :
The mathematical form of Eq.(8) suggests that there exists a point where the numerator vanishes.
For smooth continuous flow, the denominator also has to vanish. Thus, dv/dr has a 0/0 form
and this point is called the sonic point of the flow. The sonic point conditions are : N = 0 and
D = 0. At the sonic point we need to employ L’Hospital rule in order to find (dv/dr)c .
The relativistic shock conditions or the Rankine-Hugoniot conditions [29] are : (1)
Conservation of mass flux : [Ṁ ] = 0, (2) energy flux : [E] = 0 and (3) momentum flux :
[(e + p)ur ur + pgrr ] = 0, where, the square brackets denote the difference of the quantities across
the shock.
2.2. Radiative processes :
• Equipartition of magnetic energy density demands that magnetic field lines reconnect such
that magnetic field is not frozen into the plasma [30, 31]. The heat dissipated[32] in such a
way (QB ) is assumed to be absorbed by protons and electrons in equal portions (δ = 0.5).
• Coulomb coupling (Qep ) cause energy exchange between electrons and protons [33].
• Inverse bremsstrahlung (Qib ) acts as a cooling mechanism for protons [34, 35].
• Electron is cooled via three processes : bremsstrahlung (Qbr )[36], synchrotron (Qsyn )[37]
and inverse-Comptonization (Qic )[37].
• If the temperature of the electrons is less than the energy of the interacting photons, then
electrons can gain heat via Compton heating (Qcomp ).
−
Thus to conclude we have, for protons : Q+
p = δQB and Qp = Qep + Qib , and for electrons :
−
Q+
e = (1 − δ)QB + Qep + Qcomp and Qe = Qbr + Qsyn + Qic . In addition, all the relativistic
transformations have been considered to compute the actual energy loss.
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2.3. Entropy accretion rate expression :
To obtain the expression for entropy, one needs to integrate the first law of thermodynamics by
switching off explicit heating and cooling terms . Due to the presence of Coulomb interaction
term, Eq.(4) is not analytically integrable. However, close to the BH horizon, gravity overpowers
all other interactions. Therefore, at r = rin (asymptotically close to the horizon), Qep can be
neglected. Thus we obtain,
Θp 1 dnp
dΘp
=
dr
Np np dr

and

dΘe
Θe 1 dne
=
dr
Ne ne dr

(9)

Hence, we can integrate equation (9) at rin to obtain :
!
" 3
!
" 3
3
3
fein − 1
fpin − 1
2
2
nein = κ1 exp
Θein (3Θein + 2) 2 and npin = κ2 exp
Θpin
(3Θpin + 2) 2 (10)
Θein
Θpin
where, κ1 and κ2 are the integration constants which are measure of entropy. Subscript ‘in’
indicates quantities measured just outside the horizon. Due to charge neutrality in the flow
nein = npin = nin . Therefore we can write,
*
!
"
!
" 3 3
3
3
fein − 1
fpin − 1
√
2
2
Θpin
(3Θein + 2) 2 (3Θpin + 2) 2 , (11)
nin = nein npin = κ exp
exp
Θein
Θein
Θpin
where, κ =

√

κ1 κ2 . Thus, the expression of entropy accretion rate can be written as,

Ṁ
4πκ(me + mp )
*
!
"
!
" 3 3
3
3
fein − 1
fpin − 1
2
2
exp
Θein
Θpin
(3Θein + 2) 2 (3Θpin + 2) 2 ur r 2 cos(θ)
= exp
Θein
Θpin

Ṁin =

(12)

In the next section we will briefly discuss the significance of this formula and its use as a tool
to remove degeneracy in two-temperature problem.
3. Methodology for obtaining unique transonic solutions
3.1. Finding of sonic points and obtaining a transonic solution :
This is the first step to find a general two-temperature accretion solution. Since the system is
dissipative, sonic points are not known a priori. In order to compute the location of the sonic
point/points, for a given set of constants of motion (E, Ṁ and λ), we start, with integration
from rin = 2.001. At rin , Xf = 0 and from Eq.(5), E ' E. Simplifying this, we obtain an
analytical form for vin (which is a function of Tp in , Te in ). We assume a value of Tp in and
iterate Te in , while simultaneously calculating vin , until both the sonic point conditions (see,
section 2.1) are satisfied. But as discussed before, rotating flows can possess multiple sonic
points. So we keep Tp in same and reduce/increase Te in by a large factor, and iterate it again
until the sonic point conditions are satisfied. However, multiple sonic points form only for a
limited range of constants of motion. Once we get the sonic point, we integrate Eqs.(7) and
(8) inwards and outwards from the sonic point, using 4th order Runga-Kutta method to obtain
transonic solutions. At the sonic point, dv/dr = (dv/dr)c (see section 2.1).
Fig.1(a1-a4), shows the Mach number (M = v/a) plot vs log r plot for ‘spherical’ flows (λ = 0)
and in panel (b1-b6) solutions are for ‘rotating’ conical flows (λ = 2.5) around BH. Parameters
used are E = 1.002, Ṁ = 0.05Ṁedd , MBH = 10M" , θ = 60◦ . Thus, the constants of motion are
same in all the cases, but Tp in is varied to get different solutions. The dotted solutions in every
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case are mathematical transonic outflows. Solid lines denote the global accretion solutions since
it connects BH horizon from infinity.
We can see that in case of spherical flows the global solution always passes through a single
sonic point (a1-a4), while in case of rotating flows, the flow might pass through one or more
sonic points (b1-b6). In (b1-b2), global solution passes through the outer sonic point only, while
in (b6) it passes through the inner sonic point. In both the cases only one physical sonic point is
present. In (b3-b6) solutions possess multiple sonic points, out of which in (b4), we see that the
flow harbours shock. So the global solution first passes through the outer sonic point, becomes
supersonic and then after going through a shock transition, jumps to the subsonic branch and
enter the BH supersonically after passing through the inner sonic point.
3
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Figure 1: Left : (a) Ṁin vs Tp in plot for spherical flows. Single sonic point exist for every Tp in .
Panels (a1-a4) M vs log r plot for various Tp% in s marked with solid coloured dots in panel (a).
The values of Tp in are : (a1) 3.0 × 1011 K, (a2) 4.0 × 1011 K, (a3) 5.0 × 1011 K, (a4) 6.0 × 1011 K.
Right : (b) Shows Ṁin vs Tp in plot for rotating conical flows (λ = 2.5). Solid black curve is for
the solutions passing through outer sonic point, while dotted black curve is for solutions passing
through inner sonic points. Panels (b1-b4): Shows solutions for various Tp% in s marked in panel
(b), value of which are: (b1) 4.0 × 1011 K, (b2) 5.1 × 1011 K, (b3) 6.4 × 1011 K, (b4) 6.7 × 1011 K,
(b5) 6.86 × 1011 K, (b6) 8.0 × 1011 K. Entropy maximises at a certain Tp in in both the cases
(green star). Parameters used are E = 1.002, Ṁ = 0.05Ṁedd , MBH = 10M" , θ = 60◦ .

