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Abstract
The goal of this thesis is to understand the black hole accretion process, outflows and
jets, and predict its observational properties. In the study of accretion disc, the highly
non-linear process involves a transport of angular momentum by turbulent viscosity
process and dissipation in the disc by various dissipative process. The disc in a full
general relativistic regime is a very hard to study analytically. So here firstly, we have
study analytically hydrodynamic disc with using pseudo-Newtonian geometry around
compact objects then using full general relativistic approach. Pseudo-Newtonian potential carrys essential properties of general relativity such as the location of marginally
stable orbit, the location of marginally bound orbit and the location of photon orbit
and their corresponding angular momentum values. So, this mimic the black hole geometry with general relativity. This Pseudo-potential is given by and also known as
Paczyński and Wiita (1980) potential.
Our accretion solutions are stationary, axisymmetric without or with turbulent
viscosity in the disc around non-rotating black holes. We have developed all type of
possible accretion solutions in a self-consistent manner for non-dissipative or dissipative
process in the disc. We have mainly focused on shock disc solutions and jets solutions
by assuming jets flow geometry around black hole with their corresponding disc luminosities. The accretion solutions have also been studied with time dependent numerical
simulation by us. We want to check how well our numerical simulations by state of the
art simulation code, can reproduce our analytical solutions, and thereby acts as check
of our predictions based on analytical result.
This thesis mainly focused on two things, which are the origin of jets and the
dynamics of the accretion discs. How does a collimated outflow arise from the hot
accretion disc and spiraling into a central object ? Why do jets appear to turn “on”
and “off” as the accretion disc changes spectral states ? So, it is mainly divided into
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two parts one explains the dissipative and non- dissipative accretion disc model and
other focused on jet geometry and outflow mechanism. These two main parts are also
further divided into two parts on the basis of fixed and variable adiabatic index (Γ)
equation of states for the fluids and in final part, I have concluded my work.
This thesis presented here is based on the articles, which have already been published
or to be submitted in the refereed journals.
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Notations and abbreviations
The most commonly used notations and abbreviations in the thesis are given below. If
a symbol has been used in a different connection than listed here, it has been explained
at the appropriate place.

Notations
x, r

radial distance

λ

specific angular momentum

α

viscosity parameter

ξ

composition Parameter

a

sound speed

Γ

adiabatic index

ρ

mass density

v

bulk velocity of fluid

Θ

temperature of the fluid

k

Boltzman constant of gas

G

Universal gravitational constant

c

speed of light

rg

Schwarzschild radius

xs , rs

shock location

kpc

kiloparsec (unit of distance)

LEdd

Eddington luminosity

ṀEdd

Eddington mass accretion rate

ṁ

accretion rate in unit of ṀEdd

Ṁ

entropy-accretion rate

Ṁout

entropy-outflow rate
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Rṁ

outflow rate

M

Mach number

Ṁ

mass-accretion rate

K

entropy constant

E

Bernoulli parameter (specific energy of the flow)

E

grand specific energy of the flow

ε

generalized Bernoulli parameter

M

mass of the Sun

h

enthalpy of the fluid

MB

mass of the Black hole

pc

parsec (unit of distance)
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PW-potential
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1

Introduction
1.1

Compact Objects

Compact objects from stars are “born” when a normal star “dies”, i.e., when most
of their nuclear fuels have been used up. There are three kind of compact objects
white dwarfs (least relativistic), neutron stars (highly relativistic) and black holes (the
most relativistic). Out of all the three types of stellar residuals, stellar mass black holes
(SBH) are formed either from core collapse of massive stars (Genzel et al. 2010; Mirabel
& Rodrigues 2003) and/or by accreting materials onto other compact objects. Masses
of these SBHs are typically around few to few tens of solar mass (M ). However, the
massive variety of such ‘beasts’ are also found in centers of many dormant and active
galaxies, their typically masses are in the range 106−9 M and they are called as supermassive black holes (or SMBH). The mechanism to form such beasts are still a matter
of serious research. But people have also predicted a third variety of black holes, which
is known as intermediate mass black holes (or IMBH) and they possess a mass range
from 102−5 M (e.g. M 82 X − 1 having mass around 400M , Pasham et al. 2014).The
formation mechanism and presence of such type of black holes are also not clear but
probably they are found in the center of clusters in the galaxy. This later class of
objects or IMBHs are tentatively identified with Ultra Luminous X− ray sources or
ULXs with X− ray luminosity in excess of the Eddington luminosity of normal SBHs
(Colbert & Ptak 2002; Liu & Mirabel 2005; Fabbiano et al. 2006; Feng & Soria 2011;
Swartz et al. 2011).
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1.1.1

Energy released by black holes

One of the most mysterious object in the universe is a black hole. The technical
definition of a black hole is that it is an object whose gravity is so strong that nothing,
including light can escape from within it. A black hole, in fact it does not have any
hard surface or an environment of its own, but pulls matter and radiation in its vicinity,
towards it with greater gravity than any other object in the Universe. Since it is
impossible to directly observe a black hole, their presence can be inferred from their
gravitational influence on nearby stars and gas, i. e., by the radiation that is emitted
from the accretion disc.
Classically, a mass of a black hole MB is entirely compressed into a region with zero
volume. This zero volume, infinitely dense region is called as gravitational or spacetime singularity. This space-time singularity is separated from external space-time by a
surface or a one way membrane known as “event horizon”. Event horizon is defined
by a distance from the central singularity, where the escape velocity is equal to the
speed of light c, and is expressed as rg = 2GMB /c2 . This radius, rg is also known as
Schwarzschild radius or gravitational radius and G is universal gravitational constant.
Simple minded back of the envelope calculation shows that, if we consider an object
of mass m falling from a large distance onto the surface of a star of mass M and radius
R, then the amount of energy liberated is ∼ GM m/R. If R is replaced by rg then this
energy release becomes roughly equal to the object’s rest mass energy ∼ mc2 . In other
words, it is a fundamental property of the black hole that, if matter is accreting on
to a black hole then it can efficiently convert a large fraction of its rest mass energy
into other form of energy before it crosses the event horizon of the black hole. The
study of black hole accretion is important for various reasons. Black holes may be
considered as the final frontier of general theory of relativity. Identification of black
holes in astrophysical sources that are thought to harbour these beasts, need a thorough
understanding of matter behaviour around it. And radiations from such matter should
leave a telltale signature of the strength of the gravity. Timing and spectral properties
of astrophysical sources which are black hole candidates (BHC), show many behavioral
differences from astrophysical sources which harbour other compact objects like neutron
star and white dwarfs, but there is no consensus within the scientific community that
these observational differences arise due to the effect of the black hole space-time. Both
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theory and observations need to develop even further to pin point the signature, but
still the effort to do so enhances our understanding of nature, and definitely a step
towards the final goal.

1.1.2

Observations of black holes and features

The accretion of matter onto compact objects is supposed to be the fundamental mechanism powering a variety of high energy astrophysical sources, such as low-mass X-ray
binaries and active galactic nuclei. What happens to the energy that is liberated by a
BHC each time an object falls in? There are several possibilities, a part of the energy
released will increase its kinetic energy, another part of the energy released will heat
up the matter making the matter around black holes hotter. An amount of the generated heat may also be liberated in the form of radiation, which makes these objects
luminous. Therefore, the region around the BHC are hot and luminous, and in such
extreme environment photon-photon or photon-particle interaction may be prevalent
and may as well create particles. This will definitely change the composition of the
fluid around a black hole, and therefore the accretion disc near a black hole may be
described by a fluid which is composed many types of particles.
Initially scientists were intrigued by the enormous luminosity of quasars (quasi
stellar radio sources) and AGNs (Active Galactic Nuclei), in which the luminosities
were around 1043−48 ergs/s. It was clear that nuclear reactions cannot generate such
enormous luminosity, more over the spectra from these objects were dominated by
non-thermal components, which convinced the community that these objects cannot
be stars. Motion of matter around its center and other features like Doppler shift of
emission lines suggested central objects of masses in the range 106−9 M at the centers
of these galaxies, and yet the object having such mass couldn’t be resolved. This fueled
the idea of gigantic black holes residing at the center of quasars and AGNs and it was
proposed that it was the action of black holes onto the ordinary matter of the galaxy
that is fueling the enormous energy release from these objects. This led to the opening
up of the topic of relativistic accretion discs.
Not only centers of active galaxies, even in our galaxy some of the X-Ray binaries
show enormous luminosity. For example, the high mass X-ray binary Cyg X-1 (Bowyer
et al. 1965) has a luminosity of L ∼ 3 − 4 × 1038 ergs/s. Cyg X 1 was discovered
in 1964 during a rocket flight and is one of the strongest X-ray sources seen from
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the Earth, producing a peak X-ray flux density of 2.3 × 10−23 W m−2 Hz −1 (2.3 × 103
Jansky)(Lewin & van der Klis 2006). Studying its companion, a blue super giant HDE
226868 (Ziólkowski 2014), gives an estimated mass of an unresolved primary attractor
to be around 14M . This was the first X-Ray binary where the primary was proposed to
be a black hole. Subsequently, many more Galactic sources have been found which are
identified as BHC. The term microquasar was first coined for a X-ray binary 1E1740.72942, because it exhibited double sided parsec scale radio jets much like scaled down
quasar (Mirabel et al. 1992). Another highly variable, luminous, low-mass X-ray binary
source is GRS1915+105 observed by GRANAT satellite (Castro-Tirado et al. 1992;
Greiner 2001).This galactic X-ray binary has been observed as a first superluminal
motion of ejected matter in our galaxy, and having jet velocity ∼ 0.92c (Mirabel &
Rodrı́guez 1994).
These microquasars exhibit luminosity range of 1036−39 ergs/s and masses around
a few to few ×10M . They show two canonical spectral states in their spectrum, one
the ‘canonical soft state or high soft state (HS)’ peaks in the soft X-ray range, is more
luminous but have dominant thermal component. The other state called the ‘canonical
hard state or low hard state (LS)’ is dominated by power-law and peaks in hard X-ray
range, but in this state the luminosity of the source goes down (Gallo et al. 2003).These
two states may be connected by a series of intermediate states as observed in many
sources, e.g., GRS1915-105 and GRO J1655-40 (Sobolewska et al. 2009).
Moreover, the microquasars exhibit quasi-periodic oscillations (QPOs) in the hard
state (both LS and intermediate hard state or IS) in the light curve (Remillard &
McClintock 2006), and only the hard photons exhibits this temporal property (Shaposhnikov et al. 2007; Shaposhnikov & Titarchuk 2007; Miller-Jones et al. 2012). The
frequency of QPOs evolve along with the spectral states in out-bursting sources, starting from the LS to the IS/VHS (Shaposhnikov & Titarchuk 2009; Nandi et al. 2012,
2013) and disappears in the HS. For example, Shaposhnikov et al. (2007) observed
the spectral transition in 2005 outburst of GRO J1655-40 from the LS-IS-VHS and
simultaneously measured the QPOs frequencies from 0.8Hz to 17Hz with photon index
changed from 1.35 to 2.1 and after that QPO disappeared in HS spectral state. Since,
AGNs and quasars are scaled up version of microquasars, Therefore, QPO features are
expected in AGNs but for much lower fundamental frequency and one observation has
reported an ∼ 1 hour X-ray periodicity in RE J1034+396 (Gierliński et al. 2008).
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Interestingly, both these varieties i.e. microquasars and quasars exhibit relativistic,
collimated bipolar outflows or jets. The terminal velocities of these jets may vary from
mildly relativistic (26% of c SS433, Margon 1984), to a value comparable to the speed
of light c (GRS 1915+105 or M87). Actual VLBA observations suggest these jets seem
to originate only from a region very close to the central object few rg to few×10rg
(Junor et al. 1999; Doeleman et al. 2012).As we have pointed above that the jets generated from these microquasars are morphologically similar to the quasar jets and have
similar terminal speeds (M87, Biretta & Meisenheimer 1993; GRS1915+105 Mirabel &
Rodrı́guez 1994), only a scaled down version in terms of size, e.g., AGN/Quasar jets are
typically of sizes in the range of few kpc (kilo-parsec) to few×100 kpc, but microquasar
jets are a few pc to few ×10microquasar
Although, quasars and microquasars are having different physical sizes, masses and
time scales but qualitatively they show similar properties. Since quasar and microquasar time scales depend on the mass of the central object, so microquasars vary much
faster than the the quasars. For example, light crossing time of the Schwarzschild radius
is τg = 2GMB /c3 = 10−5 MB /M microquasar So a microquasars minimum dynamical
time scale is τg ∼ 10−4 microquasar a quasar with 108 M microquasars it is τg ∼ 103 s.
Therefore we observe the microquasars to change state in days, while quasars and
AGNs remain at the same state for decades. So studying the evolution of microquasar
spectral/jet states, might throw light on the expected evolution of AGNs.
The most famous and basic picture of the evolution of BHC in microquasars is
represented by a ‘Hardness-Intensity Diagram’ (HID) in X-ray astronomy. Since the
HID roughly resembles the English letter ‘Q’, it is also called as Q− diagram fig.1.1.
HID shows that out-bursting BHCs start from the left corner of bottom horizontal i.e.,
low luminosity branch, in other words, low hard state (LS). Then the source becomes
gradually brighter but the spectral index is still hard, which in the ‘Q’ diagram means
the right vertical branch. Then at upper right end, the spectrum starts to get softer
although the brightness remains roughly the same. The microquasar continues its
journey from IS to VHS and then to HS. This cycle is repeated over and over again,
each object have its own duty cycle. For example GX 339-4 source duty cycle takes place
over the course of about one year from LS-IS-VHS-HS-LS (Fender & Gallo 2014).The
jet is also correlated with this evolution of spectral state changes, mild jets are observed
at LS, as the luminosity increases keeping the spectral index hard to IS the jet strength
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Figure 1.1: HID or Q−diagram - This is the simplified model example of jet-disc
coupling in the BH-binary source, GRS 1915-105. Upper box represents the variation of
X− ray hardness-intensity diagram (HID) and corresponding variations in jet Lorentz
factor (blue) with inner disc radius (red) are shown in lower box. HID is divided into
the four part namely, ‘low/hard state’ LS-low state, ‘hard or soft’ VHS-very high state,
transition(Fender et al. 2004).
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increases too. And then during the transition of the source from IS to VHS there is
ejection of relativistic jet. Once the source reaches HS no jet is observed. The QPO
too follows a similar trend, i. e., mild QPOs are observed during LS, the frequency
increases during the transition from LS → IS, and then it maximizes just before the
transition from IS to VHS, and then disappears during HS. Viable accretion models
should be able to generate the jets close to the compact object, and when this happens,
the spectral state should be either in LS, IS and IS→VHS states. If the model can
achieve this then the model should automatically correlate the physics, as well as, the
dynamics of the hard X-ray emitting region with the evolution of QPO. And then may
conjecture how this physics translate into observations as we go from X-ray binaries to
the centers of active galaxies.

1.2

Theoretical models

Many theoretical models are proposed in literature to explain the observations from
AGN/quasars to microquasars. It was understood that since black holes do not have
intrinsic atmosphere, then the jet should originate from accreting matter itself. So
whether to explain the generation of the spectra from these sources or to pinpoint the
physics of jets, it is of utmost importance to understand the actual physics of accretion
on to black holes.
Since black holes are super attractors, to the extent that the matter enters the
event horizon with the speed of light, so the dynamics of the flow close to the horizon
should be dominated by advection. Since the matter would start with negligible inward
velocity at large distance form the black hole, but would enter the event horizon with the
speed of light, so black hole accretion is essentially transonic (sub-sonic to super-sonic
transition). Following these physical requirements, the first model proposed to explain
black hole accretion was the relativistic radial accretion model by Michel (1972),which
was basically the relativistic version of Bondi flow (Bondi 1952).Although this model
of radial flow is compatible with the property of transonicity and have a dominant
advection term, but being a radial flow it is too fast, so the accretion timescale is too
small than cooling timescales to produce the luminosity observed (Shapiro 1973), and
the computed luminosity from such an accretion model around a black hole could not
explain the luminosities observed from microquasars and quasars.
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1.2.1

Disc Theories

So rotating flows were contemplated, since the infall timescale would be long enough
for the radiative processes to become active. Advective solutions of rotating matter
onto a compact object described by the Newtonian potential in the inviscid limit gives
closed topologies, i. e., multi-valued solutions in the shape of inverted-α and do not
connect the compact object with large distances. This type of solution is meaningless
because matter starting from large distance can not fall on to the surface of the compact
object due to high centrifugal force, so reduction of angular momentum of the accreting
matter is required. Therefore, a general accretion disc should have viscosity to remove
the angular momentum.
The next model which became very popular is the standard disc, or the Keplerian
disc or the Shakura-Sunyaev disc (Shakura & Sunyaev 1973, and the relativistic version by Novikov & Thorne 1973), which was constructed by keeping these problems in
mind. Shakura & Sunyaev (1973), assumed that the viscosity is such that the angularmomentum at every radial distance has local Keplerian value. Since matter has angular
momentum therefore the accreting matter would flatten in the form of a disc. They
argued that since most of the matter will settle around the equatorial plane, so the
disc should be optically thick. Now the radiations due to the heat generated by viscous
dissipation would be lost and would attain locally black body distribution due to the
interaction of the radiation in an optically thick medium. Shakura and Sunyaev assumed that the entire heat generated due to viscosity is lost in the process, and the disc
would remain thin. They also assumed that the disc is chopped off at the location of the
marginally stable orbit, or, rms (= 3rg for a non-rotating black hole). An open question
still dogs the community, i. e., the nature of viscosity. It has been shown much earlier
that ionic or molecular viscosity is too weak for tenuous astrophysical plasma and it
would take about Hubble time for matter to reach the horizon from the outer edge of
an accretion disc. They remained silent about the origin and tentatively proposed that
the viscosity is anomalous and is proportional to the gas pressure. Remarkably, even
with such simplifying and restrictive assumptions, this model have been successful in
explaining the thermal part of a BHC spectrum. However, this model do not treat
the pressure and advection terms in the conservation equations correctly, since the disc
is terminated at the marginally stable orbit and no attempt was made to satisfy the
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inner boundary condition on the horizon. A second problem arose when it was pointed
out (Lightman & Eardley 1974) that the inner regions of these discs are viscously and
thermally unstable. Along with these theoretical shortcoming, the Shakura-Sunyaev
disc also failed to explain the non-thermal part of the BHCs spectrum.
To address the short coming of the thin accretion disc, many models were proposed,
like thick accretion discs by Thorne & Price (1975) , or, the idea of thick accreting
tori (Paczyńsky & Wiita 1980; Paczyński 1982; Rees et al. 1982) However, none of
them correctly treated the advection term in the equations of motions, since all these
models were predominantly rotating, although with sub-Keplerian angular momentum.
Another model which got a wide attention was advection dominated accretion flow
or ADAF (e.g., Ichimaru 1977; Narayan & Yi 1994, hereafter NY94). For simplicity,
NY94 considered self similar flow around Newtonian gravitational potential, where the
viscously dissipated energy is advected along the mass, momentum, and the entropy
of the flow. The original ADAF solution was wholly subsonic, and therefore did not
satisfy the inner boundary condition around a black hole. The global solution of ADAF,
characterized by a wholly subsonic flow but becoming transonic through one sonic
point near the horizon, showed that the flow actually becomes transonic at around few
Schwarzschild radii (rg ), and the self-similarity may be maintained far away from the
sonic point (Chen et al. 1997).
Simultaneously, there were some interesting research going on regarding sub-Keplerian
flows around black holes. Liang & Thompson (1980) showed that multiple sonic points
may exist for sub-Keplerian flows in a significant range of the energy-angular momentum parameter space. For such flows, shocks may form (Fukue 1987; Chakrabarti
1989). General global solutions in the advective domain incorporating viscosity and
thermal effects were obtained by many independent researchers and ADAF solutions
were shown to be a subset of the general advective solutions (Chakrabarti 1990, 1996;
Lanzafame et al. 1998; Lu et al. 1999; Gu & Lu 2004). Since at the shock location
various flow variables(e. g., matter velocity, sound speed and angular momentum etc)
across the shock surface jump abruptly, marked change in cooling, heating, and other
dissipation rates takes place. This may generate outflow or jets and may also render the
shock unstable (Molteni et al. 1994, 1996a,b; Lanzafame et al. 1998; Chattopadhyay &
Das 2007; Das & Chattopadhyay 2008; Becker et al. 2008; Das et al. 2009).
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Although lot of investigation has been undertaken but many aspects of dissipative
accretion disc, are still not fully understood. Simulations show presence of strong, weak
or no jets even in presence of shocks. We would like to understand what are the regimes
of strong and weak jets. We would like to investigate the feedback effect of failed jets
on the accretion processes too. We propose to investigate theoretically and numerically
to address these issues in presence of all kind of dissipative and cooling processes and
how it affects the launching of the jet, and how to explain observations with these
theoretical tools.