3.2. Selection of a unique solution :
A solution should be unique for a given set of constants of motion, but in Fig.1(a1-a4) and
(b1-b6), it was noticed that a change in Tp in gave solutions with completely new topology and
sonic point properties. In Fig.1, we plotted the case of spherical flows, in order to contrast for
the complexity that arises due to the presence of angular momentum. Any wrong choice of
solution would give us a completely different information and hence a wrong spectrum. So it is
necessary to select the correct solution. The only way to deal with this degeneracy is to have
a measure of entropy of the system. This measure of entropy is plotted in panel (a) and (b)
against the corresponding Tp% in s, using the entropy form given by Eq.(12).
In case of spherical flows, which possess single sonic points, there is a clear entropy maxima at
Tp in = 5 × 1011 K (green star). By employing the second law of thermodynamics, we select this
solution (panel a2). Thus, we are able to obtain a unique transonic two-temperature solution
for the given set of constants of motion [25].
In case of rotating flows, global solutions may pass through one or more sonic points. So the
system is complicated unlike spherical flows. Dotted black curve in panel (b) is for solutions
passing through inner sonic points while solid black curve is for solutions passing through outer
sonic points. In a certain range of Tp in both inner and outer sonic points exist (solution b3-b5).
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We can see that the entropy maximises in the outer sonic point branch of solutions (green star).
Since flow starts from infinity, it would select the maximum entropy solution. Then, it could
pass through an inner sonic point only if the shock conditions are satisfied (see section 2.1).
For the present case, Tp in = 5.1 × 1011 K possess maximum entropy and the global solution
passes through outer sonic point (solution b2). In the sections to follow, we use this method of
maximising entropy to obtain global advective transonic two-temperature accretion solutions.
4. Results
4.1. General transonic two-temperature solution :
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Figure 2: We plot (a) Mach number (M), (b) v (solid, cyan) and vφ (dotted, blue), (c) Tp (solid,
orange), Te (dotted, red), (d) Γp (solid, orange), Γe (dotted, red), (e) log(n) (solid, magenta), (f)
E (solid, brown), with respect to log r. In panel (g) we plot the total spectrum (solid black) along
with contributions coming from bremsstrahlung emission (dotted violet), synchrotron (dashed
yellow) and inverse Comptonization (dotted-dashed grey). The set of flow parameters used are
E = 1.00001, λ = 3.0, Ṁ = 0.001Ṁedd , MBH = 10M" and θ = 60◦

In Fig.(2), we plot a typical two-temperature transonic advective accretion disk solution with its
corresponding flow variables. The parameters used are, E = 1.00001, λ = 3.0, Ṁ = 0.001Ṁedd ,
MBH = 10M" and θ = 60◦ . In panel (a) we plot the global solution, which passes through
multiple sonic points (green solid line). First the solution passes through an outer sonic point
rco = 5935.59rg and then through an inner sonic point rci = 6.29rg (denoted by black stars)
through a shock transition at rshock = 257.09rg . The infall speed of the supersonic matter after
passing through the outer sonic point, is slowed down, due to the twin effect of centrifugal force
and thermal pressure. This slowed down matter acts as a barrier to the matter coming from
behind. This causes the formation of a shock. After the shock, matter becomes subsonic but
it ultimately falls into the BH supersonically after passing through the inner sonic point. The
radial three-velocity (v) in co-rotating frame and flow velocity in the azimuthal direction (vφ )
is plotted in panel (b) (solid cyan and dotted blue respectively). The fate of v and vφ near
the horizon is quite different, one approaching c while the other going to 0, since near the BH,
gravity is so strong that matter only has a radial velocity component and negligible azimuthal
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component. Tp (solid, orange) and Te (dotted, red) as a function of r is plotted in panel (c). At
very large r, Tp ' Te . But as the matter flows inwards, cooling processes in electrons starts to
dominate. Thus, protons and electrons settle down into two-different temperatures. They are
however, coupled by a Coulomb coupling term which acts as an energy exchange term between
the protons and electrons. But the term is weak, unlike in one-temperature case, where it
is infinite. Panel (d), shows that gamma index of both protons (solid, orange) and electrons
(dotted, red) varies with the flow. This justifies our use of CR EoS. Γp and Γe ∼ 1.66 at very
large distances, suggesting that both of them are thermally non-relativistic. When the flow nears
the BH, Γe becomes mildly-relativistic and then relativistic with Γe ∼ 1.33 near the horizon,
though Γp never becomes truly relativistic. In (e), we have plotted number density (in units of
cm−3 ) vs log r. Since accretion is an example of convergent flow, the number density increases
with decrease in radius. In panel (f), we prove that the generalised Bernoulli constant is a
constant of motion throughout the flow, even in the presence of dissipation. In panel (g), we
plot the spectrum for the accretion flow. It is plotted by summing up all the emissions coming
from each radius. Spectrum of each emission process is also plotted separately. Bremsstrahlung
is shown in dotted violet line, synchrotron by dashed yellow line and inverse-Comptonization by
dotted-dashed grey line.
4.2. Luminosity and Efficiency of Bondi flows as compared to rotating flows :
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Figure 3: Plot shows
the variation of luminosity with Ṁ which is normalised with respect to
Eddington rate (Ṁedd ).
The color bar shows the
change in efficiency (in
logarithmic scale). The
circled points are for
spherical flows while diamond shaped points are
for flows having angular
momentum λ = 2.4. The
other parameters used
here are, E = 1.001,
MBH = 10M" and θ =
60◦

In Fig.3, we have compared the change in luminosity with increase in accretion rate (Ṁ ), which
is in terms of Eddington rate (Ṁedd ). Circled points are for spherically symmetric flows whereas
diamond shaped points are for flows having angular momentum λ = 2.4. For both the flows
parameters used are E = 1.001, MBH = 10M" and θ = 60◦ . We can see that as the supplied
matter is increased the luminosity increases, irrespective of the type of flow. It is apparent
from the plot that Bondi flows are less luminous flows, about an order of magnitude lower than
rotating flows. The presence of angular momentum slows down the matter giving it more time
to radiate. The color bar plots the efficiency of the system, which is given by the formula,
η̃ = L/(Ṁ c2 ). The efficiency also have a similar trend, with the increase in accretion rate
efficiency increases but flows with angular momentum have a higher efficiency than spherical
flows, at a given an accretion rate.
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5. Conclusions
In this paper we present our results in case of two-temperature rotating flows, that is flows
having some angular momentum. Pure GR treatment was made, which helped us, model the
strong gravity of BHs. In these flows, Coulomb coupling is never too strong, to make the flow
attain a single temperature. We have also presented results of spherical flows in few cases in
order to contrast the differences of theses flows with flows having angular momentum.
Our focus in this paper is to obtain unique transonic solutions in two-temperature model.
We, in SC19, have reported that two-temperature solutions are degenerate in nature. Infinite
transonic solutions exist for the same constants of motion. We solved the problem with the help
of the entropy measure (Eq.12) which was obtained from the first principles. In this paper we
first demonstrated the use of this entropy form in case of spherical flows, since spherical flows are
simple and possess single sonic points. We could see a clear maxima at a certain solution. We
applied the same methodology in case of rotating flows as well. But these systems are complex.
Still the entropy measure form of ours worked and we again selected the solution with maximum
entropy. This helped us in selecting a unique solution from the infinite solutions obtained, for
a given set of constants of motion, in case of rotating conical flows. This is the first time, to
the best of our knowledge, that such work has been done. This methodology to remove the
degeneracy in two-temperature flows is required since any wrong choice of solution would give
us a wrong solution and hence an overall wrong information of the system.
In our previous paper SC19, although we have worked on spherical transonic two-temperature
flows but we did not consider any GR and doppler effects. We also ignored any photon trapping
effects by BH. This led us to high luminosity values in case of spherical flows. In this paper we
took these corrections into account and compared the luminosities of these flows with rotating
flows. We saw that at 1Ṁedd , Bondi flows have efficiencies ' 0.14% , while rotating flows have
efficiencies ' 2.12%. Rotating flows were always an order of magnitude more luminous than
spherical flows. Similar trend was also observed in efficiency.
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Abstract. We investigate the role of pair production and annihilation in the presence of
radiation processes like bremsstrahlung and inverse-Comptonization, assuming no magnetic
fields present in the system. The disk is assumed to be viscous, advective and in hydrostatic
equilibrium. Photon-photon interactions leading to pair production is the most dominant
process. Threshold for this process is, h⌫1 h⌫2 & (me c2 )2 . We find that, for accretion rates lower
than 0.8Ṁedd , we can neglect the presence of any pairs. Maximum number of pair production
occurs in a region < 50rg . When the number density of pairs is optimal, a bump is observed
near me c2 in the spectrum, which is a signature of the annihilated photons.