1.2.2

Aim of the thesis

We plan to undertake theoretical and numerical investigations of accretion disc starting
with pseudo-Newtonian potential and then we would like address some issues in general
theory of relativity too. In this study we would concentrate on all possible accretion solutions in presence of all possible dissipative processes, and how each accretion solution
will be linked with various jet states. We would like to establish disc spectral states
with actual dynamical states of black hole candidates. Moreover, due to the absence of
continuous monitoring of the black hole candidates, relation between jet states, spectral
states and the QPO states is not very clear from observations. We would like to find
this relation theoretically and compare these relations with the observations.

1.2.3

Pseudo-Newtonian Potential

Since Newtonian gravity can not explain black hole accretion because its effective potential can not produce accretion solution, which connect the star’s surface with infinity.
So, we have to consider general relativistic effects. For this reason and simplicity, we
have chosen pseudo-Newtonian potential for our study and it gives qualitatively similar
results as in general theory of relativity such as the location of marginally stable orbit,
the location of marginally bound orbit and the location of photon orbit and their corresponding angular momentum values. Moreover, expression of the Keplerian angular
momentum distribution is same as in general relativity. So, the space-time geometry
around a Schwarzschild black hole can be described by the pseudo-Newtonian potential,
which is introduced by Paczyńsky & Wiita (1980). The expression of pseudo-Newtonian
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potential is
φ(r) = −

GMB
.
x − rg

(1.1)

This is also called as Paczyński-Wiita potential (or PW-potential). Schwarzschild radius
of the black hole or rg = 2GMB /c2 . Here, G is the gravitational constant, MB is the
mass of black hole and c is the speed of light. In our study we have chosen geometrical
unit system, where 2G = MB = c = 1 or G = MB = c = 1, and have mentioned the
same at appropriate places.
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2

Governing equations and
Assumptions
In this chapter we present the equations of motion governing fluid flow around black
holes. Since black hole is an extremely relativistic object, one should employ general
relativity to study fluid behaviour around it. However, as we have shown and is also well
known that, one may gain valuable qualitative knowledge of matter behaviour around
such objects by employing pseudo-Newtonian potential (detail in chapter 1) and one
form of it, which is given by Paczyński-Wiita (1980). We have employed PW-potential
to study non-rotating black holes. We have also re-calculated accretion-ejection solutions using general relativity, which apart from giving a more correct picture, also
under-lines the inherent complications of a fully general relativistic treatment. Furthermore, we also present the analysis both in fixed Γ equation of state (EoS) and
variable Γ EoS, where Γ is the adiabatic index. Here, we have divided this chapter into
two sections, one, fluid equations with pseudo-Newtonian potential and other, with full
general relativistic approach.

2.1

Pseudo-Newtonian approach:

For viscous fluids the conserved form of equations of motion (Landau & Lifshitz 1959;
Choudhuri 1998) are written as,
Continuity equation
∂ρ (∂ρvi )
+
= 0,
∂t
∂xi
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Momentum balance equation
∂
∂Πik
(ρvi ) +
= ρfi ,
∂t
∂xk

(2.2)

∂et ∂Fk
+
= ρvk fi ,
∂t
∂xk

(2.3)

and energy balance equation

where, Πik = pδik + ρvi vk − σik is the generalized pressure tensor, which is also the
flux of momentum density (ρvi ) for viscous fluid and ρ, vi , p and fi are density, velocity
components, pressure and acceleration due to gravity, respectively. The terms et =
ρ(v 2 /2 + ) and Fk = {ρ(v 2 /2 + h)vk } − v.σ − K∇T are total energy density of the fluid
and flux of total energy density due to transfer of the fluid mass, respectively. The term
in curly bracket of Fk is the flux of energy density for ideal fluids. The second term
v.σ is the flux of energy due to the process of internal friction or viscosity and third
term K∇T is due to heat conduction. Here, K and T are the coefficient of thermal
conduction and temperature of the fluid, respectively. Enthalpy per unit mass (h) is
defined as,
p
h=+ ,
ρ

(2.4)

here,  is specific internal energy of the fluids. The first two terms of Πik represent
the flux of bulk momentum and the flux of internal reversible momentum transfer of
fluid particles i.e. due to fluid pressure, which are acting in the fluid. But if we study
viscous fluid, which causes thermodynamic irreversibilities in the motion of the fluid.
This irreversibility occurs due to internal friction (viscosity) and thermal conduction.
So, for viscous fluid we have one more term σik (viscous stress tensor) in addition to
the flux of momentum density tensor, and is given by


∂vi
∂vl
∂vk
2 ∂vl
σik = µ
+
− δik
+ ςδik
.
∂xk
∂xi
3 ∂xl
∂xl

(2.5)

The quantities µ and ς are functions of pressure and temperature and called as coefficient of dynamical viscosity and coefficient of bulk viscosity, respectively. Thus the
equation of motion for the viscous fluid can be written by using equations (2.1, 2.2 and
2.5) as



∂v
→
−
→
−
→
− →
−
ρ
+ (v. ∇)v = ρf − ∇p + µ∇2 v + (ς + µ/3) ∇( ∇.v).
∂t
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This is called Navier-Stokes equation. If we assume, spatial variation of µ and ς to be
negligible, then equation 2.6 can be also written as
ρ

Dv
→
−
→
−
= ρf − ∇p + ∇.σ,
Dt

(2.7)

→
−
where, D/Dt = ∂/∂t + v. ∇ is the total or Lagrangian time derivative and ∂/∂t is
partial or Eulerian time derivative. By using equations 2.1 and 2.2 with scalar product
of vk , the energy equation 2.3 can be written as,
 

∂vk
D 1
D
→
− →
−
− σik
= 0.
+p
K ∇.( ∇T ) + ρ
Dt
Dt ρ
∂xi

(2.8)

First law of thermodynamic is defined as,
Ds
D
D
T
=
+p
Dt
Dt
Dt

 
1
,
ρ

(2.9)

where, s is entropy per unit mass of the gas. Now, equation (2.8) can be written in
form of the entropy equation,
ρT

Ds
∂vi
→
− →
−
= σik
− K ∇.( ∇T ).
Dt
∂xk

(2.10)

Since, viscous stress tensor is symmetric and traceless (trace(σik ) = 0), so trace(σik δik )
∂vi
is also zero, then the last term of energy equation (2.8) becomes as σik ∂x
= (σik )2 /(2µ).
k

Equations of motion in cylindrical coordinates: Accreting fluid has a
tendency to settle in the form of a disc due to angular momentum and forms
an axis-symmetry system. Therefore, we have expressed the fluid equations in
cylindrical geometry (x, φ, z). The components of the viscous tensor (2.5) are





1 ∂vx ∂vφ vφ
∂vx 1 →
−
→
−
σxx = 2µ
− ( ∇.v) + ζ ∇.v,
σxφ = µ
+
−
,
∂x
3
x ∂φ
∂x
x




∂vφ
1 ∂vφ vx 1 →
1 ∂vz
−
→
−
σφφ = 2µ
+
− ( ∇.v) + ζ ∇.v,
σφz = µ
+
,
x ∂φ
x
3
∂z
x ∂φ




∂vz
1 →
∂vz
∂vx
−
→
−
σzz = 2µ
− ( ∇.v) + ζ ∇.v
and
σzx = µ
+
(2.11)
,
∂z
3
∂x
∂z
→
−
where, ∇.v =

∂(xvx )
x∂x

+

∂vφ
x∂φ

+

∂vz
∂z .

The components of Navier-Stokes equation (2.7) are,
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x− component
2

vφ
∂vx
1 ∂p
1 ∂
1 ∂σxφ ∂σzx σφφ
→
−
+ (v. ∇)vx −
= fx −
+
(xσxx ) +
+
−
,
∂t
x
ρ ∂x x ∂x
x ∂φ
∂z
x
φ − component
∂vφ
vx vφ
1 ∂p
1 ∂
1 ∂σφφ ∂σzφ σxφ
→
−
+ (v. ∇)vφ +
= fφ −
+
(xσxφ ) +
+
+
,
∂t
x
ρx ∂φ x ∂x
x ∂φ
∂z
x
and z − component
1 ∂p 1 ∂
1 ∂σzφ ∂σzz
∂vz
→
−
+ (v. ∇)vz = fz −
+
(xσxz ) +
+
.
(2.12)
∂t
ρ ∂z x ∂x
x ∂φ
∂z
The continuity equation is,


1 ∂(ρxvx ) 1 ∂(ρvφ ) ∂(ρvz )
∂ρ
+
+
+
= 0.
∂t
x ∂x
x ∂φ
∂z

2.1.1

(2.13)

Equations of motion for accretion disc

Since, we are considering rotating accretion disc in steady, axis-symmetric and ver

∂
∂
= ∂φ
= 0 and vz = 0 , assumptions, so for
tically in hydro-static equilibrium i.e. ∂t
simplicity we have ignored all the components of viscous tensor except σxφ and the
heat conduction, then equations 2.12, 2.13 and 2.10 are written as
x-component or radial momentum flux equation,
v

dv
1 dp
λ2
+
+ 3 − fx = 0
dx ρ dx 2x

(2.14)

φ-component or azimuthal momentum flux equation,
Σvx

dλ d(x2 Wxφ )
+
=0
dx
dx

(2.15)

z-component in vertical hydro-static equilibrium, so it gives local half height of the
disc,
1 dp
= fz , =⇒
ρ dz

r
H=

2px
(x − 1)
ρ

(2.16)

Continuity equation is
1 ∂(Σxv)
= 0, =⇒
x ∂x

Ṁ = 2πΣxv.

(2.17)

Energy generation equation is
ΣvT

ds
= Q+ − Q− ,
dx
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2.1 Pseudo-Newtonian approach:

where, Σ = 2ρH and Wxφ = 2Hσxφ = Λx(∂Ω/∂x)(Frank et al. 1985) are vertically integrated specific surface density and viscous shear tensor, respectively. The dynamical
viscosity parameter Λ = Σν = Σ(αa2 )/(ΓΩK ), where, ν, α, a and ΩK are the kinematic viscosity parameter, Shakura-Sunyaev viscosity parameter, sound speed and the
Keplerian angular velocity, respectively. Moreover, λ = xvφ and Ω = vφ /x are the
specific angular momentum and the angular velocity of the fluid, respectively. It may
be noted, Q+ = (Wxφ )2 /(2Λ) and Q− are viscous heating and radiative cooling terms,
respectively. Here, fx = −dφ/dx = −0.5/(x − 1)2 is pseudo-Newtonian gravitational
force in the radial direction.
Integrating eq. (2.14) with respect to the radial distance (x), we get constant of motion
(ε) and that is
v2
+
2

Z

dp
−
ρ

Z

λ2
1
dx −
= ε.
x3
2(x − 1)

By using eqs. (2.4, 2.9, 2.18 and integral form of eq. 2.15), the term

(2.19)
R

dp/ρ can be

written as

Z
Z
dp
Q−
= h − (λ − λ0 )dΩ −
dx.
ρ
Σv
R
By using λ = x2 Ω, the term (λ2 /x3 )dx can be rewritten as
Z

Z

λ2
λ2
dx
=
−
+
x3
2x2

Z

(2Ω2 xdx + Ωx2 dΩ)

(2.20)

(2.21)

Now, replacing second and third terms of eq. (2.19) by eqs. (2.20), (2.21) and after
doing some algebra, we get
ε=
where, ζ =

R

Q−
Σv dx.

v2
λ2
λλ0
1
+h− 2 + 2 −ζ −
,
2
2x
x
2(x − 1)

(2.22)

Here ε is a constant of motion in presence of viscosity and cooling

and we call it the generalized Bernoulli constant (Kumar & Chattopadhyay 2014).
Let us denote, h = hnr or h = hr are enthalpy for polytropic and relativistic EoS,
respectively. If we ignore cooling processes in the equation (2.18), equation (2.22)
becomes,
E=

v2
λ2
λλ0
1
+h− 2 + 2 −
,
2
2x
x
2(x − 1)

(2.23)

This is known as grand specific energy of the flow (Gu & Lu 2004; Kumar & Chattopadhyay 2013; Chattopadhyay & Kumar 2013) and is a constant of motion in presence of

17

2. GOVERNING EQUATIONS AND ASSUMPTIONS

viscosity but not in presence of radiative cooling. Now, if we ignore all dissipative
processes in the flow, we get
E=

v2
λ2
1
+h+ 2 −
,
2
2x
2(x − 1)

(2.24)

which is the canonical definition of Bernoulli parameter and it is a constant of motion
for non-dissipative flows or ideal fluid flows.

2.1.2

Shock equations:

Astrophysical fluids can become supersonic, being compressible and may harbour shock
waves. The shock conditions are obtained from conservation of mass, momentum and
energy fluxes across the discontinuity (Landau & Lifshitz 1959).The general, compact,
and conserved form of the fluid equations (2.1 - 2.3) are,
∂t (q) + ∂x (Fq ) = 0,

(2.25)

where, q0s are the conserved quantities and Fq are corresponding fluxes. We now
impose the conditions that is vz = 0, ∂/∂φ = ∂/∂z = 0, stationary shocks and σxφ 6= 0.
Assuming hydro-static balance in the vertical direction we obtained the integrated form
of the mass flux (Fmass ), the radial momentum flux (Fx−mom ), the azimuthal momentum
flux (Fφ−mom ), and the energy flux (Fenergy ) in the radial direction, and are given by,
Fmass = Ṁ , Fx−mom = (W +Σv 2 ), Fφ−mom = J˙ = Ṁ λ+x2 Wxφ and Fenergy = Ṁ (ε−Φ),
(2.26)
where, Φ is the gravitational potential. It is quite interesting to see that the mass flux
along the radial direction is Ṁ , the momentum flux in the radial direction is the sum of
the thermal pressure and the ram pressure, in the azimuthal direction the momentum
flux is J˙ or the angular momentum flux, and the energy flux is related to the generalized
Bernoulli parameter ε. After some straight forward algebra, we find the generalized
version of non-dissipative shock condition in presence of viscosity and cooling, and is
given by
Ṁ+ = Ṁ− ,

(2.27)

2
2
W+ + Σ + v+
= W− + Σ − v−
,

(2.28)
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J˙+ = J˙− ,

(2.29)

ε+ = ε− ,

(2.30)

and

In presence of massloss, condition 2.27 is modified as,
Ṁ+ = Ṁ− − Ṁout = Ṁ− (1 − Rṁ ).

(2.31)

where subscripts minus(-) and plus(+) denote the quantities of supersonic and subsonic
branches across the shock in the black hole accretion flow, respectively. The equation
(2.30) can be changed according to types of shock in the accretion flow such as
for dissipative shock
ε+ = ε− − 4ε,

(2.32)

where, 4ε = fe (h − h) is thermal dissipation energy at the shock front. Here, fe is
fraction of the difference in thermal energy generation across the shock transition.
For Isentropic shock:- The condition 2.30 is replacing by conserving entropy across the
shock front,
K+ = K− .

(2.33)

Here, energy dissipation is change in the energy parameter across the shock transition
i.e. 4ε = ε− − ε+ .
In the inviscid and adiabatic limit, if we put α = Q− = 0, we retrieve the original
Rankine-Hugoniot shock conditions, i.e. equation (2.29) is redundant and equation
(2.30) reduces to the conservation of the canonical Bernoulli parameter (E) across the
shock (Landau & Lifshitz 1959; Chakrabarti 1989) . In literature, various authors have
used various forms of shock conditions for viscous flow. The shocked disc solution with
viscosity was obtained by Chakrabarti (1996) and later by (Gu & Lu 2004; Das 2007;
Chattopadhyay & Das 2007; Das & Chattopadhyay 2008) by choosing the viscous stress
to be proportional to the total pressure, which made equation (2.29) redundant. Becker
et al. (2008)on the other hand, used isothermal condition instead of equation (2.30).
In Kumar & Chattopadhyay (2013) and Kumar et al. (2014) cooling was ignored, so
equation (2.30) was replaced by the conservation of E across the shock front. Since,
equations (2.27-2.30) do not depend explicitly on the form of h, and viscosity and cooling processes have been considered, therefore this form of shock condition is the most

19

2. GOVERNING EQUATIONS AND ASSUMPTIONS

general form of Rankine-Hugoniot type shock conditions obtained by strict conservation of fluxes of the equations of motion by following the prescription laid down by
Landau & Lifshitz (1959).
Using equations (2.27-2.30), the supersonic branch radial velocity, temperature, and
the angular momentum can be obtained from the post-shock quantities and vice versa.

2.1.3

Jet geometry and jet equations of motion:

Figure 2.1: Jet geometry - geometry for rotating outflow along axis and between funnel
wall (FW) and centrifugal barrier (CB).

Simulations (Molteni et al. 1996a)have shown that extra thermal gradient force
along the vertical direction, drives bipolar outflows, therefore the outflow and the accretion solution is connected by the shock. As has been suggested by Molteni et al.
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(1996a)and is described in details by Chattopadhyay & Das (2007); Kumar & Chattopadhyay (2013) and Kumar et al. (2014) the outflowing matter tend to move out
through the region between the funnel wall (FW) and the centrifugal barrier (CB) as
shown in Fig.2.1. The cylindrical radius of the CB is,
1

xCB = [2λ2 rCB (rCB − 1)2 ] 4 ,

(2.34)

and that of FW is,
x2F W = λ2

(λ2 − 2) +

q
2 )
(λ2 − 2) − 4(1 − yCB
2

,

(2.35)

1/2
2
where, the spherical radius of CB is rCB = x2CB + yCB
, while yCB is the local
q
height of CB. The streamline is computed as, rj = x2j + yj2 , where xj = (xF W +
xCB )/2, and yj = yF W = yCB i.e. at every rj the direction of jet flow is along the
tangent to the curve streamline. The cross-sectional area of the jet is defined as,
2π(x2 − x2F W )
.
A = p CB
1 + (dxj /dyj )2

(2.36)

Implementing the assumptions of axisymmetry, steady state motion along the tangent
to the direction êrj = ~rj /|~rj | onto fluid equations (2.10 - 2.13), we obtain the jet
equations. The momentum balance equation along the jet stream line is given by
vj

λ2j dxj
dvj
drj
1 dpj
1
+
− 3
+
= Rf ,
2
dr
ρj dr
2(rj − 1) dr
xj dr

(2.37)

Here the derivative is with respect to r = rCB . Suffix ‘j’ denotes jet quantities and the
term Rf represents the radiative forces due to radiation, which are coming from the
disc. The integrated continuity equation along the jet stream line is given by
Ṁout = ρj vj A

(2.38)

This integration constant is called as mass flux which is moving along the stream line
of the jet. The entropy equation is written as,
 
dj
d
1
+p
=0
dr
dxj ρj

(2.39)

If Rf = 0, then equation (2.37) can be integrated with the help of equations (2.4) and
(2.39) then it gives the Bernoulli parameter for jet,
Ej =

vj2
λ2j
1
+ hj + 2 −
2
2(rj − 1)
2xj

where Ej is specific energy and hj is enthalpy for the jet.
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2.2

General Relativistic approach:

We have studied accretion onto black holes by using pseudo-Newtonian approach and
that gives reasonability good result. Since black holes are relativistic objects, so we
also want to study the same by employing correct general relativistic equations and
relativistic EoS. In this study, we have used Schwarzchild metric around black holes in
cylindrical coordinates, that is
ds2 = gtt dt2 + grr dr2 + gφφ dφ2 + dz 2 ,

(2.41)

where, gtt = −(1−2/r), grr = 1/(1−2/r), gφφ = r2 and gzz = 1 are metric components.
The energy-momentum tensor for viscous flow
T δβ = (e + p)uδ uβ + pg δβ + tδβ ,

(2.42)

where, e and p are the energy density and gas pressure (measured in local frame),
respectively. uµ and g µν are four-velocities and metric components. Here the viscous
stress tensor is tδβ = −ζΘexp hδβ − 2µσ δβ , where, ζ and µ are bulk and shear viscosity
coefficients. We assume the viscosity is generated only by shear and therefore ζ = 0.
The shear tensor has the general form
1
1
σδβ = (uδ;γ hγβ + uβ;γ hγδ ) − Θexp hδβ ,
2
3

(2.43)

where, hγβ = δγβ + uγ uβ is the projection tensor, δγβ is Kronecker delta and Θexp = uγ;γ
is expansion of fluid world line. Now equation (2.43) can be written as,
1
1
σδβ = (uδ;β + uβ;δ + aδ uβ + aβ uδ ) − Θexp hδβ ,
2
3

(2.44)

where, aδ = uδ;γ uγ is the four-acceleration. The co-variant derivative of four-velocity is
defined as uβ;γ = uβ,γ − Γδβγ uδ , where Γδβγ = g δχ (gχβ,γ + gχγ,β − gβγ,χ )/2 is Christoffel
symbol.
The governing equations of relativistic fluid are energy-momentum conservation and
baryon number conservation given by,
δβ
T;β
= 0; (nuβ );β = 0.

(2.45)

The relativistic Navier-Stokes equation is obtained by projecting the energy momentum
δβ
conservation along some spatial direction i. e., hiδ T;β
= 0 and can be written as

[(e + p)uβ ui;β + (g iβ + ui uβ )p,β ] + hiδ tδβ
;β = 0,
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δβ
The energy generation equation, uδ T;β
= 0 and is given by,



e+p
δ
u
n,δ − e,δ = Q+ ,
n

(2.47)

where, Q+ = tδβ σδβ is the heating term and for the time being we are ignoring the
cooling term.
We have assumed the accretion flow to be in steady state, axis-symmetric and in
vertical hydro-static equilibrium. Since the relativistic shear is very very complicated,
we have only considered the r − φ component of the shear tensor. This would on
one hand simplify the equations tremendously, on the other would allow us for direct
analogy with the plethora of work done with pseudo potentials. With these assumptions
δβ
= 0),
we write down the radial component of relativistic Navier-Stokes equation (hrδ T;β


dur
1
2
1 dp
ur
+ 2 − (r − 3)uφ uφ + 1 − + ur ur
= 0,
(2.48)
dr
r
r
e + p dr
δβ
= 0),
the integrated version of the azimuthal component equation (hφδ T;β

− ρur (L − L0 ) = 2µσφr ,

(2.49)

and z-component equation taking in vertical hydro-static equilibrium, it gives local disc
half height expression (Riffert & Herold 1995; Peitz & Appl 1997),
s
2Θr3
H=
.
t̃γφ2

(2.50)

Now, integrating mass-conservation equation, which gives mass flux expression as,
− Ṁ = 4πρHur r.

(2.51)

Here, L = huφ = hl and L0 are the local bulk angular momentum and bulk angular momentum at the horizon of black hole, respectively. HereL0 is the integration constant,
and is the value of angular momentum where the viscous stress goes to zero. Here,
the viscous stress tensor takes the form as trφ = −2µσ rφ , where, µ is shear viscosity
coefficient, defined as µ = ρν, ν = αarfc , and fc = (1 − v 2 )2 . Since σrφ may or may
not be equal to zero on the horizon, with the choice of fc we have made trφ |horizon = 0.
We are assuming only r − φ component of viscous shear tensor and it is written as
(Peitz & Appl 1997),
2
2σrφ = ur;φ + g rr uφ;r + ar uφ + aφ ur − Θexp ur uφ
3
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Considering spatial derivative of radial four-velocity and expansion of the fluid is negligible so, the eq.(2.52) becomes,
2σφr = g rr γv2

dl
2l
− g rr .
dr
r

(2.53)

In our study, we have used this form of viscous shear tensor. Here γv is bulk Lorentz
factor.
The constant of motion can be obtained by integrating equation (2.48), we get,
Z
Z
1
(r − 3)l2
1
1
2
2
log(E) = − log(1 − v ) + log(1 − ) −
dr +
dp.
(2.54)
3
2
2
2
r
r (r − 2)γv
e+p
The last term of equation (2.54) with the help of equations (2.4) and (2.47) with
assuming Q− = 0 can be written as
Z
Z
Z
trφ σrφ
1 dp
1
1
dp =
=
[dh −
dr].
e+p
h ρ
h
ρur

(2.55)

Using equation (2.49) and relation trφ = −2µσ rφ in equation (2.55) with some algebra,
we get,
Z

1
dp =
e+p

Z



1
ur (L − L0 )2
dh +
dr .
h
2νr(r − 2)

(2.56)

Combining equation (2.56) in equation (2.54) and re-arranging, we get,
q
hγv 1 − 2r
,
(2.57)
E=
exp(Xf )
R
ur (L−L0 )2
l2
where, Xf = [( r−3
r−2 ) r3 γ 2 − 2νhr(r−2) ]dr. E is constant of motion in presence of viscous
v

dissipation.

2.3

Equation of state (EoS):

Fluid equations have five independent components (equations 2.1 - 2.3), but has six
variables (ρ, vi , e and p). Therefore to solve fluid equations we need a closure relation.
This closure relation between e, p and ρ is called EoS of gas.
Polytropic EoS: From kinetic theory of gases, one may compute the average
energy density of non-relativistic particles obeying Maxwell-Boltzmann statistics, the general expression for the internal energy of a perfect gas is written
as
e=

p
e
p
, and specific energy density,  = =
(Γ − 1)
ρ
ρ(Γ − 1)
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Here, Γ = cp /cv is adiabatic index, which is the ratio between two specific
heats at constant pressure to constant volume of gas. Considering adiabatic
gas flow (ds = 0), from equations (2.58) and (2.9), it is easily shown that
p = kρΓ .

(2.59)

where k is constant of entropy. This is known as polytropic equation of state.
Enthalpy per unit mass is defined as
h=+

p
Γp
=
.
ρ
ρ(Γ − 1)

(2.60)

The adiabatic sound speed is defined as
a2 =

Γp
dp
=
dρ
ρ

(2.61)

Using equation (2.59) in (2.17), we obtain expression for entropy accretion rate
for the accretion disc
Ṁ = a2n Hxv,

(2.62)

and using 2.59 and 2.38 then we get entropy outflow rate for bipolar jets
Ṁout = a2n
j vj A.

(2.63)

For adiabatic flow, Ṁ and Ṁout are constant along streamline. Its significance
can be understood in the next chapter.
Relativistic EoS: Following Chattopadhyay (2008) and Chattopadhyay &
Ryu (2009), we consider flows which are composed of electrons (e− ), positrons
(e+ ) and protons (p+ ) of varying proportions, but always maintaining the
overall charge neutrality. The number density is given by,
n = Σi ni = ne− + ne+ + np+ ,

(2.64)

where, ne− , ne+ and np+ are the electron, positron and proton number densities, respectively. Charge neutrality condition over a reasonable volume element demands that
ne− = ne+ + np+ ,

(2.65)

n = 2ne− , and ne+ = ne− (1 − ξ),

(2.66)

which implies,
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where ξ = np+ /ne− is the relative proportion of protons. The mass density is
given by
ρ = Σi ni mi = ne− me− [2 − ξ(1 − 1/η)] ,

(2.67)

where, η = me− /mp+ , and me− and mp+ are the electron and proton masses,
respectively. For single temperature flows, the isotropic pressure is given by
p = Σi pi = 2ne− kT = 2ne− me− c2 Θ.

(2.68)

The EoS for multi-species flow is (Chattopadhyay 2008; Chattopadhyay & Ryu
2009),



9pi + 3ni mi c2
2
e = Σi ei = Σ ni mi c + pi
.
3pi + 2ni mi c2

(2.69)

The non-dimensional temperature is defined with respect to the electron rest
mass energy, Θ = kT /(me− c2 ). Using equations (2.64)-(2.68), the expression
of the energy density in equation (2.69) simplifies to,
e = ne− me− c2 f = ρe− c2 f =

ρc2 f
,
[2 − ξ(1 − 1/η)]

(2.70)

where,




f = (2 − ξ) 1 + Θ

9Θ + 3
3Θ + 2





1
+ξ
+Θ
η



9Θ + 3/η
3Θ + 2/η


.

This is relativistic equation of state for multispecies gas flow. It is an approximation but is very accurate to the actual EoS for relativistic MaxwellBoltzmann gas (see Chandrasekhar 1939 and Ryu et al. 2006 for further explanation).
The enthalpy is given by,
h=

(e + p)
f c2 2c2 Θ
=
+
,
ρ
t̃
t̃

(2.71)

where, t̃ = [2 − ξ(1 − 1/η)].
The expression of the polytropic index is given by,
N=

1 df
.
2 dΘ

(2.72)

1
.
N

(2.73)

The adiabatic index is
Γ=1+
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Integrating of first law of thermodynamics (2.18, 2.47) by assuming adiabatic
flow and using equation 2.70, it can be shown by Kumar et al. (2013); Chattopadhyay & Kumar (2013)that is
ρ = K exp(k3 ) Θ3/2 (3Θ + 2)k1 (3Θ + 2/η)k2 ,

(2.74)

where, k1 = 3(2 − ξ)/4, k2 = 3ξ/4, and k3 = (f − t̃)/(2Θ). This is the adiabatic
equation of state for multispecies flows, where K is the constant of entropy.
Combining equations (2.74) and (2.17), we get the expression of entropy accretion rate,
Ṁ =

Ṁ
= exp(k3 )Θ3/2 (3Θ + 2)k1 (3Θ + 2/η)k2 Hxv.
4πK

(2.75)

And combining equations (2.74) with (2.38), we get entropy outflow rate,
Ṁout =

Ṁout
A
3/2
= exp(k3 )Θj (3Θj + 2)k1 (3Θj + 2/η)k2 vj ,
2πK
2π

for relativistic flows.
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3

Accretion-Ejection in pseudo Newtonian description
This chapter, we have divided into two parts on the basis of solution methodology,
one with study of accretion-ejection analytically and other with numerical simulation
with polytropic EoS or fixed Γ in PW-potential around BHs. In next section, we
presented viscous fluid and jet equations, then solution procedure and methodology in
the section (3.2). In the section (3.3) we investigated various type of accretion solutions
with different boundary conditions and full accretion-ejection solutions with raditively
driven outflow presented in the section (3.4). In the last section (3.5) we presented
time dependent viscous accretion solutions in 2-dimensional cylindrical geometry.

3.1

Fluid equations with fixed Γ

In this section, we have solved viscous fluid equations (2.14 - 2.18) applicable to accretion with fixed Γ equation of state (EoS) (2.58) by following the methodology described
below.
Differential form of accretion equations:- Simplifying the equations (2.14
- 2.18) with the help of EoS (2.58) and by ignoring cooling Q− in this section,
we get spatial derivatives of fluid variables (v, a and λ) as gradient of fluid bulk
velocity,

dv
=
dx

2 (5x−3)v
Γ+1 2x(x−1)

+

(λ2 −λ2k )v
a2 x3



v2
a2
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−

+Γ
2
Γ+1




Γ−1
Γ+1



=D

v 2 λk (λ−λ0 )2
αa4 x4



=N

(3.1)
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gradient of fluid sound speed,


da
a Γv dv
(5x − 3)a Γ(λ2 − λ2k )
=
−
+
+
,
dx
v
a dx 2x(x − 1)
ax3

(3.2)

and gradient of fluid specific angular momentum,

where,

dλ
dΩ
= 2xΩ + x2
,
dx
dx
dΩ
ΓuΩk (λ − λ0 )
=−
dx
αa2 x2

(3.3)
(3.4)

is obtained by integrating equation (2.15) with the help of equation (2.17).
p

Moreover, ΩK (x) =
1/2x /(x − 1) and λK = ΩK x2 are the Keplerian
angular velocity and the Keplerian specific angular momentum, respectively.
In order to obtain the accretion disc solutions, we have to integrate equations
(3.1–3.3).
Sonic point conditions:- Accretion onto black hole is necessarily transonic,
since matter velocity far away from the object should be small and subsonic,
and matter must cross the horizon of black hole with velocity equal to the
speed of light (c), therefore, it is supersonic sonic close to the black hole. So,
at some location the denominator D of equation (3.1) will go to zero and for
smooth solution, numerator N also goes to zero, such a point is called a sonic
point or critical point and this zero by zero form gives sonic point conditions.
They are given by N = 0 and D = 0 and written as,
Mc2 =



vc2
2
=
2
ac
Γ+1

(3.5)

"
#



(λ2c − λ2Kc )
(5xc − 3)Mc2 3
Γ − 1 Mc λKc (λc − λ0 )2
ac +
ac + Γ
= 0(3.6)
2xc (xc − 1)
x3c
Γ+1
αx4c

where Mc , vc , ac , xc , λc and λKc are Mach number, the bulk velocity, the sound
speed, the radial distance, the specific angular momentum and the specific
Keplerian angular momentum at the critical point, respectively.
The radial velocity gradient at the critical point is calculated by employing the
L0 Hospital rule.
 


 2
 
dv
dN/dx
dv
dv
=
, =⇒ A2
+ A1
+ A0 = 0,
dx c
dD/dx r=rc
dx c
dx c
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Fλ0
Mc ac Fxc
where, A2 = 2ΓMc2 ,
A1 = A2 4αh
+
and
c

h 0
i ΓN
h
A2 M c F
Mc F
c
A0 = A2 Fxc FλK − 2αN λa0c 32 Fxc + aΓ2 FλK + 4αN acλ0 λc2λ
−λ0 −
c
0
0


2 2
2(λc λc −λKc λKc )
3F
5
c ac
+ xcM
− xλcK .
(xc −1) 2 − (3xc − 2)Fxc +
x3
c

λ (λ −λ )2
c −3)
where, Fλ0 = Kc xc4 0 , Fxc = 2x(5x
, FλK
c (xc −1)
c
0
0
Moreover, λc and λKc represent the derivatives of

=

λ2c −λ2Kc
x3c

1
xc

i

and hc = Nc a2c .