1. Introduction
Accretion is the best possible mechanism to explain the most luminous objects in the Universe,
the Active Galactic Nuclei (AGN). Works by Hoyle & Littleton (1939) [1] and Bondi (1952)
[2] laid the foundation for the theory of accretion. These theories shot into prominence when
the enormous luminosities emitted from AGNs and X-ray binaries could only be explained with
the help of accretion theory. Since then, accretion models have been improvised to match
the observational evidences obtained from the new generation of telescopes. One such model
was given by Shapiro, Lightman & Eardley [3]. This was the first accretion model which was
composed of hot flows and could match the hard power law part of Cygnus X-1 (the first object
to be realised as a black hole candidate). They predicted that the electron temperature in
accretion disks to be approximately equal to or greater than the electron rest mass energy,
kTe & me c2 = 511 keV (where, k is the Boltzmann constant, Te is the electron temperature, me
is the mass of the electron and c is the speed of light). It was soon realised that the production
of e+ e pairs as well as its annihilation, is an important process and may play a significant
role in accretion disc dynamics as well as in shaping the output spectrum.
In 1966, Jelley [4] pointed out that high energy gamma ray photons generated by luminous
astrophysical sources on interaction with low-energy photons present in intergalactic and
interstellar medium, could lead to the creation of electron-positron pairs. The reaction reads as
: + ! e+ + e . Herterich (1974) [5] showed that photon-photon pair production process has
a threshold condition : E1 E2 (1 cos ✓pp ) 2(me c2 )2 , where E1 = h⌫1 and E2 = h⌫2 are the
energies of the interacting photons and ✓pp is the angle between them. He concluded that this
process could significantly change the radiative output of the system as well as composition of
the flow.
Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd
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In 1979, Liang [6] proposed one of the first models of an optically thin accretion disk
solution including pair production. In this work he assumed the generation of e+ e pairs
through interaction of photons produced by unsaturated Comptonization and found an order
of magnitude reduction in electron temperature because of enhanced cooling by these pairs.
Unfortunately, detailed analysis was not presented. Also, the treatment was made for subrelativistic and trans-relativistic electron temperatures, assuming large optical depths, which
allowed the photons to scatter efficiently. This scenario is not true in all astrophysical cases.
Lightman & Zdziarski (1987) [7] studied the importance of pairs in AGNs and concluded that
luminosities are reduced when there is sufficient pair production. Kusunose & Takahara (1988,
1989, 1990) [8, 9, 10] in a series of papers extensively discussed the e↵ect of pairs in twotemperature accretion disks assuming pair equilibrium. These papers covered almost all the
photon generation processes leading to the production of pairs : bremsstrahlung, synchrotron,
inverse-Comptonization of bremsstrahlung and synchrotron photons (also see White & Lightman
(1989) [11]) and external soft photons. But, the ion and electron energy advection term was
neglected. Main conclusion of these papers were, for any given accretion rate, there existed two
branches of solutions, one with a high pair to ion density ratio (defined as z) and one with a
low z. The solution with a high z would generate unphysically high proton temperatures, halfheights and even long relaxation times. These were also unstable against thermal, secular and
pair density perturbations. On the contrary, the solution with a low z was stable with negligible
e↵ect on the electron temperature or spectra. The authors also showed that a forbidden region
will be formed when accretion rates exceed a certain critical value. In this region no steadystate solutions are possible. The reason for formation of this region is the enforcement of pair
equilibrium, even in situations where pair production rate exceed the pair annihilation rate.
This value of critical accretion rate is characteristic of the type of photon distribution.
Most of the initial works dealing with pair production either assumed a static plasma flow with
the assumption of pair equilibrium [12, 13, 14] or a fixed efficiency of the system was considered
[15]. Although these studies showed the importance of pair production in di↵erent accreting
systems, they were not self-consistent. Shull (1979) [16] and Wandel, Yahil, and Milgrom (1984)
[17] obtained self-consistent solutions but detailed work on the dynamics of the flow was not
done and the radiative transfer part was not properly dealt with. They did not consider the
e↵ect of produced pairs back onto the system. Lightman (1982) [18] correctly quoted, that the
problem of pair-production is highly non-linear; “pairs produce photons and photons produce
more pairs”. Yahel & Brinkman (1981) [19] and Yahel (1982) [20] investigated pair production
in the most self-consistent way. But their methodology to obtain solutions were too sensitive,
which inhibited them from getting a larger picture of the parameter space. Yahel & Brinkman
(1981) concluded that there will be a characteristic spectral signature, a bump like feature near
me c2 , due to e+ e pairs, unless the number density of pairs is very low. Following them,
more realistic self-consistent two-temperature work including pairs was done by Park & Ostriker
(1989) [21] and Park (1990) [22] where they assumed spherical flows and implemented radiation
hydrodynamic equations. Radiative processes considered were : line cooling, photoionizational
heating, bremsstrahlung, Comptonization, pair creation and annihilation. They also considered
the e↵ects of generated radiation on the dynamics of the gas flow. The authors concluded
that including pair processes in two-temperature solutions does not a↵ect the accretion systems
significantly. Advection-dominated disks soon came into existence and Kusunose & Mineshige
(1996) [23] investigated the e↵ect of pairs in these disks [24]. They concluded that pairs have
negligible e↵ect in these systems.
The discrepancies cited above were due to the fact that di↵erent works assumed di↵erent
radiative processes and hence di↵erent radiation field producing pairs. In order to obtain a
larger picture, we investigated this matter in greater details in the general-relativistic regime for
one-temperature flows. There are three processes which could lead to pair production : photon-
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particle (electron, positron or proton), particle-particle and photon-photon interaction. Out of
them photon-photon interaction is the most dominant process responsible for the production
of e+ e pairs [25]. Particle-particle interactions and photon-particle interactions are of less
importance because their reaction cross-section decreases in the order of (1/137) (value of fine
structure constant) and (1/137)2 respectively. Hence, we can safely ignore them. In this work
we assume that there are no magnetic fields present in the system. Thus, as a preliminary step,
we include only bremsstrahlung and its inverse-Comptonization. The photons generated due
to bremsstrahlung are in general, hard (of higher energy). If a photon’s energy is lower than
the energy of the ambient electrons, they can get upscattered to higher energies through the
process of inverse-Comptonization. The probability for a photon to get scattered depends on
the optical depth of the system. Thus, in the present work, the radiation field is made of a flat
unscattered bremsstrahlung spectrum and a Wien tail. If these photons satisfy the criterion
for pair production, e+ e pairs would be produced [24]. Depending on the number density
of the pairs produced, simultaneous annihilation will occur. After the annihilation process the
radiation field will also contain these photons apart from the usual bremsstrahlung and inverseCompton photon distribution.
Flows around BHs are trans-relativistic in nature. They are non-relativistic (kT < me c2 ,
adiabatic index= ⇠ 5/3) very far away from the horizon. As matter approaches the BH, it is
compressed to smaller and smaller regions, with radiative processes playing significant role, the
flow becomes mildly relativistic or relativistic (kT & me c2 , ⇠ 4/3). The exact equation of state
(EoS) for such a flow was given by Chandrashekar in 1939 [26]. This equation is computationally
difficult to implement. Thus, we have used the Chattopadhyay & Ryu (2009) [27] EoS (CR EoS
hereafter) for multispecies flow with variable adiabatic index. This EoS is analytical and exact
which helped us to deal away with specifying any value of adiabatic index for each species at
each point of the flow.
The paper is divided into the following sections. In section (2), we will cover the
basic equations and assumptions used to model the flow. In section (3), we will discuss
the methodology to find a self-consistent one-temperature transonic solution, including pair
processes. We will show some important results in section (4) and finally conclude in section
(5).
2. Assumptions and equations used to model the flow
We assume an advective viscous transonic accretion disk in hydrostatic equilibrium around a
Schwarzschild BH. The treatment is in the pure general-relativistic regime where the line element
in terms of spherical coordinate system is given by [28, 29]:
ds2 = gtt dt2 + grr dr2 + g d