λc and λKc with respect to

radial distance x at critical point. By combining equations (3.2 & 4.17) we get,


da
dx




=

c

ac Γvc
−
vc
ac



dv
dx


+
c

Γ(λ2c − λ2Kc )
(5xc − 3)ac
+
.
2xc (xc − 1)
ac x3c

(3.8)

So, the solution of equations (3.1–3.3), can only be obtained if we know the
sonic point and its conditions (equations 3.5–3.8).
Differential form of jet equations: Using equations (2.58,2.38) in equation
(2.39), we get
Θj
dΘj
=−
dr
N



1 dvj
1 dA
+
vj dr
A dr


(3.9)

The jet velocity gradient equation obtain by combining equations (2.4, 2.373.9), we get

Nj
dvj
=
.
dr
Dj

(3.10)

where,
Nj =

a2j dA λ2j dxj
drj
1
+ 3
−
+ Rf
2
A dr
2(rj − 1) dr
xj dr

and
Dj = vj −

a2j
.
vj

where, Rf = Frj − vj (Erj + Prj ) are the radiative forces due to radiation from
the disc and it is correct up to first order in velocity (Mihalas & Mihalas 1984;
Chattopadhyay & Chakrabarti 2002), which is explained in detail in the next
section (3.4). Here, Frj = σT Frj /me c, Erj = σT Erj /me , and Prj = σT Prj /me ,
where, σT is Thompson scattering cross section, me is the electron mass, and
Frj , Erj , Prj are radiative flux, radiative energy density and radiative pressure,
respectively.
The critical point conditions are,
p
−A2 + A22 − 4A1 A3
ajc =
;
2A1
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where, A1 =

A3 = Frj −

h

1
Ac

 i

dA
dr rc

1
2(rjc −1)2



,

drj
dr


rc

+

λ2jc
x3jc



A2 = −(Erj + Prj ),
 
dxj
. The derivatives at rjc is obtained
dr
rc

by L0 Hospital rule at sonic point as,


dvj
dr




=
rc

dNj /dr
dDj /dr




;

rc

dΘj
dr


rc

Θjc
=−
N

"

1
vjc



dvj
dr


rc

1
+
Ac



 #
dA
dr rc
(3.12)

The subscript c denotes the quantities at critical point in the outflow.

3.2

Solution Procedure

The accretion-ejection solutions have been solved self-consistently and simultaneously,
and we are presenting the methodology to find such solutions in this sub-section. Since
every solution has unique boundary values, which correspond to a set of flow parameters. These set of parameters are constant of motion ε, constant of integration λ0 ,
viscosity parameter α, and in presence of radiative cooling Ṁ . In absence of cooling, the solutions are independent of Ṁ . It has been shown earlier that the transonic
solutions (solutions matching smoothly from subsonic to supersonic transition) have entropy higher than all other physical global solutions (i.e. those joining large distances
and the horizon), (Bondi 1952; Chakrabarti 1990), so the entropy accretion rate (Ṁ)
at the outer or inner boundary differentiates between subsonic and transonic branches.
However, for viscous flow Ṁ is not constant. So, we use the expression of entropy
accretion rate (2.62) at the inner boundary to determine the transonic solution.

3.2.1

Method to find the sonic point

Since the angular momentum distribution equation is still in differential form (3.3).
Therefore it is difficult to find the sonic point for a given boundary condition, i.e.,
sonic points are not known a priori. Moreover, this problem is compounded by the
presence of coordinate singularity on the horizon makes it impossible to integrate the
differential equations by considering the horizon as the initial point. The problem could
be circumvented if the asymptotic values of the flow variables are known close to the
horizon. So, by using the conservation equations and assuming free fall velocity close
to the horizon, Becker & Le (2003) found the asymptotic distribution of the specific
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angular momentum and the radial velocity close to the horizon. Equation (3.3) is a
first order differential equation, so we can expand it by Frobenius expansion for λ(x)
about rg (Becker & Le 2003),
λ(x) = λ0 + B(x − rg )τ ,

x −→ rg ,

(3.13)

where, B and τ are constants, which can be determined. Equation (3.3) can be written
as,
dλ
2λ ΓΩK v(λ − λ0 )
.
=
−
dx
x
αa2

(3.14)

Using equation (3.13) in equation (3.14), in the limit x → rg we obtain,
lim

x→rg

ΓvΩK
2λ0
B(x − rg )τ =
− λ00
αa2
rg

(3.15)

p
We replace v = uf f = 1/ (x − 1) and a between equations (3.15) and (2.62), use the
expression of ΩK , and the definition of H (equation 2.16), we obtain,
 Γ−1
 3
2x (x − rg ) Γ+1
2λ0
Γ
B(x − rg )τ =
− λ00 ,
lim √
3/2
2
x→rg α 2x(x − rg )
rg
Ṁ
A constant value warrants that net exponent of (x − rg ) goes to zero, i.e. τ =

(3.16)
Γ+5
2(Γ+1) .

Since by equation (3.13), λ → λ0 as x → rg , therefore we have
√
2 2αλ0
B=
Γ

Ṁ2
2

! Γ−1
Γ+1

.

(3.17)

Now using values of (τ, B) in equation (3.13), we get λ at x = xin ,


! γ−1
√
2 γ+1
γ+5
2α
Ṁ
2
λin (x) = λ0 1 +
(x − 1) 2γ+2  , x → 1
Γ
2

(3.18)

and bulk velocity (v) with the help of equation (2.23) obtained as,
"

2Ex2 − λ20 − (γ + 1)f (x)
vin (x) = uf f (x) 1 + 2 2
x uf f (x) − (γ − 1)f (x)
where the function f (x) is f (x) =

2x2
γ 2 −1

h

Ṁ2
2x3 (x−r

i γ−1
γ+1

g)

#1/2
, x→1

(3.19)

and uf f the free fall velocity

in the pseudo-Newtonian potential geometry. So, vin and λin are the flow variable
calculated at a distance very close to the horizon, x = xin = 1.01. For given values
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of the parameters α, E, λ0 at the horizon and Ṁin at xin , equations (3.18 - 3.19) can
be used to determine the asymptotic values of the fluid variables close to the horizon,
and which can be used as the initial values for the integration. With these values,
equations (3.1 - 3.3) are integrated outwards, simultaneously checking for the location
of the sonic point by using equations (3.5 - 3.8). For a given value of E, λ0 , α, there is
only a unique value of Ṁ, which with pass through a sonic point. The sonic point xc
is determined iteratively, and once it is found, the sonic point conditions are used to
integrate the equations of motions, outwards. It is well known that matter with angular
momentum may posses multiple critical points (MCP). But the flow may pass through
various sonic points only if a shock is present, in other words, the existence of MCP is
mandatory for the formation of shock in black hole accretion. Only a supersonic flow
can undergo shock transition and so existence of one sonic point at larger distance (i.e.
xco ) from the horizon is warranted. The post shock flow is subsonic. However, the
inner boundary condition of black hole accretion is supersonic, and hence the subsonic
post-shock flow has to pass through another sonic point (xci ), before it dives into the
black hole. In other words, shock in black hole accretion may exist only if MCP exists.
It is to be remembered though, that there is no smooth transition between various
branches of the solution passing through different sonic points. This is true for both
inviscid and adiabatic flows as well as viscous and non-adiabatic flow. However, if the
flow is inviscid, for a given value of E and λ0 , all possible sonic points are known apriori.
In case of viscous flow which is following a viscosity prescription of the form Equation
(2.11), the existence of multiple sonic points can only be ascertained only if there is a
shock.

3.2.2

Method to find the shock

Using shock conditions (2.27 - 2.30), which are described in subsection (2.1.2) of chapter
2, which gives flow variables of supersonic branch (λ− , a− and v− ) with the help of flow
variables of a subsonic branch (λ+ , a+ and v+ ).
Since shock width is infinitesimally thin, so we assume that dΩ/dx is continuous across
the shock. The angular momentum jump condition is calculated by considering the
conservation of angular momentum flux, and is given by

 2
a+ a2−
λ− = λ+ + Csh
−
,
v+
v−
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(3.20)

3.2 Solution Procedure

where, Csh = −v+ (λ+ − λ0 )/a2+ . Using shock condition equations (3.19) and (3.20),
the pre-shock sound speed and bulk velocity can be written as,
2
a2− = k1 v− − γv−

(3.21)

2 )/(f v ), f = 1/(1 − R ). Now substituting for a and λ in
where, k1 = (a2+ + γv+
+
ṁ
−
−

equation (3.23), we find a quadratic equation of v− as,
2
C2 v −
+ C1 v − + C0 = 0

(3.22)

where,
2 
γ 2 Csh
1
C2 =
− nγ −
,
2
2x2s


γCCsh γλ0 Csh
+
,
C1 = nk1 −
x2s
x2s


λ0 C
C2
C0 =
− 2 − k2 ,
x2s
2xs

 2
a+
− k1
C = λ+ + Csh
v+



and
k2 = E+ − Φ(xs )

So, the mass outflow rate in term of flow variables at the shock front is given by,
Rṁ =

Ṁout
1
=
[2πΣ+ v− xs /(Rρj vj (rcb )A(rcb )) + 1]
Ṁin

(3.23)

where, R = Σ+ /Σ− = v− /v+ , ρj = ρ(rb )exp(−xj /h(rb )), vj (rcb ) and A(rcb ) are the
compression ratio, jet base density,qbase velocity and base cross section, respectively.
Here, rb = (xci + xs )/3 and rCB = rb2 + h2b , hb being the height of the disc at rb . The
angular momentum of the jet λj = λ|(x=rb ) = λb , i.e., the jets are launched with the
angular momentum of the accretion disc at the base of the jet.

3.2.3

Self-consistent accretion-ejection solution

The accretion-ejection is computed self-consistently. We have set Γ = 1.4 and xin =
1.01 throughout this section. The method to find the accretion-ejection solution is as
follows,
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1. First we assume that Rṁ = 0. With chosen values of λ0 , E, and α , we follow
the procedure described in subsection (3.2.1), i.e. determine the inner sonic point
iteratively and integrate outwards. Equations (3.20 - 3.22) are checked to calculate the pre-shock quantities. We find out the outer sonic point (xco ) iteratively,
from the pre-shock quantities. Two possibilities may arise, either the flow passes
through only one sonic point and gives a smooth solution, or, finds a stable shock
solution and passes through two sonic points. The location of the jump for which
xco exists is the possible shock location (x̃s ).
2. Once x̃s is found out, we assign Ej = Eb and λj = λb and solve jet equations
(3.10 & 3.9) and compute the corresponding Rṁ . Now, we can also compute the
radiative moments Erj , Frj and Prj from flow variables of accretion disc as discussed in next section (3.4) and these radiative moments are used in jet equation.
Since entire post-shock disc participates in the jet generation (Molteni et al. 1994;
Nagakura & Yamada 2009). The jet base is the post-shock disc, so the jets are
launched with the post-shock disc quantities. If x = rb is the jet launch site in
the post-shock disc, then the specific energy of the disc at rb i.e. Eb = E(rb ),
and the post-shock specific angular momentum at rb i.e. λb = λ(rb ) and the
density at the top of the disc at rb i.e. ρb , are the flow variables of the jet at its
base. Here we have taken rb = (xci + xs )/3, and since the disc is assumed to be
in hydro-static equilibrium along the z direction, ρj = ρ(rb )exp(−xj /hb ), where,
hb is the height of the disc at rb . The jet velocity vjb and the sound speed ajb
at the jet base are not arbitrarily assigned, but are computed self consistently.
We eliminate aj from equation (2.40) by using equation (2.63), and express Eb
in terms of Ṁj , vjb , λb etc. Since Eb and λb are obtained from the post-shock
disc and therefore known for the jet, we iterate with various values of entropy i.e.
Ṁj to obtain the correct value of vjb and ajb , with which the unique transonic
solution is determined by integrating equation (3.10) and checking for the sonic
point conditions (3.11,3.12). Once the transonic jet solution is obtained, then Rṁ
is easily calculated from equation (3.23).
3. We put this value of Rṁ into shock conditions (3.20 - 3.22), go back to step (1)
to recalculate a new shock location and from step (2) to recalculate the new Rṁ .
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4. Steps (2) & (3) are repeated till the temporary shock location x̃s converges to
the actual shock location (xs ). The converged shock solution therefore gives
the actual jet solution too. Therefore, we find out the self-consistent, converged
accretion-ejection solutions, there are three iteration processes, namely, (1) to
find out inner sonic point of accretion disc, (2) accretion shock and the outer
sonic point, and (3) the jet sonic point when launched with the post-shock disc
variables. We also find that the Ṁj > Ṁ− and Ṁ+ > Ṁ− . Since matter prefers
higher entropy solutions, therefore, the post-shock fluid would prefer both the
channels, one through the xci onto the black hole, and the other through rjc and
out of the disc-jet system. In other words, a shock in accretion would generate a
bipolar outflow from the post-shock region too.
The outer boundary is chosen as xinj = 104 rg , or the distance at which λ(xinj ) =
λK (xinj ), which ever is shorter.
Since, accretion-ejection are coupled system and matter ejected from accretion disc, so
we have divided it into two sections, first the study of viscous accretion disc and second
radiatively-thermally driven outflow from disc.

3.3

Study of viscous accretion disc:

In this section, considering Rṁ = 0, we have generated all types of possible accretion
solutions in advective regime with and without viscosity and also compared shock
solutions with global smooth solutions. We have also studied the effect of viscosity
on accretion solutions by keeping either inner boundary conditions (IBC) or outer
boundary conditions (OBC) fixed.

3.3.1

All possible accretion solutions in the advective regime:

Since black hole accretion is necessarily transonic, at first, we present the simplest rotating transonic solutions i.e., inviscid global solutions in Figs. 3.1a-d. The inviscid
solutions are presented as an attempt to recall the simplest accretion case (Chakrabarti
1989; Das et al. 2001). For inviscid flow the constants of motions are E, λ (= λ0 ), and if
outflows are not present then, Ṁ is also a constant of motion. Moreover, in absence of
viscosity, it straightaway follows from Eq. (2.23) that E = E. In Figs. 3.1a-d, accretion
solutions in terms of the Mach number M (= v/a) distribution are presented, and in
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Figure 3.1: MCP - The domain for M CP (dashed, P QR) and shock (solid, mno) in
E −λ parameter space (e) is presented. The solution topologies or the plot of Mach number
M with log(x) of the O type for E = 0.001, λ = 1.5 (a); A type for E = 0.001, λ = 1.68
(b); W type fort E = 0.001, λ = 1.75 (c); and I type for E = 0.005, λ = 1.77(d), are
presented. The solution type and their location in the parameter space is also indicated
in (e). All the plots are for α = 0. The dotted lines in the panels named a, b, c, and d
show all possible solutions while, the solid line with arrow heads show the actual accretion
solution. The vertical long-short dashed line shows the location of the sonic points. Kumar
& Chattopadhyay (2013).
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Fig. 3.1e, the E = E−λ0 parameter space for multiple sonic point, P QR and the shock,
mno is presented too. Depending on E & λ0 of the flow, the solutions are also different.
If the λ0 is low, there is only one outer sonic point xco , and solution type is O-type or
Bondi type (E = 0.001, λ0 = 1.5, Fig. 3.1a). As λ0 is increased, the number of physical
sonic points increases to two and the accretion flow which becomes supersonic through
xco can enter the black hole through xci if a shock condition is satisfied. Although
the shock free solution is possible but in this part of the parameter space a shocked
solution will be preferred because a shocked solution is of higher entropy (or in other
words of higher Ṁ). Such a class of solution is called A-type (E = 0.001, λ0 = 1.68,
Fig. 3.1b). For even higher λ0 only one sonic point is possible (E = 0.001, λ0 = 1.75
for W-type; and E = 0.005, λ0 = 1.77 for I-type shown in Figs 3.1c and d), and the
solutions are wholly subsonic till xci and then dives on to black hole supersonically.
W-type solutions are different than I-type, in the sense, W-type is still within the MCP
domain while I-type is not. Moreover, I-type is a smooth monotonic solution, although
W-type is smooth and shock free but is not monotonic and has an extremum at around
xco . The parameter space E − λ0 , bounded by solid line (mno) shows the RH shock
parameter space, while the dotted one (PQR) shows the MCP domain (Fig. 3.1e). It
is to be noted, that in the inviscid limit, accretion is only possible if λ0 < λK .
Figures 3.2 (a, e, i, m), represent the inviscid solutions corresponding to the O-type solutions (E, λ0 = 0.001, 1.5), A-type (E, λ0 = 0.001, 1.68), W-type (E, λ0 = 0.001, 1.75),
and I-type (E, λ0 = 0.005, 1.75), and are also shown in figures 3.1 a-d. Figures 3.2
a-d, has same E & λ0 , but progressively increasing α = 0.06 (Fig. 3.2 b), 0.068 (Fig.
3.2 c) and 0.07 (Fig. 3.2 d). Similarly for Figs. 3.2 (e-h, i-l and m-p), each set is
for same E & λ0 but different α. Interestingly, the viscous I-type is in principle the
much vaunted ADAF type solution presented in Figs 3.2 (d, h, k-l, and n-p). The
shock-free solution is characterized by monotonic spatial distribution of flow variables,
and wholly subsonic except very close to the horizon which are essentially the viscous
I-type solutions and has also been shown by (Lu et al. 1999; Becker et al. 2008; Das
et al. 2009). It is evident from Figs. 3.2 a-p, that the effect of viscosity is to create
additional sonic points in some part of the parameter space, and might trigger shock
formation where there was no shock, opening up of closed topologies, while removing
both shock and multiple critical points in other regime of the parameter space. All of
this is achieved by removing angular momentum outwards while increasing the entropy
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Figure 3.2: Effect of viscosity - Variation of M with log(x) for the accretion solutions
with different viscosity parameter α. In a, e, i, m we present inviscid solutions corresponding to the O, A, W, I -type of solutions from Figs. 2a-d. Towards right E, λ0 is kept
the same but α is increased. The flow parameters for which these plots are generated
E = 0.001, λ = 1.5 (a, b, c, d); E = 0.001, λ = 1.68 (e, f, g, h); E = 0.001, λ = 1.75 (i,
j, k, l) and E = 0.005, λ = 1.75 (m, n, o, p). The viscosity parameter α is mentioned on
the figure. The vertical long-short dashed line shows the location of sonic points. Kumar
& Chattopadhyay (2013).
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inwards. In this connection one may find two kind of critical viscosity parameters in
the advective domain. If the inviscid solution is O-type (Fig. 3.2 a), then there would
be a lower bound of critical viscosity αcl which would transport angular momentum in
a manner that would trigger the standing shock. And there would be another upper
bound of viscosity parameter αcu that would quench the standing shock. While, if the
inviscid solution has a shock to start with (Fig. 3.2 e), then there could only be αcu .
For the case presented in Figs. 3.2 a-d, αcl = 0.0465 and αcu = 0.065. And for the case
presented in Figs. 3.2 e-h, αcu = 0.0126.
So far, we have compared solutions with different viscosity but same inner boundary
condition (IBC), (E, λ0 ). Let us compare two solutions with same outer boundary
condition (OBC). In Figs. 3.3 a-e, we compare two solutions starting at the same outer
boundary xinj = 5117, same grand energy E = 10−3 and λinj = λK (xinj ) = 50.6. Both
the solution starts with the same entropy ∼ Ṁinj = 2.72 × 10−5 . For α = 0.15 (solid)
the accretion solution has a standing shock at xs = 49.68 (the vertical jump in solid),
while the shock free solution is for α = 0.02 (dotted). The flow variables plotted are
M (Fig. 3.3 a), a (Fig. 3.3 b), u (Fig. 3.3 c), λ (Fig. 3.3 d), and E (Fig. 3.3 e). In
case of inviscid flow E = E is constant, for viscous flow E is still a constant of motion
but E, the specific energy, varies with x as is shown in Fig. 3.3 e. The inner part of the
shocked solution is faster, hotter, and of lesser angular momentum. The inner boundary for the shocked flow is E = 10−3 , λ0 = 1.29, while that for the shock free solution
is E = 10−3 , λ0 = 1.7. The jump in λ at the shock follows Eq. 3.20. Interestingly, the
post shock flow is of higher entropy [Ṁ(x ∼ 1) = 7.49 × 10−5 ] than the inner part of the
shock free solution [Ṁ(x ∼ 1) = 7.12 × 10−5 ]. Although it may seem contradictory that
a shock free solution exists for lower α, while shocked solution appears for higher α,
however, it is to be remembered that with such high λinj , there would be no accretion
solution for α = 0. One has to have a certain non-zero viscosity to even have a global
(that connects horizon and outer edge) solution. In fact, for this particular case we
have identified a limiting viscosity parameter α1 = 0.00747, such that advective global
solutions are possible for any viscosity parameter α ≥ α1 . And for flows starting with
such high initial λinj , if the viscosity parameter α is small, then the λ distribution
will be higher. Therefore, for such high λ radial velocities will not be high enough to
become supersonic and form a shock. So one needs higher α ≥ αcl = 0.1496 to reduce the angular momentum to the extent that may produce standing accretion shock.
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Figure 3.3: Comparison of shock and shock free solutions - Comparison of shock
free (dotted) and shocked solution (solid). Both the solution starts with the same outer
boundary condition xinj = 5117, λinj = λK (xinj ) = 50.6, E = 10−3 . The viscosity
parameter for the shock free solution is α = 0.02 (dotted) and that for the shocked one
α = 0.15 (solid). Various flow variables are plotted are M (a), a (b), u (c), λ (d), E (e)
and Ω (f) as a function of x. The sonic points are marked with open circles (a). The shock
free solution has only one xci , the shocked solution has both xci and xco and the shock
location is at xs = 49.68. Dashed plots of λK and ΩK in (d) and (f) are Keplerian angular
momentum and angular velocity drawn for comparison. Kumar & Chattopadhyay (2013).
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And if α is increased beyond another critical value αcu = 0.1555, steady shock is not
found. Hence one can identify three critical α’s for accretion flows starting with the
same outer boundary condition, where the angular momentum at the outer boundary
is local Keplerian value. Interestingly, α prescription originally invoked to generate
Keplerian disc (Shakura & Sunyaev 1973), can produce sub-Keplerian accretion flow
with or without shock even if angular momentum is Keplerian at the outer boundary.
This is not surprising since, the gravitational energy released by the infalling matter,
would be converted to kinetic energy and thermal energy (by compression and viscous
dissipation). If the gravitational energy is converted to thermal energy and only the
rotation part of kinetic energy, and also if the thermal energy gained by viscous dissipation is efficiently radiated away, then one would produce Keplerian disc solutions. The
λK (Fig. 3.3d) and ΩK (Fig. 3.3f) are presented for comparison. In the present study,
the radiative processes have been ignored which produces hot flow, but the advection
terms have not been ignored. Therefore, sub-Keplerian flow with significant advection
are obtained.
The effect of α on shock location xs is an interesting issue. Numerical simulations show
that, for fixed outer boundary condition, xs expands to larger distances with the increase of α (Lanzafame et al. 1998; Lee et al. 2011), while analytically Chattopadhyay
& Das (2007) showed that for the same outer boundary condition, xs shifts closer to the
horizon with the increase in α. Although, the viscosity prescription of Chattopadhyay
& Das (2007) and the simulations are different, namely the former chose the stress
to be proportional to total pressure, while in simulations the stress is proportional to
the shear, still viscosity reduces angular momentum, and we know for lower angular
momentum if the shock forms, it should form closer to the black hole! Since the viscosity prescription in this study is similar to the simulations, we should be able to
answer the dichotomy. So a concrete question may arise, if viscosity is increased, does
the xs expands to larger distances or, contracts to a position closer to the horizon?
If the viscosity acts in a way such that the λ+ (immediate post-shock λ) is less than
its inviscid value at the shock then xs will move closer to the horizon. However, such
simple minded reasoning may fail, if shocks exists, then the post shock flow being hotter would transport more efficiently than the immediate pre-shock flow. So although,
λ− < λ(xinj ), it is not necessary λ+ will be less than λ(xinj ). We scourged the parameter space to find the answer, and in the following we present the explanation. Let xb be
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Figure 3.4: Effect of BC - Variation of λ with log(x) of shocked accretion flow (a,
b, c), for parameters E = 0.0001, & λb = 1.68. Each curve represents α = 0.0 (solid),
α = 0.0075(dotted) and α = 0.015 (dashed). First three panels are for xb = 2220rg (a),
xb = 3660rg (b), and xb = 5230rg (c). Vertical solid line and dash-dotted line show the
shock location for α = 0.0 curve and outer boundary location (xb ), respectively. The
variation of limiting xb with E for λb = 1.68 (d), and λb = 1.65 (e). Domain 1 represents
all xb for which xs decrease with the increase with α, but for any xb in 2, xs will increase
with the increase of α. Kumar & Chattopadhyay (2013).
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the distance at which the λ distribution of the viscous solution is coincident with the λ
value of the inviscid solution, let us further assign λb = λ(xb ). It is to be remembered
that λ0 = λb for the inviscid (α = 0) solution, but λ0 < λb for viscous solution because
viscosity reduces the angular momentum. In all the simulations done on viscous flow in
the advective regime referred in this study, one starts with an inviscid solution (since
analytical solutions are easily available), and then the viscosity is turned on, keeping
the values at the outer boundary fixed. In other words, it is this xb that is called
the outer boundary in numerical simulations, and generally, xb . few × 100 since it is
computationally expensive to simulate a large domain from just outside the horizon to
few×1000 rg and still retain required resolution to achieve intricate structures in the
accretion disc. In Figs. 3.4 a-c, we compare the λ(x) of shocked accretion flows starting
with the same E = 10−4 , & λb = 1.68 for various viscosity parameters such as, α = 0
(solid), α = 0.0075 (dotted), α = 0.015, but for different points of coincidence, e.g.
xb = 2220 (5a), xb = 3660 (5b), and xb = 5230 (5c). The vertical solid line is the location of the shock for the inviscid flow. Although, we match the λb at xb of the viscous
and inviscid solutions, we still integrate outwards upto xinj = 104 . Since xinj >> xb ,
this distance may be considered as the size of the disc. In Figs. 3.4a-c, we show that
depending upon the choice of xb , the outer boundary conditions can be remarkably
different. If xb is short (Fig. 3.4a), then flow with higher α will be able to match λb at
the same xb , only if one starts with much higher λinj , in other words the gradients will
be steeper. Consequently, the increase of α will create higher λ+ , which will result in
the increase of xs . In case xb is large (Fig. 3.4c), the gradients are smoother and the
resulting λinj will be approximately similar for any value of α. Hence as α is increased,
λ+ would decrease and consequently xs will decrease too. In Fig. 3.4a, the parameters
are λinj = λb = 1.68 for inviscid or α = 0 (solid), λinj = 1.769 for α = 0.0075 (dotted)
and λinj = 1.858 for α = 0.015 (dashed). Since xb = 2220 is short, the gradients are
steeper, and as discussed above, in such cases xs increases with increasing α. While
in Fig. 3.4c, λinj = 1.744 for α = 0.0075 (dotted) and λinj = 1.807 for α = 0.015
(dashed), where xb = 5230 is larger, the shock xs decreases with increasing α. Since for
shorter values of xb , xs increases with the increase of α, and for longer xb , xs decreases
with the increase of α, so a limiting xb should exist for which xs will neither increase
or decrease with the increase of α. In Fig. 3.4b, we show that for xb = 3660, the shock
neither increase or decrease with the increase of α.
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Moreover, these shock forms with the help of both centrifugal force and thermal pressure in the disc. Since, viscosity by nature reduces λ as the fluid advects but also
increases thermal pressure and these processes are highly non-linear with fluid moving
close to the compact objects. Therefore, for the shorter xb reduction of λ is lesser
compare to longer xb , so λ− for shorter xb is higher than longer xb and therefore thermal compression increases λ+ in post-shock region with increase of α and resulting xs
increases for the former case as in fig. (3.4 a). For the longer xb reduction in λ is more
than shorter xb , so the momentum balance across the shock location is restored closer
to the horizon as in fig. (3.4 b). Figure (3.4 c) reduction in λ is exactly compensated
by increase in thermal pressure in the flow with increasing α, so for such boundary xb ,
shock does not moves away or inward.
In Figs. 3.4 d & e, we plot the limiting xb as a function of E for λ0 = 1.68 (d)
and λ0 = 1.65 (e). The domain name ‘1’ corresponds to any xb at which the xs will
decrease and ‘2’ signifies the domain where at any xb , xs increases with α. Hence Fig.
3.4 a lies in domain 2, Fig. 3.4b on the curve, and Fig. 3.4 c on domain 1 of Fig. 3.4
d. Incidentally, if the outer boundary condition for all the advective solutions start
with the Keplerian angular momentum, then the shock location xs decreases with the
increase of α. Since the numerical simulations are usually performed with a smaller
computational box (xb ∼ few × 10— few×100), this is similar to the case xb lying in the
domain 2. As a result, earlier simulations of advective accretion flows have reported the
increase of xs with the increase of α. Hence we may conclude that the increment of xs
with the increase of α is an artifact of faulty assignment of outer boundary condition in
the simulations. In Fig. 3.5, the E—λ0 parameter space for standing accretion shock
has been plotted for various viscosity parameters, α = 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3.
Since viscosity will in general reduce the angular momentum along the flow, λ0 should
decrease with the increase of α. As a result, the shock parameter space shift to the
lower end of the λ0 scale. One may compare the RH shock parameter space with that
of the isothermal shock space Das et al. (2009). For all possible boundary conditions,
RH shocks may be obtained upto α = 0.3. For values outside the bounded regions
there are no standing shocks, although transient and oscillating shocks may still exist.
It is to be remembered though, the parameter space shown here corresponds to inner
boundary. In the outer boundary λ might be much higher for viscous flow as has been
shown in Figs. 3.3 a-e.
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Figure 3.5: Shock parameter space - E—λ0 parameter space for shock, for various
viscosity parameters α = 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3 marked on the figure. Kumar &
Chattopadhyay (2013).
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3.4

Study of radiatively-thermally driven outflows from
the disc:

In the previous section we discussed all possible solutions that one can have in presence of viscosity prescription given by Equation (2.11), and non-dissipative shocks. In
this section we present the self consistent inflow-outflow solutions, where the outflow
is acted by radiative moments from the disc. In presence of massloss, the mass conservation equation across the shock will be modified in the form of Equation (2.31). All
the steps mentioned in subsection (3.2.3) are followed to compute the self-consistent
inflow-outflow solution. Assuming jets are rotating, adiabatic and optically thin, using
Thompson elastic scattering between radiation and matter. We have used radiative
forces Rf into the Euler-momentum equation (2.37) of jet in this section, which we
ignored in previous section.

Figure 3.6: Cartoon for disc-jet system - BH is the acronym for black hole. Both
pre-shock and post-shock disc shines radiation on the bipolar jet.The shock location xs ,
the axis (vertical dotted) and equatorial plane (horizontal dotted) are shown. The half
height h(x), and the opening half angle θs of the funnel like region between the inner torus
is shown. Kumar et al. (2014).

3.4.1

Radiative moments

Now as the jet is generated due to compression as well as shock heating from the postshock disc (see Fig. 3.6), the jet will be moving through the radiation field of the
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Figure 3.7: Distribution of radiative moments - (a) Normalized intensity of synchrotron radiations (solid, red) from pre-shock disc with log(x) (b) Moments of the radiation field due to the post-shock disc Erj s /K0 (solid, black), Frj s /K0 (dotted, blue) and
Prj s /K0 (dashed, red), are plotted with log(rj ), and (c) Erj ps /J0 (solid, black), Frj ps /J0
(dotted, blue) and Prj ps /J0 (dashed, red), the moments of the radiation field due to the
pre-shock disc are plotted. (d) Total moments of radiation field due to post-shock and preshock disc, are generated by an accretion disc with parameters E = 3.5×10−3 , λ0 = 1.5435,
α = 0.02, γ = 1.4 (forming shock at xs = 15.18). The radiation field is for equal post-shock
and pre-shock luminosities `s = `ps = 0.4. Kumar et al. (2014).
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accretion disc. We now outline the method to compute radiative moments and the
net radiative acceleration of the jet. The radiative acceleration term is proportional to
the radiative flux Frj , but the radiation drag term (negative terms in Rf of equation
3.10) depends on jet flow velocity vj , the radiation energy density Erj and the radiation
pressure Prj . Figure 3.6 shows the schematic diagram of the radiations coming from
various parts of the disc, and how it can interact with the out flowing jet, generated
due to shock heating of the inner disc. The radiative moments along the jet streamlines
(rj ) are calculated from the post-shock (s) and pre-shock (ps) disc respectively. The
radiative terms in equation 2.37 are given by,

Z
Z

σT
σT
Erj =
Is dΩs + Ips dΩps =
Erj s + Erj ps = Erj s + Erj ps
(3.24)
mc
m
Z

Z

σT
σT
Is rˆj dΩs + Ips rˆj dΩps =
Frj s + Frj ps = Frj s + Frj ps (3.25)
Frj =
mc
mc
Z

Z

σT
σT
Prj =
Is rˆj rˆj dΩs + Ips rˆj rˆj dΩps =
Prj s + Prj ps = Prj s + Prj ps (3.26)
mc
m
Since the jet streamline is close to the axis of symmetry, we calculate the radiative
moments on the axis and approximate these to hold at the same radial distance on
the jet streamline. Here, we are not dealing with the detailed features of the radiation
spectrum from the accretion disc. Rather, we are interested to see the effect of the total
pre-shock and post-shock radiation on the acceleration of the jet. Hence, we do not
include radiative transfer dynamically into the hydrodynamic solution. To calculate
the moments of radiation due to the pre-shock disc, as an example, we consider only
synchrotron processes from the pre-shock disc.
The synchrotron emissivity is due to the presence of stochastic magnetic field, where
the magnetic pressure (pm ) is in partial equipartition with the gas pressure (pg ), i.e.
pm =

B2
= βpg ; where, 0 ≤ β ≤ 1,
8π

here, for β = 0 implies no magnetic field and therefore the total pressure in Eq. (2.14)
p = pg , while β = 1 implies strict equipartition between gas and magnetic pressure and
therefore p = pg + pm . The analytical expression for synchrotron emissivity is given by
Shapiro & Teukolsky (1983), and the resulting intensity is,
Ips = Isyn =

16 e2
3 c



eB
me c

2

Θ2 ne
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where, Θ, ne , h and θps are the pre-shock local dimensionless temperature kb T /(me c2 ),
electron number density, disc half height and angle from the axis of symmetry to the
pre-shock disc surface, respectively. The dependence of Ips on disc radius is through
flow variable like T & ne . Integrating Ips over the pre-shock disc gives us the pre-shock
luminosity `ps . The radiative intensity from the post shock disc is Is = `s /As , where
`s is the post-shock luminosity in units of Eddington luminosity and As is the total
surface area of the post-shock disc. The total luminosity is ` = `s + `ps . The moments
of the radiation field above the accretion disc was calculated before (Chattopadhyay
& Chakrabarti 2000, 2002; Chattopadhyay et al. 2004; Chattopadhyay 2005) , and for
the above mentioned approximations, they are given by,
xs

xinj

a5 zxdx
,
v 2 x3/2 (x − 1)[(z − x cotθps )2 + x2 ]3/2
xin
xs
(3.28)
Z xinj
Z xs
5
a z(z − x cotθps )xdx
z(z − x cotθs )xdx
; Frj ps = 2πJ0
Frj s = 2πK0
,
2
2
2
3/2
2
v x (x − 1)[(z − x cotθps )2 + x2 ]2
xs
xin [(z − x cotθs ) + x ]
(3.29)
Z xinj
Z xs
5
2
a z(z − x cotθps )2 xdx
z(z − x cotθs ) xdx
;
P
=
2πJ
,
Prj s = 2πK0
r
ps
0
j
2
2 5/2
v 2 x3/2 (x − 1)[(z − x cotθps )2 + x2 ]5/2
xs
xin [(z − x cotθs ) + x ]
(3.30)
p
1/2
−1
−1
where, θs = tan (xs /hs ), hs = (2/γ)(as+ )xs (xs − 1) and θps = tan (x/h) for
Erj s = 2πK0