2

+ g✓✓ d✓2 ,

(1)

where, gµ⌫ s are the metric tensor components.
The non-zero components are gtt =
1
2
2
2
2
1 r ; grr = 1 r
; g✓✓ = r ; g = r sin2 ✓. We have employed a system of
units where, G = M = c = 1, such that the unit of length is in rg = GMBH /c2 (where G =
Gravitational constant, MBH = mass of BH) and the unit of velocity is in terms of light speed c.
This unit system has been used throughout the paper unless mentioned otherwise. We assume
the flow to be in steady state and around the equatorial plane, hence @/@t = 0 and ✓ = 90 ,
respectively. In addition, we assume fully ionized plasma and charge neutrality in the system.
Accretion flows are governed by the following equations :
(1) Continuity equation: (nu⌫ );⌫ = Si So ,
where, n = number density of the particles and uµ s are the four-velocity components, and Si
and So are source and sink terms of pair production. In presence of pair production, the particle
four-flux are not conserved. So, we define separately, the continuity equation for each particle
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(proton: np , electron: ne and positron: ne+ ).
(a) Proton: In the process of pair production, proton number density is not a↵ected and hence
the continuity equation can be integrated to obtain a form of conservation of proton mass flux
or the proton-accretion rate of the system.
Ṁ = 2⇡⇢p ur rH,

(2)

where, ⇢p is the proton mass density and H is the half-height at each radius of the disk, the
disk being in hydrostatic equilibrium. The form of half-height is obtained using the prescription
given by Lasota (1994) [30, 31].
(b) Positron: The continuity equation for positron can be written as [32] :
dne+
(ṅC ṅA )
=
dr
ur

ne+ d(rHur )
rHur
dr

(3)

where, ṅC and ṅA are the creation and annihilation rates per unit volume, expressions of which
will be discussed later.
(c) Electron : Charge neutrality demands that the number of positive charges equal the number
of negative charges. This gives us the electron number where :
n e = n e+ + n p

(4)

(2) Conservation of energy-momentum : T;⌫µ⌫ = 0,
where T µ⌫ is the energy-momentum tensor of a fully ionized viscous fluid and is given by :
T µ⌫ = (e + p)uµ u⌫ + pg µ⌫ + tµ⌫ ,

(5)

where, e, p and tµ⌫ are the local internal energy density, local isotropic gas pressure and viscous
stress tensor, respectively. Projecting the four-divergence of T µ⌫ along the space direction, gives
the relativistic Navier-Stokes equation, radial component of which is:
ur

dur
1
+ 2
dr
r

(r

3)u u + (g rr + ur ur )

1 dp
= 0.
e + p dr

(6)

and the integrated form of the azimuthal component gives :
⇢ur (L

L0 ) = tµ⌫

(7)

Here, L = hu and L0 is the local bulk angular momentum defined at each radius and that
defined at the horizon, respectively [33]. The specific angular momentum of the fluid is defined as
= u /ut . Assuming shear to be the only factor giving rise to viscosity, we have tµ⌫ = 2⌘ µ⌫ ,
where, ⌘ is the viscosity coefficient, defined as ⌘ = ⇢h¯
⌫ . Here, ⌫¯ = ↵v ar(1 v 2 ) is defined as
the kinematic
p viscosity, with ↵v being the usual Shakura & Sunyaev viscosity parameter [34]
and v = ur ur /(1 + ur ur ) is the radial three-velocity defined in the local co-rotating frame.
Enthalpy and speed of sound in the medium is defined using h and a, respectively.
(3) First law of thermodynamics : uµ T;⌫µ⌫ = 0,
which can be simplified using Eq.(5) to :
✓
◆
e+p
r
u
⇢,r
⇢
where,

Q = Q+

e,r =

Q,

Q is the di↵erence in the heating and cooling rate of the system.
4

(8)
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2.1. Equation of state and the simplified equations of motion
As discussed before, we use the CR EoS which is given by,