Z

zxdx
; Erj ps = 2πJ0
[(z − x cotθs )2 + x2 ]3/2

Z

pre-shock disc, i.e. for x > xs . Moreover,
K0 =

1.3×1038 `s σT
2πcmp As GM

and,

J0 =

2.93 × 1034 e4 µ2m βσT ṁ2
3πm4e c2 secθps γ 5/2 G2 M 2

(3.31)

where, ṁ is the accretion rate in units of Eddington accretion rate, σT is Thomson
scattering cross section, µm is mean molecular weight of the plasma, mp is the proton
mass, me is the electron mass and M is the solar mass. It is to be noted that the preshock radiation would depend on the product β ṁ2 . It is interesting to know that, the
post-shock region by virtue of its geometry will block some of the pre-shock photons
to the base of the jet, an effect coined as the shadow effect of the post-shock disc
(Chattopadhyay et al. 2004; Chattopadhyay 2005) That is to say, if the height of the
jet is yj < yjl , then Erj ps = Frj ps = Prj ps = 0, where
yjl = hs −

hinj − hs
(xs − xj ) ,
xinj − xs
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Figure 3.8: Accretion-ejection with Mach number - Accretion Mach number (M )
and jet Mach number (Mj ) with radial distance x and jet streamline rj in log scale,
are shown in the plot. Open circle represents the critical points of jets and star marks
for accretion solutions, while arrows show flow directions. Solid curve (red) with inward
arrows is accretion solution for parameters E = 3.3 × 10−3 , λ0 = 1.353, α = 0.1. The
post shock disc generate jets. Each jet curve represents Mj vs log(rj ) for parameters `s =
0.0 (` = 0.0386) (dashed, black), `s = 0.1 (` = 0.151) (solid, blue), and `s = 0.2 (` = 0.274)
(dotted, red). The shocks are shown by vertical jumps (line style and color corresponds to
that of the jet it generates). The parameter β ṁ2 = 0.01 is kept constant. Kumar et al.
(2014).
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here, hinj & xinj are height and radius at outer edge of the disc. Additionally due to
the shadow effect, the inner edge of the pre-shock disc as seen by an observer at some
height yj will be,
xi = −

xs yj
hs − yj − xs cotθps

we use β ṁ2 as a supplied parameter to calculate `ps . Also we use `s initially as a
parameter (except figs. 3.13 and 3.14) in order to understand the effect of the relative
proportions of radiation coming from different parts of disc on the ejected jet, but
finally we will use the relation `s /`ps as a function of xs (see Appendix A), to compute
`s from the pre-shock radiation, and solve the accretion-ejection solution.
In Figs. 3.7 a-d, all the plots are generated for a disc characterized by (E, λ0 , α, Γ) =
(3.5 × 10−3 , 1.5435, 0.02, 1.4), which generates a shock at xs = 15.18. In Fig. 3.7 a,
Ips is plotted as a function of x, starting from xs outwards. In Fig. 3.7 b, we plot
Erj s /K0 (solid, black), Frj s /K0 (dotted, blue) and Prj s /K0 (dashed, red), the radiation
moments due to the post-shock disc. In Fig.3.7 c, we plot Erj ps /J0 (solid, black),
Frj ps /J0 (dotted, blue) and Prj ps /J0 (dashed, red), the radiation moments due to the
pre-shock disc. The shadow effect of the post-shock disc is clearly shown in the figure.
In Fig.3.7 d, we plot Erj (solid, black), Frj (dotted, blue) and Prj (dashed, red) taking
equal post-shock and pre-shock luminosities, `s = `ps = 0.4, respectively. From the
above figures it is clear that radiative moments from the post shock region peaks at a
height closer to the black hole and the moments from the pre-shock disc peaks typically
at a distance few times larger. However, the space dependent parts of the moments
(Figs.3.7b-c) shows that the moments of radiation from the pre-shock disc is typically
an order of magnitude weaker than those due to the post-shock disc. However, the
second distinct bulge in Fig.3.7 d shows, if the pre-shock luminosity is comparable
to post-shock luminosity then the radiation moments peaks at two places, and hence
presents a prospect for multi-stage acceleration scheme for the jets.

3.4.2

Accretion-ejection solutions:

In Kumar & Chattopadhyay (2013) we have shown in details various cases of accretion
solutions, and also have shown that post shock disc naturally produces bipolar outflows.
Presently, we discuss only the shocked accretion solution. The accretion solutions
are characteristic by flow parameters like the grand energy E, the specific angular
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momentum at the horizon λ0 (conversely, λinj at the outer edge of the disc) and the
viscosity parameter α. The jet is launched from the disc with the specific energy (Ej
and angular momentum (λj ) of the post-shock disc at the jet launch site (rb ). We
also compute the moments of radiation fields (Erj , Frj , Prj ) above the disc, and are
used to accelerate the jets. The pre-shock disc radiation depends on β ṁ2 , where, β
is the ratio of the magnetic and the gas pressure and ṁ is the accretion rate in units
of Eddington rate. In order to find the effect of post-shock radiation and pre-shock
radiation on jet acceleration, the post-shock luminosity `s and β ṁ2 (conversely, `ps the
pre-shock luminosity) are supplied as independent parameters. However, since postshock radiation is produced by inverse-Comptonization of self generated and intercepted
photons from the pre-shock disc, we compute the post-shock radiation self-consistently
by employing the techniques of Chakrabarti & Mandal (2006). And in Figs. (3.13 3.15) the jets are accelerated by self consistent estimation of radiation field, both from
pre and post-shock discs.
3.4.2.1

Effect of post-shock radiation on jet acceleration

The radiations produced from accretion is governed by the solution. However, we will
now treat the post-shock luminosity as a parameter just to see how it affects the jet
acceleration. The accretion Mach number M = v/a with log(x) is plotted for the
parameters E = 3.3 × 10−3 , λ0 = 1.353, α = 0.1, in Fig.3.8 . We first consider
`s = 0 and β ṁ2 = 0.01, the shock is at xs = 21.546 (vertical dashed, black), and
drives bipolar outflow, where the jet Mach number Mj (dashed, black) is plotted with
log(rj ), and the mass outflow rate is Rṁ = 0.032 and the sonic point of the jet is at rjc =
24.160. Radiation field from the accretion disc deposit its momentum and accelerate the
shock generated jets. Assuming `s = 0.1 for same set of accretion boundary condition,
accretion-ejection solution is computed. The shock is found to be at xs = 17.92 (solid,
blue) and the jet Mj distribution (solid, blue) has a sonic point at rjc = 9.59 and
Rṁ = 0.046. The total luminosity for this case is ` = (`s + `ps ) = 0.151 (`s = 0.1).
Keeping β ṁ2 same, we increase `s = 0.2, so the total luminosity increases to ` = 0.274,
The accretion-ejection solution shows that the mass outflow increases to Rṁ = 0.058
and the shock in accretion decreases to xs = 14.4 (dotted, red). In this case too, due
to the increase of radiation, the sonic point decreases to rjc = 6.36, indicating stronger
jet. It is interesting to note that, the pre-shock luminosity increases even though β ṁ2 is
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kept constant, because, with the decrease in xs , the size of the pre-shock disc increases.

Figure 3.9: Effect of post-shock luminosity on jet flow variables - Jet flow variables
like (a) sound speed aj , (b) entropy-accretion rate Ṁj , (c) jet velocity vj , (d) density ρj ,
(e) specific energy Ej , and (f) temperature Tj are plotted with log(rj ). The disc, radiation
parameters, the line colours and line styles are same as Fig. 3.8. Kumar et al. (2014).

The jet solutions are explored in more details in the following figure. Jet variables
aj (Fig.3.9 a), Ṁj (Fig.3.9 b), vj (Fig.3.9 c), ρj (Fig.3.9 d), Ej (Fig. 3.9e) and Tj
(Fig.3.9f) are plotted with log(rj ). Each curve corresponds to `s = 0 (dashed, black),
`s = 0.1 (solid, blue), and `s = 0.2 (dotted, red), and which are exactly the same cases
of jet solutions as in Fig. 3.8. The increase in `s , accelerates the jets further, and
therefore increases Rṁ , this in turn decreases the post-shock pressure and the location
of the shock front moves close to the horizon. As a result the jet base moves closer. At
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a given rj , we find vj is higher for higher `s , but difference in aj or Tj are imperceptible.
This shows, that enhanced jet acceleration is due to the radiative momentum deposition
onto the jets and not due to conversion of thermal energy to the kinetic one. Since
higher `s accelerate the jet, the sonic point is formed closer to the horizon. Higher `s
not only means faster jet, but also a jet with higher entropy (Fig.3.9 b).

Figure 3.10: Effect of post-shock luminosity - Jet terminal velocity v∞ is plotted
with `s (a), with xs (b), and with Eb (f). Rṁ is plotted with `s (c) and xs (d). Moreover, rjc
is plotted with `s (e) too. The accretion solution corresponds to disc parameters E = 0.001
and λinj = 70.6 at disc outer boundary xinj = 104 and keeping pre-shock luminosity is
`ps = 0.0. Each curve correspond for α = 0.04944 (solid, red), 0.049887 (dotted, blue),
and 0.050113 (dashed, black). Kumar et al. (2014).

The jet terminal speed is defined as v∞ = v (at rj → large) where dvj /drj → 0. As
shown in Figs. 3.9, v∞ increases appreciably with the increase of `s and `ps , for a given
value of disc viscosity parameter α. We would like to see whether this behaviour of v∞
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holds true for a range of α. In Fig. 3.10a, v∞ is plotted with `s , in Figs. 3.10b & 3.10f,
v∞ is plotted with xs and the jet base specific energy Eb . And Rṁ is plotted with `s
(Fig.3.10 c) and xs (Fig.3.10d). Each curve correspond for α = 0.04944 (solid, red),
0.049887 (dotted, blue), and 0.050113 (dashed, black). All these figures are generated
with outer boundary condition E = 0.001 and λinj = 70.6 at xinj = 104 . It is clear
that v∞ increases with `s at a given value of α, as well as, increases with α at a given
`s . Since xs moves closer with the increase of both `s and α, the jets are launched with
higher Eb , which in turn increases vjb . This is also the reason that the relative mass
outflow rate Rṁ increases with the increase of both `s and α. Since vjb increases with
`s and α, therefore the jets become supersonic at a distance nearer to the jet base, i.e.
rjc decreases with the increase of `s (Fig.3.10e).
3.4.2.2

Effect of pre-shock radiation on jets

The effect of radiation from pre-shock disc as it impinges on the jet is illustrated
through Figs.3.11 b-f. In Fig.3.11 a, the Mach number M of the accretion solution is
plotted with log(x) for disc parameters E = 3.3 × 10−3 , λ0 = 1.353, and α = 0.1. The
shock is at xs = 17.92. We choose `s = 0.1, but the pre-shock radiation is changed
by varying β ṁ2 . The solutions correspond to β ṁ2 = 0.01 (` = 0.151) (solid, red),
β ṁ2 = 0.02 (` = 0.202) (dotted, blue), and β ṁ2 = 0.04 (` = 0.303) (dashed, black).
The post-shock disc actually hides the base of the jet from most of the radiation from
the pre-shock disc, while shines its own light onto the jets (see Fig. 3.6). As a result,
if the post-shock radiation remains unaltered and the jet sonic point is formed in the
portion of the funnel like region where pre-shock radiation is negligible, then the jet base
velocity vjb , the jet base rjb or the jet base properties are likely to remain roughly same,
keeping the massloss rate unaltered. Consequently, the change in the accretion shock is
imperceptible (Fig.3.11a). All the jet variables closer to the base, e.g. Mj (Fig. 3.11b),
vj (Fig.3.11c), Ej (Fig.3.11e), and Tj are indistinguishable, while they differ from each
other in the supersonic region, where the interaction of pre-shock radiation with the
jet is significant too. It is to be remembered, that the temperature plotted here is the
single temperature of the outflow. The corresponding electron temperature should be
about two orders of magnitude less. However, the entropy accretion rates Ṁ (Fig.3.11
d) are distinguishable even at the base. Once again it is clear from the temperature
plot, that radiative driving is significant. It is also interesting to note from Figs. 3.8 -
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Figure 3.11: Effect of pre-shock luminosity on jet flow quantities - (a) Accretion
Mach Number M with log(x), and (b) jet Mach number Mj , (c) jet velocity vj , (d) jet
entropy rate Ṁj , (e) specific energy Ej , and (f) temperature Tj plotted with log(rj ) for
the disc parameters E = 3.3 × 10−3 , λ0 = 1.353, α = 0.1, and shock forms at xs = 17.92.
Each curve is for β ṁ2 = 0.01 (` = 0.151) (solid, red), β ṁ2 = 0.02 (` = 0.202) (dotted,
blue), and β ṁ2 = 0.04 (` = 0.303) (dashed, black) and `s = 0.1 is kept constant. Each jet
solutions have critical points at rjc ∼ 9.59 and mass outflow rates, Rṁ ∼ 0.046. Kumar et
al. (2014).
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3.9, that increasing `s , would result in faster jets, with higher Rṁ and lower jet sonic
point (rjc ). While increasing the pre-shock radiation also results in faster jets, but with
almost no change in Rṁ and rjc . Since relative mass outflow rates affects the accretion
solutions (Eq. 3.23), so the feed-back effect of the jet on the disc due to `s might be
more significant than that due to `ps .

Figure 3.12: Effect of pre-shock luminosity - Terminal jet velocity v∞ with total disc
luminosity `, (b) shock locations xs , and (c) rjc is plotted with ` and (d) Rṁ is plotted with
`. The disc parameters are E = 0.001 and λinj = 70.6 at disc outer boundary xinj = 104 .
and keeping post-shock luminosity is `s = 0.2 but varying pre-shock luminosity(`ps ). Each
curve are for viscosity parameter α = 0.04944 (solid, red), 0.049887 (dotted, blue), and
0.050113 (dashed, black). Kumar et al. (2014).

In Figs. 3.12 a-d, we investigate how `ps affects the jet solutions for a variety of
α, but for the same outer boundary condition as in Fig. 3.11 with constant `s = 0.2.
In Fig. 3.12a, we plot v∞ as a function of `, where each curve represent disc solutions
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with α = 0.04944 (solid, red), 0.049887 (dotted, blue), and 0.050113 (dashed, black).
In all these plots `ps varies from 0 → 0.6. Due to radiative driving, v∞ increases with
`, and at a given `, it increases with α. As has been explained in connection to the
previous figure, increasing α for a fixed outer boundary decreases xs , which means the
jet base energy Eb increases, resulting in faster jet. However, since the pre-shock disc
primarily shines radiation on the supersonic part of the jet, therefore `ps has marginal
effect on rjc , and vjb . Therefore, Rṁ is almost constant with the change of `ps (Fig.
3.12 d), which in turn keeps xs almost unchanged (Fig. 3.12 b), and the jet sonic
point rjc also remains unchanged (Fig. 3.12 c). In other words, we may conclude,
that the radiation from the inner torus of the accretion disc accelerate the jet, and also
increases net mass-loss. On the other hand, radiation from pre-shock disc or the outer
disc, accelerates the jet appreciably, although, has almost no effect on Rṁ . Therefore,
in the second case we may obtain jets with higher kinetic luminosity. This conclusion
is valid for any value of α which admits accretion shock.
3.4.2.3

Radiative driving of jets with computed post-shock and pre-shock
radiations

Having investigated the role, the pre-shock and post-shock radiation may have on jets,
we actually calculate the `s from `ps . In appendix (A), we have discussed the different
radiation processes in a general radiative transfer model (Chakrabarti & Mandal 2006).
From the accretion disc spectrum, we calculate the ratio of post-shock to pre-shock
luminosity (`s /`ps ) using the viscous transonic solution. We then use a fitting formula
of `s /`ps (Equation A.1) to calculate the ratio at any given shock location (xs ). In
(Fig. A.1 b), a typical `s /`ps dependence on xs is obtained where the dots are the data
points from model (Chakrabarti & Mandal 2006) and solid line represents the fitting
function. We assume that the behaviour of this ratio with shock location is generic.
The procedure for calculating `s is as follows — for a given set of values of E, λ0 , α,
the accretion solution shows a shock at xs and a bipolar outflow with some Rṁ . We
then calculate `ps (Equation 3.27) by supplying β ṁ2 and the density and temperature
distribution between xinj and xs . We use the fitting formula of `s /`ps (Equation A.1)
to calculate `s . Using these the jet solution is obtained. All the solutions presented in
Figs. (3.8 - 3.12), we have solved the accretion ejection solution with the following fluid
parameters E, λ0 (at the horizon, or equivalently, λinj at the outer boundary), α, and

60

3.4 Study of radiatively-thermally driven outflows from the disc:

Figure 3.13: Variation of shocks and outflow rate - (a) Shock location xs is plotted
with angular momentum at the horizon (λ0 ), (b)Compression ratio R with xs and (c)
mass outflow rate (Rṁ ) versus R are plotted for flows with E = 0.004, α = 0.01. Various
plots represent thermally driven flow (dashed, red), and radiatively driven outflows for
β ṁ2 = 0.005 (dotted, blue) and β ṁ2 = 0.01 (solid, black). Kumar et al. (2014).
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in addition the radiation parameters `s and β ṁ2 (equivalently `ps ). Now, following the
procedures described in appendix (A), we reduce one parameter, namely, `s . In Fig.
3.13 a, we plot xs with λ0 , in fig. 3.13 b, we plot the compression ratio R with xs , and
in fig. 3.13c, mass outflow rate Rṁ with the compression ratio R. All the plots are for
accretion disc parameters E = 0.004, α = 0.01, and various results has been obtained
by varying λ0 . The curves are for thermally driven jet (i.e. β ṁ2 = 0; dashed, red), and
thermal plus radiatively driven jets (i.e. β ṁ2 = 0.005; dotted blue, and β ṁ2 = 0.01;
solid, black). This shows that as the compression at the shock increases, it forces
more matter into the jet channel. Although R increases as xs decreases, but smaller
post-shock region means less matter can be driven as jets, so Rṁ maximizes at some
intermediate R. It has also been shown earlier (Chakrabarti 1999; Das et al. 2001),
that for R = 1 i.e. no shock, Rṁ ∼ 0 i.e. for no shock there is no outflow. In Figs. 3.14
a-l, we have plotted accretion and jet solutions for various α and `ps . All the accretion
solutions (M with log(x)) are for outer boundary parameters E, λinj = 0.001, 18.592
at the outer boundary xinj = 104 . The viscosity parameters are α = 9.115 × 10−3
(3.14a), 9.315×10−3 (3.14d), 9.626×10−3 (3.14g), and 9.875×10−3 (3.14j). The vertical
jumps show the location of accretion shocks, and they are at xs = 125.896 (3.14 a),
45.9986 (3.14 d), 18.2871 (3.14g), and 8.5741 3.14(j). The jet solutions corresponding
to these accretion solutions, are presented by Mj 3.14(b, e, h, k) and vj 3.14(c, f, i, l).
As α increases xs decreases, therefore increasing the pre-shock disc. Moreover, with
decreasing xs , the post-shock disc becomes smaller and hotter. So as xs decreases,
initially both `s & `ps will increase, but at around xs ∼ 100, further decrease of xs
will reduce `s /`ps and significantly increase `ps (Fig. A.1 b). In Figs. 3.14 a, d, g,
j, increase of α, causes a shift of xs = 125.896 → 8.5741. Consequently, `ps increases
from 0.0054 → 0.2337. The resulting jets are accelerated and the terminal velocity
increases from v∞ = 0.0534 → 0.3519 as shock shifts from xs = 125.896 → 8.5741,
with the corresponding change in luminosity. By considering the relative proportions
of post-shock and pre-shock radiations, decrease of xs with increasing α resembles the
disc to move from hard state to hard intermediate state, and simultaneously the jet
becomes stronger and faster (both v∞ and Rṁ increases).
In Fig. 3.15a-c, we show the comparison of shock parameter space (E − λ0 ) of the
accretion disc without massloss (dotted, red) and with massloss but disc parameter
β ṁ2 = 0.001 (long dashed, black) and β ṁ2 = 0.01 (dashed, blue), and for various
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Figure 3.14: Stages of increasing jet strength - Variations of accretion Mach
number M (a, d, g, and j) with log(x), Mj (b, e, h, and k), and vj (c, f, i, and l) with
log(rj ).The disc solutions are for parameters E = 0.001, λinj = 18.592 at outer boundary
xinj = 104 , and for α = 0.009115 (a-c), 0.009315 (d-f), 0.009626 (g-i), and 0.009875 (j-l).
Plots (a-c) are characterized by (xs , Rṁ , `ps , `s = 125.8964, 0.0091, 0.0054, 0.0346);
for (d-f) (xs , Rṁ , `ps , `s
=
45.9986, 0.0208, 0.0103, 0.0438);
for (g-i)
(xs , Rṁ , `ps , `s = 18.2871, 0.0504, 0.0380, 0.0585); and for (j-l) (xs , Rṁ , `ps , `s =
8.5741, 0.0991, 0.2337, 0.0948), and the jet terminal velocities are v∞
=
0.0534, 0.0793, 0.1566 and 0.3519, respectively. Kumar et al. (2014).
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viscosity parameter α = 0 (Fig. 3.15a), α = 0.1 (Fig. 3.15b) and α = 0.2 (Fig.
3.15c). It is to be noted, that the bounded regions in E − λ0 parameter space, show the
parameters for steady state shocks to occur, but non-steady shocks still exist outside
the bounded region. The parameter space shrinks when massloss is considered, because
with massloss, the post-shock pressure decreases, and the entire range for which steady
shock may have existed in absence of jets, will not be able to satisfy the momentum
balance across the shock front. Moreover, shocks seem to exist for fairly high viscosity
and in presence of massloss too.

Figure 3.15: Comparison of SPS with and without outflow - Shock parameter space
or E − λ0 space for accretion, considered without massloss (dotted), and with massloss
(dashed), and for α = 0 (a), α = 0.1 (b), and α = 0.2 (c). Kumar et al. (2014).
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3.5

Comparison of numerical simulation with analytical
solutions

We have done the accretion studies with steady state hydrodynamics and predicted
some of observational features. But variation of spectral state and evolution of QPOs
are time dependent phenomena. So a time dependent study with the help of numerical
simulation is a must. Now comparing the numerical result and the analytical is also
important, since it serves two purposes. One, the numerical code needs to be tested
with analytical result in order to check for viability of the code. And two,the analytical
result is obtained under some simplifying assumptions like hydrostatic equilibrium along
the vertical direction, axis-symmetry etc. A good match also validates the assumptions
of the analytical solutions as well. In this section, we launch the simulations with the
analytical solutions at the outer boundary and check how well the theoretical result
agrees the numerical simulation.
In order to do that, we have used an axis-symmetric 2-dimensional cylindrical timedependent hydrodynamic simulation code (Lee et. al. 2011). This code is based on
Lagrangian Total Variation Diminishing (TVD) scheme and remap routine, which has
employed to attain the high accuracy of capturing numerical shock, as well as, to handle
the angular momentum accurately.

3.5.1

Basic equations

The conserved form of equations of motion (2.1-2.3) for viscous flow in 2-D cylindrical
polar coordinates (r, φ, z) are written as
Continuity equation,
∂ρ 1 ∂(rρvr ) ∂(ρvz )
+
+
= 0,
∂t
r ∂r
∂z

(3.33)

x− component or radial momentum flux equation,
2

vφ
∂(ρvr ) 1 ∂(rρvr2 ) ∂(ρvr vz ) ∂p
+
+
+
= ρfr + ρ ,
∂t
r ∂r
∂z
∂r
r

(3.34)

z− component or vertical momentum flux equation,
∂(ρvz ) 1 ∂(rρvr vz ) ∂(ρvz2 ) ∂p
+
+
+
= ρfz ,
∂t
r
∂r
∂z
∂z
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φ− component or azimuthal momentum flux equation,




∂(ρl) 1 ∂(rρvr l) ∂(ρvz l)
∂ l
1 ∂
l
∂
3 ∂
µr
µ ( ) ,
+
+
=
( ) +r
∂t
r
∂r
∂z
r ∂r
∂r r2
∂z
∂z r

(3.36)

Energy generation equation,
∂E 1 ∂(rvr E) 1 ∂(rpvr ) ∂(pvz ) ∂(Evz )
+
+
+
+
∂t
r ∂r
r ∂r
∂z
∂z

∂ l
∂
∂ l
1 ∂
2
µr vφ ( 2 ) +
µvφ ( ) − ρvr fr − ρvz fz ,
=
r ∂r
∂r r
∂z
∂z r

(3.37)

where E = et /ρ, l, fr = −∂φ/∂r and fz = −∂φ/∂z are total specific energy, specific
angular momentum of the flow, psuedo-Newtonian gravitational force in radial direction
and in vertical direction, respectively. Other variables are having their usual meaning.

3.5.2

The code

One of the most demanding tasks in carrying out numerical simulations including shock
structures is to capture shocks sharply. The upwind finite-difference schemes on an
Eulerian grid has been known to achieve the shock capture strictly. However, since the
angular momentum of equations (3.33) (3.37) are not treated as a conserved quantity
in such Eulerian codes, we built a new code, which is called Lagrangian TVD. The new
designed code can preserve the angular momentum completely because Lagrangian
concept is used, and it can also guarantee the sharp reproduction of discontinuities
because of the TVD scheme (Harten 1983; Ryu et al. 1993) is applied (see, Lee et.
al. 2011, for details). The calculation in the viscous angular momentum transfer is
updated through an implicit method, assuring it is free from numerical instabilities
related to it. But the viscous heating without cooling is updated with a second order
explicit method, since it is less subject to numerical instabilities.
3.5.2.1

Hydrodynamic part in multi-dimensional geometry

To begin with, the hydrodynamic part in Lagrangian step and remap, which is consisted
of plane parallel and cylindrical geometry, is solved. The conservative form with mass
coordinate equations (3.33) (3.37) in the Lagrangian grid can be written as
dτ
∂(rβ vr )
−
= 0,
dt
∂m
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dvr
∂p
+ rβ
= 0,
dt
∂m
dl
= 0,
dt

(3.39)
(3.40)

dE ∂(rβ vr p)
+
=0
dt
∂m

(3.41)

where τ and E are the specific volume and the specific total energy, respectively, that
are related to the quantities used in equations (3.33) (3.37) as
τ=

1
,
ρ

E =+

vr2
.
2

(3.42)

The mass coordinate related to the spatial coordinate is
dm = ρ(r)rβ dr,

(3.43)

and its position can be followed with
dr
= vr (m, t).
dt

(3.44)

where, the value of β presents the calculation in geometrical geometry, i.e., β = 0
means the Cartesian coordinate system, while β = 1 means cylindrical geometry. Since
the equations (3.38), (3.39), (3.41) show a hyperbolic system of conservation equation,
upwind schemes are applied to build codes that advance the Lagrangian step using the
Hartens TVD scheme (Harten 1983). Hence, β = 1 and 0 are used for the calculation
in the left part of equation (3.34) and (3.35), respectively. The detailed explanations of
Lagrangian TVD and remap are given in Lee et al. (2011). The centrifugal force, gravity,
and viscosity terms are treated separately and the angular momentum in Equation
(3.40) does not need to be updated in Lagrangian step since it is preserved in the
absence of viscosity. However, the angular momentum transfer in the viscous flow
is solved implicitly, while the viscous heating of equation (3.36) is solved explicitly,
respectively.
3.5.2.2

Viscosity part

Viscosity plays an important role in transferring the angular momentum outwards and
it allows the matter to accrete inwards around a black hole. The angular momentum
transfer in equation (3.36) is described by the viscosity parameter given in (Shakura &
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Sunyaev 1973).Since the terms for the angular momentum transfer of radial and vertical
direction in Equation (3.36) are linear in l, it is possible to solve implicitly. Substitution
of (lnew + lremap )/2 for l, Equation (3.36) without the advection term becomes
remap
remap
new
new
ai li−1
+ bi linew + ci li+1
= −ai li−1
− (bi − 2)liremap − ci li+1
,

(3.45)

forming a tridiagonal matrix. Here ai , bi and ci are given with ρ, µ and r as well as
4x and 4t. The tridiagonal matrix is solved properly for lnew with an appropriate
boundary condition (Press et al. 1992). Another role of viscosity is to act as friction
resulting in viscous heating. Here, the viscous heating energy is fully saved in the
flow and increases entropy, since we ignore the cooling. Our experience with dealing
with numerical experiments tells us that the explicit treatment for the calculation of
the viscous heating does not cause any numerical problem. So, angular momentum
transfer is solved implicitly, while frictional heating energy is solved explicitly.

3.5.3

Results

Here, we have tested for inviscid flows with shock-free and shocked solutions based on
the analytical solutions of Kumar & Chattopadhyay (2013). The flows are supplied
from the outer boundary and are absorbed at the inner edge of a black hole. The
behavior of accreting matter around a black hole depends on the initial parameters of
inflows, for instance, its specific energy and specific angular momentum (Chakrabarti
1989; Das et al. 2001; Kumar & Chattopadhyay 2013; Kumar et al. 2013, 2014; Kumar
& Chattopadhyay 2014). Large angular momentum in the accretion flow is especially
accompanied by shock that travels outward. We first start off with a small amount of
specific angular momentum 1.48rg c and a heat capacity of Γ = 1.4, which corresponds to
a “shock-free solution”, and inputs are supplied from Kumar & Chattopadhyay (2013).
Figure (3.16) shows the comparison of simulation results with analytical results, which
represent sound speed, radial velocity, specific angular momentum, and density along
the equatorial plane from top to bottom. As the analytical solution suggests, the
results do not show any shock structure in the initial conditions. Figure (3.17) shows
the density contour and velocity field, where the flow is very stable. Although the
accretion flow hits the effective potential barrier which is called “funnel wall” (Molteni
et al. 1996a), a part of the flow does not pile up behind it, and does not interact with
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infalling matter because most of all the supplied matter is absorbed by the black hole
in this simulation.

Figure 3.16: Shock free simulation and analytical solution - Test of the shock-free
solution with Γ = 1.4 and l = 1.48rg c under the pseudo-Newtonian potential. The solid
lines represent the analytical solution, while the dots represent the numerical solution.
The adiabatic sound speed cs , radial velocity vr , specific angular momentum l, and
density ρ along the equatorial plane are shown from top to bottom. The injection radius
rinj = 200rg , and at rinj the radial velocity vbulk (inj) = 6.9402 × 10−3 c and sound speed
cs (inj) = 5.9198 × 10−2 c (Lee et al. to be submit).

However, if the initial conditions are different, for instance, if the specific angular
momentum is 1.7rg c, the centrifugal force is larger, and thus the fluid pressure along
with the centrifugal force acts as a “brake” for the supersonic flow following it and
undergoes a shock transition. Figure (3.18) shows the flow forming a shock along
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Figure 3.17: Bulk velocity field - Contour map and velocity field of the shock-free
solution. The initial conditions are same as in Fig.(3.16) (Lee et al. to be submit).
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the equatorial plane. The sound speed, radial velocity, specific angular momentum,
and density are ordered from top to bottom, respectively. The solid lines show the
analytical solution while the dots show numerical results. To mimic a realistic thin
disk, the flow is injected from a radial distance of 200rg and a scale height of 50rg
under the pseudo-Newtonian potential. The grid size is 200 × 200rg in 400 × 400 cells.
The bulk velocity based on the analytical solution is divided into the radial and the
vertical velocity in the cylindrical geometry. The mach number is about 4.17 at the
outer boundary. The shock location of numerical calculation along the equatorial plane
is about 17.25rg , while the shock location suggested from analytical solution is 20.18rg
. The shock location seems to depend on back ground initial conditions in the multidimensional geometry. Although the shock location slightly deviates from the analytical
solution, however the numerical shock location agrees reasonably well. The reason for
the slight disagreement in shock location are many, but most importantly, due to the
assumption of vertical equilibrium in the analytical solution, while the simulation is
pure 2-dimensional simulation. Figure (3.19) shows the density contour and velocity
field in top left and top right panel, respectively. The inflow matter hits the effective
potential barrier and is piled up behind the barrier, where an accretion shock is formed.
The shock in the bottom panel propagates outward and stops at a position of 17.25rg
after the time is about 1 × 104 rg /c (bottom). It is interesting to note that close to the
horizon, while, angular momentum distribution agrees perfectly well, but the velocity,
sound speed deviates a bit. This is again due to the limiting assumption of vertical
equilibrium close to the horizon in the analytical ansatz, where, in reality black hole
gravity do not allow such assumption.
In next we have added viscosity parameter (α) in the above inviscid solution. When
the viscosity is turned on, the gas pressure increase due to viscous heat dissipation
(equation, 3.37) and increases also the centrifugal force due to pile up of angular momentum (equation, 3.36) in the post-shock region and resulting the shock front recedes
from 17.25rg to 18.75rg away from the black hole as in detail Fig. (3.20). And analytical solution shows also same result. If we compare with analytical results from
Fig. (3.4) for shorter boundary (xb ) and lies in domain ‘2’, shock front increases with
increasing α. When xb lies in the domain ‘1’, the shock front decrease with increasing
α. However, over all agreement is fantastic. The simulation code finds steady shock
wherever the our analytical analysis predicts one, and the shock location also agrees
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Figure 3.18: Shock simulation and analytical solution - Hydrodynamical accretion
shock along the equatorial plane with Γ = 1.4 and l = 1.7crg . The sound speed, velocity,
specific angular momentum, and density are shown from top to bottom. The solid lines and
open circles represent the analytical solutions and the numerical results, respectively. The
analytical shock location shows 20.18rg , while the numerical results present 17.25rg . The
injection radius rinj = 200rg , and at rinj the radial velocity vbulk (inj) = 6.2248 × 10−2 c
and sound speed cs (inj) = 1.4934 × 10−2 c (Lee et al. to be submit).
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Figure 3.19: Precursor for outflow - Density contour map (top left) and velocity field
(top right) of shocked solution. Stable shock loci (bottom) appear after t = 104 rg /c. The
initial conditions are the same as in Fig.(3.18) (Lee et al. to be submit).
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reasonably well. We will use this code to make a time dependent study on jet states
and QPO.

Figure 3.20: Shock simulation and analytical viscous solution - The sound speed,
velocity, specific angular momentum, and stable shock loci are shown from top to bottom. The solid lines and open circles represent the analytical solutions and the numerical
results, respectively. The analytical shock location shows 22.42rg , while the numerical
results present 18.75rg . The injection radius rinj = 200rg , and at rinj the radial velocity vbulk (inj) = 6.2248 × 10−2 c, sound speed cs (inj) = 1.4934 × 10−2 c, specific angular
momentum linj = 1.7crg and viscosity parameter α = 0.002 (Lee et al. to be submit) .

74

4

Flow solutions with variable Γ
around black holes
Accretion flow at very large distance from the BH is cold, therefore thermally nonrelativistic, while close to the horizon, the flow is hot and may become thermally
relativistic. In other words, if Θ̃ = kT /mc2 be the non-dimensional temperature, where,
k is Boltzmann constant, m is particle rest mass, then the non-relativistic temperature
means Θ̃ < 1 and ultra relativistic temperature means Θ̃ >> 1. Therefore, Γ should
vary with temperature from non-relativistic to highly relativistic limit i.e., 5/3 −→ 4/3.
So, for a more correct study of flow variables and its derived quantities around a
compact object, we should consider a relativistic EoS, where the adiabatic index is
temperature dependent instead of being fixed value. Therefore, in this chapter, we
have studied accretion-ejection flow with variable adiabatic index, multispecies fluid
with pseudo-Newtonian potential, as well as, in the full relativistic regime. In the next
section, we present solutions of multispecies flow around non-rotating BH, described
by PW-potential. The flow is assumed adiabatic. In section (4.2), we have studied
dissipative accretion-ejection flow around black holes, described by PW-potential. And
in 4.3 section, accretion-ejection solutions are studied in full general relativistic regime.