✓
◆

✓
◆
⇢
⇢
9⇥ + 3
9⇥ + 3/
e = f = (2 ⇠) 1 + ⇥
+⇠ 1+⇥
3⇥ + 2
3⇥ + 2/
K̃
K̃

(9)

where, K̃ = 1 + 1/ , ⇠ = np /ne , = me /mp and ⇥ = mkT
2 is the non-dimensional form of
ec
temperature defined w.r.t the rest mass energy of the electron. Polytropic and adiabatic indices
df
are defined as, N = 12 d⇥
and = 1 + N1 respectively.
Using EoS, Eq.(9), we can simplify the first law of thermodynamics Eq.(8), to obtain :
✓
◆
d⇥
⇥
dl
dv Q P
=
A+B +C
(10)
dr
⇥H⇥ + N
dr
dr
2⇥
QK̃
r 1
1
where, Hx = H1 @H
@x , A = Hr + r(r 2) , B = Hl , C = Hv + v(1 v 2 ) and Q = ⇢ur . The term P is
used to calculate the leptons internal energy consumed in producing pairs. If we simplify the
azimuthal component of Navier-Stokes equation Eq.(7), we have :
"
#
dl
⇢ur (L L0 ) 2l
=
+
(1 v 2 ),
(11)
dr
r
⌘ 1 2r

here, l = u . Now, we can obtain the di↵erential equation for velocity from Eq.(6), using
Eqs.(2-4) and (9-11), to obtain:
dv
N
= ,
(12)
dr
D
⇣
⌘
3)l2
(1 ⇥H⇥ )(Q P)
N a2
dl
N a2 B
where, N = r(r1 2) + (r(r 2)r
+
A
+
C
+
and D = 1 vv2 ⇥H
.
3 2
2
⇥H
+N
dr
⇥
⇥ +N
h
K̃N
a
v
q
p
The sound speed is defined as, a = e+p
. If we integrate Eq.(6) using Eq.(8) we obtain the
generalised Bernoulli constant :
r
2
E= h v 1
exp( Xf ),
(13)
r
which is a constant of motion even in the presence of dissipation. When the system is adiabatic
and there is no dissipation E ! E = hut , which is the canonical form of relativistic Bernoulli
constant [31].
2.2. Pair production and annihilation processes
We assume pair production only through photon-photon interactions as mentioned before :
+ ! e+ + e . The threshold condition is E1 E2 (1 cos ✓pp )
2(me c2 )2 , suggesting that
photons of energy > me c2 can only contribute to this process. Photon production mechanisms
considered in this work are bremsstrahlung, inverse-Comptonization and the pair-annihilation
photons.
Bremsstrahlung photons (ṅbr ) can be produced by e± p, e± e± and e+ e interactions.
Their expressions are given in Svensson (1984) [14] and White & Lightman (1989) [11]. The
photons generated through inverse-Comptonization (ṅic ) can be calculated using the form
ṅic = fb ṅbr , where fb is the fraction of emitted bremsstrahlung photons that are scattered upto
the Wien peak before escaping the disk. Thus, it depends on the optical depth of the system as
well as the temperature of the ambient electrons. It is calculated using the prescription given by
Nakamura et. al. (1996) [35]. For computing the photons produced due to annihilation (ṅann )
5
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we use the expression given by White & Lightman (1989) [11]. Thus, to calculate the total
number of photons contributing to pair-production (n ), we solve the photon balance equation,
which reads:
n = [(1 + fB )ṅbr + ṅann ] tesc
(14)
where, tesc = H/c(1 + ⌧es ), is the photon escape time and ⌧es is the optical depth of the system.
After we have information of the radiation fields present in the system, we identify all the possible
combinations, which can lead to pair production. They are as follows : collisions between (1)
photons of the same Wien peak (ṅWW ) , (2) between Wien and flat unscattered bremsstrahlung
photons (ṅWF ), (3) between the photons belonging to the same unscattered flat part (ṅFF ),
(4) Wien photon and the annihilation photons (ṅWA ), (5) flat part of bremsstrahlung photons
with annihilation photons (ṅFA ) and (6) between the same distribution of annihilation photons
(ṅAA ). Thus the creation rate can be written as :
ṅC = ṅWW + ṅWF + ṅFF + ṅWA + ṅFA + ṅAA

(15)

All these 6 scenarios have been included in this work, expressions of which are taken from White
& Lightman (1989) [11] and Esin (1999) [24]. The annihilation rate can be written as [13] :
ṅA = ne+ ne cre2

⇡
1+

2⇥2
ln (1.12⇥+1.3)

(16)

where, re is the electron radius.
2.3. Radiative processes
The radiative processes considered are as follows :
• Electron is cooled via three processes : (1) bremsstrahlung (Qbr ) radiation (through e± p,
e± e± and e+ e collisions [11]) (2) inverse-Comptonization of bremsstrahlung photons
(Qic ) [11] and (3) annihilation (Qann ) [12]
• Viscous dissipation of energy leads to heating in the system. Shakura & Sunyaev ↵v
parameter [34] controls the amount of this dissipation.
• The pairs produced, have same thermal energies as the other particles present in the system,
thus contributing to an overall heating term : Qpair heat =< h⌫1 + h⌫2 > ṅC .
• If the temperature of the electrons are less than the energy of the ambient photons, then
electrons can heat up via Compton heating (Qcomp ) mechanism [29].
Thus to summarize : Q+ = QB + Qpair heat + Qcomp and Q = Qbr Qic Qann . In addition,
we have implemented all the special and general relativistic transformations while computing
the actual energy loss as well as while plotting the spectrum.
2.4. Sonic point conditions and shock conditions
Mathematically a sonic point is defined as the point where dv/dr has a 0/0 form. Hence, from
Eq.(12), the sonic point conditions are: N = 0 and D = 0. To find the derivative of the velocity
at the sonic point (dv/dr|c ) we need to use the L’Hospital rule. Presence of angular momentum
and relativistic e↵ects causes the multiplicity of sonic points. Depending on the flow parameters,
an accretion solution may harbour one or more sonic points [29]. The sonic points are named
according to its distance from the BH : inner (rci ), middle (rcm ) and outer (rco ). Inner and outer
sonic points are X-type sonic points and are physical in nature, i .e. flows pass through them,
while O-type sonic points are unphysical in nature. Due to the multiplicity of sonic points,
shocks can also be formed. Supersonic matter (after it has passed through rco ), due to the
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twin e↵ect of centrifugal and thermal pressure could act as a barrier to the matter following it,
inducing the formation of a centrifugal-force mediated shock transition. After the shock jump,
matter becomes subsonic, but crosses the horizon supersonically after passing through rci . The
relativistic shock conditions [38] are: (1) Conservation of mass flux: [Ṁ ] = 0, (2) Conservation
of energy flux: [Ė] = 0, (3) Conservation of azimuthal momentum flux : [Ṁ L0 ] = 0 and (4)
Conservation of radial momentum flux: [⇢Hh v2 v 2 +pH] = 0, where, the square brackets denotes
the di↵erence of the quantities across the shock.
3. Methodology to obtain a solution
3.1. Finding a general transonic solution without pairs
Here, we discuss the method to find a general one-temperature advective transonic solution
without any pair processes. The system we are dealing with, is still dissipative (viscous
dissipation as well as radiative processes are included), hence sonic points are not known a
priori. For a given a set of flow parameters (E, in , ↵v , d , Ṁ and MBH ), a solution may
harbour one or more sonic points (see Section 2.4). Finding of sonic points is not trivial. The
first step is to specify the boundary conditions. For this, we select a point asymptotically close
to the horizon, say, rin = 2.001 (in terms of rg ), horizon being a co-ordinate singularity. The
reason for this choice is that, near the horizon, the value of the variables are known, r ! 2rg
and v ! c. Also, E ! E = hut , because very near the horizon, gravity overpowers any process
or interaction, preventing the matter to either interact with itself or its environment, making
the region adiabatic in nature. We now give a step-by-step procedure for finding solutions:
(1) Obtaining boundary conditions (vin , lin and L0 ): We first assume any arbitrary value
of ⇥in . We evaluate the value of lin from the definition of specific angular momentum,
u /ut = lin /(E/hin ), hin being a function of only ⇥in . Simplifying E = hin ut
in =
near the horizon, gives us an analytical expression for velocity near the horizon (vin ). Hence,
supplying the value of E, hin (⇥in ) and lin (as obtained before), would give us the value of vin .
The adiabaticity condition near the horizon reads E ' E, which implies exp(Xf ) = 1, from
Eq. (13). Calculating its derivative w.r.t r and then simplifying it, would give us a quadratic
equation in (Lin L0 ), (where, Lin = lin hin ) from which we can find the value of L0 .
(2) Finding sonic point (obtaining ⇥in ): After finding vin , lin and L0 for a given set of flow
parameters and a given arbitrary ⇥in , we integrate the equations of motion Eq.(3) and Eq.(1012) from rin outwards, towards infinity using 4th order Runga-Kutta integration technique. We
check whether the solution obtained passes through the sonic point or not. If it does not, then
we change ⇥in , until the sonic point conditions are satisfied. We note that, although it is a
pair-free iteration, we calculate the maximum positron density that could be obtained with the
current radiative processes.
(3) Obtaining the transonic solution : As soon as we get the sonic point, we find the derivative
dv/dr|c using L’ Hospital rule and integrate further outwards until we reach infinity (around
r ! 104 rg ) or the velocity of the solution becomes too low.
(4) Checking for other sonic points : Since angular momentum and relativistic e↵ects induces
the formation of multiple sonic points, we need to check whether any other sonic point exists
for the same L0 . For this we change ⇥in by a larger value and repeat the steps described from
1-2. If there is another sonic point present then we follow step 3 to obtain a transonic solution.
(5) Checking of shock transitions : When a certain set of flow parameters harbour multiple
sonic points, we need to check whether the solutions passing through them satisfy the shock
conditions (see, Section 2.4 for shock conditions). If, satisfied, the solution first passes through
the outer sonic point (rco ) encounters a shock (rs ) and then passes through the inner sonic point
(rci ), entering the horizon supersonically. At the shock location, the velocity of the flow becomes
subsonic while temperature and density jumps to higher values.
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3.2. Including of pair processes and using an iteration technique to obtain a solution
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Figure 1: Finding of transonic solution with pairs, using iteration technique. Iteration 1 is
pair-free. From iteration 2 onwards, pair-production and annihilation processes are included.
Iteration process continues until the solutions converge. The corresponding change in Mach
number, M = v/a (panel a), composition of the flow, ⇠ = np /ne (panel b) and spectrum (panel
c), with the change in iteration is plotted. Grey curves are the emission from annihilation
photons, corresponding to each iteration. The flow parameters used are, E = 1.001, in = 2.5,
Ṁ = 0.6Ṁedd , ↵v = 0.05 and MBH = 10M .
The methodology described above is for a pair-free model. We name it as iteration 1. In
iteration 2, we repeat steps 1-5, mentioned in the above section, using the positron number
density calculated in iteration 1. But now, we include the pair creation and annihilation processes
along with the processes included before in iteration 1. We continue this process of iterating,
until the solutions converge.
To explain it further, we plot in Fig.(1a), Mach number, defined as, M = v/a and in
Fig.(1b) the composition of the flow, defined using ⇠ = np /ne . The flow parameters used
are, E = 1.001, in = 2.5, Ṁ = 0.6Ṁedd , ↵v = 0.05 and MBH = 10M . Iteration 1 is denoted
using red, dotted line. We can see that, the solution passes through a single sonic point (marked
with a red star, in panel a, clearly visible in inset) and ⇠ = 1 for the first iteration (panel b), i.e.
pair-free. As we perform iterations, there is a play between pair production and annihilation
processes. The annihilation photons introduces an additional radiation field into the system,
hence, there will be an increase in pair production and the interplay between these processes
will go on. Coloured stars in panel (a) depicts the sonic point, which shifts to di↵erent locations
with each iteration. We select the solution after 10 iterations or until the solutions converge,
whichever is earlier. This is clearly visible from panels (a) and (b), where, we have performed 10
iterations and during the last iterations the solutions are almost converged (only intermediate
iterations are plotted). The final transonic solution (panel a) and composition of the flow (panel
b), in the presence of pair production and annihilation, for the given set of flow parameters, is
shown in black, solid line. In panel (c), we plot the change in spectrum with iterations. Grey
curves depict the emission due to annihilation, corresponding to each iteration, while the rest
of the spectral emission comes from bremsstrahlung and its inverse-Comptonization. We see
that, in iteration 1, there is no emission from annihilation, because of the absence of positrons.
While, as we increase the number of iterations, the spectral shape changes depending on the pair
processes and annihilation, ultimately converging to the spectrum shown in black, solid line.
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4. Results
4.1. General one-temperature transonic solutions including pair production and annihilation
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Figure 2: (a) M , l and (b) ⇠ vs log r plotted for di↵erent accretion rates of the system. Their
corresponding spectrum is plotted in panel (c). The accretion rates used are: Ṁ = 0.1Ṁedd
(red, dotted), Ṁ = 0.4Ṁedd (green, dashed) and Ṁ = 0.8Ṁedd (blue, solid). Rest of the flow
parameters are E = 1.001, in = 2.60, ↵v = 0.01 and MBH = 10M .
We investigate a general transonic one-temperature solution, including pair processes. The
solution is obtained using the methodology elaborately described before. A typical solution is
represented using Mach number (M ) and the covariant azimuthal component of four-velocity
l or u plotted in Fig.(2a), while the composition of the flow ⇠ = np /ne = np /(np + ne+ ) is
plotted in Fig.(2b). Both of these have been plotted against log r. The di↵erent curves represent
the di↵erent accretion rates of the system: Ṁ = 0.1Ṁedd (red, dotted), Ṁ = 0.4Ṁedd (green,
dashed) and Ṁ = 0.8Ṁedd (blue, solid). Other flow parameters are, E = 1.001, in = 2.60,
↵v = 0.01 and MBH = 10M . From the plot it is apparent that for these set of flow parameters
only an outer sonic point exists. As we increase the accretion rate of the system the sonic
point shifts inwards, towards the BH (clearly visible for Ṁ = 0.8Ṁedd solution). This is mainly
because of the increase in cooling of the system with the increase in accretion rate. We note
that there is a minor decrease in the location of the sonic point for the solution represented by
accretion rate 0.8Ṁedd as compared to 0.4Ṁedd . The solutions represented in panel (a) for these
accretion rates is hence seen to be overlapped. Panel (b) interprets the presence of positrons in
the flow. A decrease in ⇠, suggests an increase in the number of positrons in the flow. We see
that, at infinity and just near the horizon, ⇠ = 1, meaning that there are no positrons present
in these regions. At infinity, radiative mechanisms are less e↵ective due to low temperatures
and low number densities. Thus, the radiation field giving rise to pair production is weak,
leading to negligible production of positrons. While, near the horizon, photon trapping e↵ects
of the BH dominate, thereby reducing the number density of photons and hence, lowering of pair
production rates occur. But, there could be ample amount of advected positrons and electrons.
The annihilation rate is found to be higher in these regions reducing the number of positrons
to ⇠ 0. Now, as we increase the accretion rate of the system, matter supply becomes more,
hence, there is more cooling in the system. Thus, the solution will take a higher temperature
branch, to sustain the excessive cooling. This will, in turn, increase the pair production rate,
contributing to the rise in positron number density in the flow and hence decreasing ⇠ (panel
b). In panel (c), spectrums are plotted, where, with the increase in accretion rate, the system
becomes more luminous. There is a bump in all the spectrums near ⇠ me c2 , whose magnitude
increases with the increase in accretion rate of the system. This bump is a signature of the
amount of annihilation photons. More the accretion rate more would be the pairs produced and
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hence more will be the photons generated through pair annihilation.
5. Conclusions
In this paper, we present one-temperature advective, viscous, transonic solutions, in the presence
of cooling processes like bremsstrahlung, inverse-Comptonization as well as incorporating pair
production and annihilation mechanisms. There was no fixed adiabatic index for the flow. CR
EoS helped us in dealing with it. Pair production was assumed to be from the interactions
between the photons generated through the above mentioned processes. We find that the
number of pairs produced by bremsstrahlung, inverse-Compton and annihilation photons are
not significant, since the minimum ⇠ is > 0.97 for an accretion rate of Ṁ = 0.8Ṁedd . For
accretion rates lower than this, we can neglect the presence of any pairs. Also, the maximum
number of pairs are produced in a region < 50rg . When the number density of pairs is not very
low, like for accretion rates > 0.8Ṁedd , there is a bump near me c2 in the spectrum. This is
a spectral signature of the annihilated photons. We plan to carry out detailed analysis of this
work in future.
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