4.1

Adiabatic flow with PW-potential

Here, we have studied the effect of the flow composition on outflow rates from adiabatic
accretion discs around non-rotating BH. Although adiabatic accretion multispecies flow
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was first investigated by Chattopadhyay & Chakrabarti (2011), but accretion-ejection
solution was first investigated by us in Kumar et al. (2013). We have also investigated
the various type of possible shock transitions in the accretion flow and represented them
in the E − Ṁ plane. The fluid equations of motion for accretion are described below.
Differential equations: Since in this section we want to study adiabatic flow
so we have ignored any dissipative processes in equations of motion. So, we
have simplified fluid equations (2.14 - 2.18) with the help of relativistic EoS
(2.70) and considering viscosity and radiative cooling terms to be zero. So λ
is constant which makes equation (2.15) redundant, and the entropy equation
(2.18) takes the form of the generalized adiabatic equation of state (2.74) and
we obtain spatial derivatives of v and Θ as,
dv
N
=
=
dx
D

a2 5x−3
Γ+1 x(x−1)

+

λ2
x3

−

1
2(x−1)2

,

(4.1)



dΘ
2Θ
1 dv
5x − 3
=−
+
,
dx
2N + 1 v dx 2x(x − 1)

(4.2)

v−

a2 2
v [ Γ+1 ]

and,

where, a is the adiabatic sound speed and is defined as a2 = 2ΓΘ/t̃. To find
an accretion solution, we have to integrate equations (4.1) and (4.2) with the
help of sonic point conditions (Chakrabarti 1989).
Sonic point conditions: The location of sonic point can be found by sonic
point conditions, where dv/dx = N/D −→ 0/0 and gives two equations, one
as N = 0 and other by D = 0, which are
Mc2 =

ϑ2c
2
=
2
ac
Γc + 1

and
a2c


=

2
Mc2



5xc − 3
xc (xc − 1)



1
λ2c
−
2(xc − 1)2 x3c

(4.3)


,

(4.4)

where Mc , ϑc , ac , Γc , Nc , and λc are the Mach number, the bulk velocity, the
sound speed, the adiabatic index, the polytropic index and the specific angular
momentum at the critical point xc , respectively. The bulk velocity gradient at
the critical point is calculated by l0 Hospital rule and is given by
 


dϑ
dN/dx
=
.
dx c
dD/dx x=xc
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Equations (4.3—4.5) give the analytical critical point conditions, which are
used to obtain the critical point of the flow. After doing some algebra equation
(4.5) can be written in quadratic form,


dϑ
A
dx
where,
C=

h
A=2 1+

2

Cp
Γc (2Nc +1)

+B
xc

i



dϑ
dx



+ C = 0,

B=

,

(4.6)

xc
2ϑc Cp (5xc −3)
Γc (2Nc +1)xc (xc −1) ,

ϑ2c Cp (5xc − 3)2
ϑ2c (5x2c − 6xc + 3) 3λ2c
1
+
+ 4 −
2Γc (2Nc + 1)x2c (xc − 1)2
(2x2c (xc − 1)2 )
xc
(xc − 1)3

and
Cp = Γc +

Θc
(dΓ/dΘ)c .
Γc + 1

Since equation (4.6) has two roots, they may be either real or complex conjugates depending on the discriminant Dr = B2 −4AC of this equation. This also
gives the nature of the critical points. If Dr < 0 then the critical point will be
spiral or O-type and if Dr > 0 then it will either be saddle type (i.e.,X-type if
C/A < 0), or nodal type (if C/A > 0). Depending on the relative strengths of
thermal energy and rotational energy of the flow, the accreting flow may have
one to three sonic points. Out of the possible three sonic points, only two are
physical (in the sense that, the flow actually passes through them) X-type and
one is unphysical O-type which forms in between the two X-type sonic points.
The sonic point which forms closer to the horizon is called the inner sonic point
(xci ), and the one far away is called outer sonic point (xco ). For flows with
very low angular momentum or λ, generally only xco forms, and flows with
very high λ only xci forms, but for intermediate λ, multiple sonic may form
(Liang & Thompson 1980; Fukue 1987; Chakrabarti 1989; Chattopadhyay &
Chakrabarti 2011; Kumar & Chattopadhyay 2013). Since, accretion solutions
may pass through two critical points, which are inner sonic point (xci ) and
outer sonic point (xco ). These two critical points are connected through shock
transition.
Shock conditions: Since in this section, we have ignored any dissipative processes, so energy parameter (E) is conserved across the shock transition and
also the constant of motion. We presented Rankine Hugonit shock conditions
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(2.28 - 2.31) in presence of massloss that gives the supersonic branch radial velocity and temperature from the post-shock quantities but the specific angular
momentum is same across the shock and vice versa,
ϑ2− − 2(c1 − h− ) = 0

and

t̃
Θ− = (c0 ϑ− − ϑ2− ),
2

(4.7)

here, c0 = (1 − Rṁ )[2Θ+ /t̃ + ϑ2+ ]/ϑ+ and c1 = ϑ2+ /2 + h+ . Both the expressions (ϑ− , Θ− ) in eq. 4.7 are obtained simultaneously in terms of post-shock
quantities which gives us the shock location xs .
In case of dissipative shocks, we use equations (2.27, 2.28, 2.32) to relate postshock and pre-shock quantities. The relation is,
ϑ− =

p
t̃
2(cd − h− (1 + fe )), and, Θ− = (c0 ϑ− − ϑ2− ),
2

(4.8)

where, cd = ϑ2+ /2 + h+ (1 + fe ). For isentropic shocks, we use eqs. (2.27, 2.28,
2.33) to obtain,
t̃
ϑ− exp(k3− )Θ2− (3Θ− + 2)k1 (3Θ− + 2/η)k2 − ce0 = 0; and, Θ− = (c0 ϑ− − ϑ2− ),
2
(4.9)
where, ce0 = ϑ+ exp(k3+ )Θ2+ (3Θ+ + 2)k1 (3Θ+ + 2/η)k2 . The mass outflow rate
Rṁ has calculated same as in previous chapter 3 and we are using same jet
geometry but considering Rf = 0.

4.1.1

Solution procedure and Study of multispecies adiabatic flow

For adiabatic flow, solutions are characterized by specific energy or Bernoulli parameter
E, which is a constant of motion, specific angular momentum λ, which is also a constant
of motion and in absence of particle production/annihilation the composition parameter
ξ is also constant. We can find critical point directly from sonic point conditions (4.3 4.5) by using parameters (E, λ and ξ) but also can find from general solution procedure
(3.2) as explained in previous chapter 3 and by putting (α = 0) in their equations. If
there is only one sonic point, one integrates equations (4.1, 4.2) inwards and outwards
starting from the sonic point and using the sonic point conditions (4.3 - 4.5). In the
multiple critical (or sonic) point regime or MCP regime, we may start with either xci or
xco and solve equations (4.1 - 4.5) to obtain the solutions. In case the flow parameters
E, λ, ξ fall in the MCP domain, we also check for the shock conditions (2.27 - 2.30) as
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we integrate the equations of motion. In the first iteration we assume Rṁ = 0. If the
shock conditions are satisfied, the solution will jump to the supersonic branch through
xco . Once the shock is found, we solve jet equations (3.9 - 3.10) to find the jet solutions
and the corresponding Rṁ (equation 3.23). This value of Rṁ is supplied to equation
(4.7) and the whole solution procedure is repeated to obtain another shock location.
This is repeated till the shock location converges. We will briefly show the three shock
transitions in the E − Ṁ parameter space, and the related solutions (see Fig. 4.4).
However, in the rest of the solutions, we will concentrate on adiabatic shocks and the
resulting mass outflow rate.
4.1.1.1

Nature of critical points and accretion flow solutions

We discuss the properties of the critical points (CP) of the flow around black holes
with relativistic equation of state (2.70) and how they are affected by parameters, ξ
and λ. We plot Ec (Fig. 4.1 a), Ṁc (Fig. 4.1b), Γc (Fig. 4.1c) and log(Tc ) (Fig. 4.1d)
with log(xc ) for ξ = 1 or electron-proton flow (hereafter e− − p+ ), and for λ = 1.75
(solid), 1.65 (dotted), 1.55 (dashed), 1.45 (long-dashed), and 1.35825 (dashed-dotted).
For low λ (< 1.35825) there is only one sonic point for any value of E, however, the
number of sonic points increase with increasing λ. Moreover, Γc depend on the location
of the sonic point. Lower temperature at the sonic point or Tc implies lower Ec , Ṁc and
higher Γc . Since Γ → 5/3 means non-relativistic thermal energy and Γ → 4/3 implies
ultra-relativistic thermal energy, so higher temperature implies lower Γ. The extrema
of Ec (xc ) and Ṁc (xc ) are joined by the long dashed-dotted curve in the figures which
shows the domain of the parameters which supports multiple critical points (MCP).
In order to study the effect of ξ on sonic point properties, we plot Ec (Fig. 4.2a),
Ṁc (Fig. 4.2b), Γc (Fig. 4.2c) and log(Tc ) (Fig. 4.2d) with log(xc ), for λ = 1.65, and
ξ = 1.0 (solid), 0.75 (dotted), 0.5 (dashed), 0.25 (long-dashed), 0.1 (dashed-dotted)
and 0.0 (long dashed-dotted). For flows with 1.0 ≥ ξ > 0.0 a maxima and a minima in
Ec and Ṁc exist, however for ξ = 0.0 there is only a minima and no maxima. Closer
inspection reveals that for ξ = 0 or pair plasma flow or e− − e+ flow, the physical X
type sonic points are formed closer to the horizon, which means, no matter what the
value of λ, only one sonic point will form for e− − e+ flow, or for any flow described
by single species EoS. So, we can say that multiple sonic points can be harboured by
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Figure 4.1: Effect of λ on CP - (a) Ec , the specific energy at xc , (b) entropy accretion
rate (Ṁc ) at xc , (c) Γc and (d) log(Tc ) is plotted with log(xc ) for ξ = 1 and for λ = 1.75
(solid), 1.65 (dotted), 1.55 (dashed), 1.45 (long-dashed), and 1.35825 (dashed-dotted).
Long dashed-dotted curve is the loci of maxima and minima of the curves and represents
the part of the parameter space which gives multiple critical points(MCP). Kumar et al.
(2013).
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Figure 4.2: Effect of ξ on CP - (a) Ec , the specific energy at xc , (b) entropy accretion
rate (Ṁc ) at xc , (c) Γc and (d) log(Tc ) is plotted with log(xc ) for λ = 1.65 and for ξ = 1.0
(solid), 0.75 (dotted), 0.5 (dashed), 0.25 (long-dashed), 0.1 (dashed-dotted) and 0.0 (long
dashed-dotted). Kumar et al. (2013).
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hot flows, and as Fig. 4.2d shows that Tc is lowest for e− − e+ flow (long dasheddotted). A flow is thermally relativistic if its thermal energy is comparable to its rest
> 1, and the adiabatic index will be reflected by a value
energy i.e.,Θ = kT /me c2 ∼
4/3 ≤ Γ < 5/3. Although, e− − e+ is the lightest flow, its Tc is so low that for

most values of xc , Γc ∼ 5/3 (long dashed-dotted in Fig. 4.2c). Therefore, at a large
distance away from the black hole, physical sonic points are not formed. Closer to the
horizon, the flow is hot enough to produce one physical sonic point. As ξ increases, the
rest energy increases but the temperature increases even more, which makes flow with
protons much hotter and thermally more relativistic (Fig. 4.2c). Therefore, for a given
E > 1, one or more sonic points may form.

Figure 4.3: MCP space - E − λ parameter space represents multiple critical points
(MCP) domain for (a) ξ = 1.0 (solid), ξ = 0.75 (dotted), ξ = 0.5 (dashed) and ξ = 0.27
(long-dashed) and (b) ξ = 0.2(solid), ξ = 0.1 (dotted), ξ = 0.05 (dashed) and ξ = 0.01
(long-dashed). Kumar et al. (2013).
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One may join the maxima and minima of the Ec (xc ) and the corresponding λ-s for
a given ξ as shown in Fig. 4.1, and plot in E − λ plane, the resulting bounded region
gives the values of E, λ which supports multiple sonic points, and are abbreviated
as MCP region (multiple critical point). In Fig. 4.3a, we plot the MCP for ξ = 1.0
or e− − p+ (solid), ξ = 0.75 (dotted), ξ = 0.5(dashed) and ξ = 0.27(long-dashed),
while in Fig. 4.3b, we plot ξ = 0.2 (solid), ξ = 0.1 (dotted), ξ = 0.05 (dashed) and
ξ = 0.01 (long-dashed). It shows that as ξ is reduced, the reduction of rest energy is
making the flow more energetic and relativistic, so the MCP shifts to higher energy,
higher angular momentum side. This continues till ξ = 0.27. Any further reduction
of ξ, reduces the temperature to the extent that simultaneous reduction in rest energy
cannot compensate for the lack of thermal energy, and the flow becomes less energetic
and less relativistic, compared to flow of ξ = 0.27. The MCP shifts to the less energetic
and lower angular momentum part of the parameter space, with simultaneous reduction
in the area of the MCP, which finally vanishes for ξ = 0.0.
The sonic point properties not only tells us about the number of sonic points, but
also about the nature of transitions in the solution. In Fig. 4.4, we plot Ec with Ṁc
for λ = 1.6 and ξ = 1.0. The inner sonic point quantities are plotted along M N ,
while middle and outer sonic point quantities are N O and OQ, respectively. Adiabatic
shocks occur parallel to the Ṁc axis, i.e., along S4 → S1 , the T1 inset shows the actual
Mach number (M = v/a) solution of such a transition. The dissipative shock shown by
S4 → S2 or T2 transition. An isentropic shock is parallel to the ordinate represented
by eq. 4.9, and by the transition S4 → S3 or T3 transition. The energy and entropy
jumps for the respective transitions are marked in the Figure.
Various flow quantities of the accretion disc (i.e.,without allowing for mass loss) are
plotted in Figs. 4.5a-l. The flow variables are M (Figs. 4.5a, e, i), T (Figs. 4.5b, f, j),
Γ (Figs. 4.5c, g, k) and Ṁ (Figs. 4.5e, h, l) as a function of the radial distance [log(x)].
From Figs. 4.3a-b, it can be shown that for a particular E & λ, if one ξ value produces
multiple critical points, then another ξ can exhibit only one sonic point. However, for
Figs. 4.5a-l, we have chosen a value of E & λ which admits shock solutions for a wide
range of ξ (= 1 → 0.087). In Figs. 4.5a-l, we consider the same (E, λ) = (1.0001, 1.68),
but different compositions: e− − p+ or ξ = 1.0 (in Figs. 4.5a-d), ξ = 0.5 (in Figs.
4.5e-h), and e− − e+ or ξ = 0.0 (in Figs. 4.5i-l). The temperature and the entropy
is higher for higher ξ, and the shock location is also at a larger distance for flow with
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Figure 4.4: Multiple shock transitions - Plot of Ec with Ṁc for λ = 1.6 and ξ = 1.0.
Branches M N, N O and OQ corresponds to inner, middle and outer critical points of the
flow, respectively. The adiabatic shock transition T1 shown as S4 → S1 , the dissipative
shock T2 , shown as S4 → S2 and isentropic shock T3 , shown as S4 → S3 . The solutions
corresponding to transitions T1 , T2 , T3 are shown in the inset, where solid curves represent
accretion flows with shocks. The coordinates of the transitions are S1 (E = 1.0087, Ṁ =
7.17 × 106 ), S2 (E = 0.9982, Ṁ = 6.65 × 106 ), S3 (E = 0.99605, Ṁ = 6.25 × 106 ), and
S4 (E = 1.0087, Ṁ = 6.25 × 106 ). Kumar et al. (2013).
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Figure 4.5: Accretion flow quantities - Various accretion flow quantities are plotted
with radial distance [log(x)]: (a, e, i) Mach number (M ), (b, f, j) temperature (T ), (c,
g, k) adiabatic index (Γ) and (e, h, l) entropy accretion rate (Ṁ) for the accretion disc
parameters, (E, λ) = (1.0001, 1.68) with ξ = 1.0 (a-d), 0.5 (e-h) and 0.0 (i-l). Kumar et al.
(2013)
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higher ξ. Figures 4.5c, g & k, show that Γ is variable for flows with any ξ. At x →
large, Γ ∼ 5/3, irrespective of the value of ξ. However, since ξ = 0.0 flow has very
low thermal energy, Γ ∼ 5/3 up to x ∼ 100. But for flows with ξ 6= 0.0, we find
Γξ=0.5 < Γξ=1.0 at x <few×100. At x ∼ 1, Γξ=0.5 ∼ 1.4, Γξ=1.0 ∼ 1.44. This means
that the flow becomes thermally more relativistic with the reduction of ξ up to a certain
value (i.e.,around ξ ∼ 0.27), and then becomes less relativistic with further reduction
of ξ. Although ξ = 0.5 and e− − p+ flow for the chosen value of E & λ harbours shocks,
but shock location and other flow parameters are quite different. e− − e+ being the
coldest, slowest and showing only a single sonic point, is significantly different from any
flow with ξ 6= 0.0.
4.1.1.2

Accretion and ejection solutions

In this subsection, we present self-consistent accretion-ejection solutions. The methodology to obtain simultaneously and self- consistently computation of the accretionejection solution has been presented in Section 3.2. In Figs. 4.6a-c, the accretion disc
flow quantities like M (a), Γ (b), and Ṁ (c) are plotted as a function of radial distance.
In Figs. 4.6d-f, the jet flow quantities e.g.,Mj (d), Γj (e), and Ṁj (f) are plotted as a
function of rj . The constituent of the flow of the disc-jet system presented in this Figure
is ξ = 1.0. Other flow parameters are: E = 1.001, λ = 1.56. The accretion disc solution
admits an accretion shock at xs = 15.306 (vertical jump in Figs. 4.6a-c), and launches
a thermally driven bipolar jet whose sonic point is at rjc = 209.139. The relative mass
outflow rate is Rṁ = 0.038. The jet starts with the Γ value of the post-shock disc but
since it is thermally driven and is powered by converting the thermal energy to kinetic
energy, Γ approaches non-relativistic values far away from the central object. At the
shock, the entropy of the jet jumps up from pre-shock to post-shock value (Fig. 4.6c).
Interestingly, the entropy of the jet is also much higher than the pre-shock disc. This
entropy condition ensures that although most of the matter flows through the inner
sonic point into the black hole, a significant amount of matter also flows out as jet.
Now, we plot xs with λ (Fig. 4.7a), Rṁ with xs (Fig. 4.7b), compression ratio
R = Σ+ /Σ− with xs (Fig. 4.7c), and Rṁ with R (Fig. 4.7d), the composition of
the flow is given by ξ = 0.27. Parameters for each curve is E = 1.0002 (solid), 1.0004
(dotted), and 1.0006 (dashed). For a given value of λ, xs increases with E. Similarly for
a given xs , Rṁ increases with E, but R decreases with the increasing E. This obviously
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Figure 4.6: Accretion-ejection solutions - Accretion-jet solution for e− − p+ flow, for
E = 1.001, λ = 1.56. The accretion shock denoted by the vertical jump is at xs = 15.306.
The accretion flow variables M (a), Γ (b) and the entropy-accretion rate Ṁ (c) are plotted
with x. The jet variables Mj = ϑj /aj (d), Γj (e), and Ṁj (f) plotted with jet radial
coordinate rj . Arrows show the direction of the flow and the stars denote the critical or
sonic points of the flow. Kumar et al. (2013).
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Figure 4.7: Nature of Rṁ with E, λ - Plot of (a) xs with λ, (b) Rṁ with xs , (c)
Compression ratio R with xs and (d) Rṁ with R. Each curve corresponds to E = 1.0002
(solid), 1.0004 (dotted), and 1.0006 (dashed). Kumar et al. (2013).
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means Rṁ increases with E. Interestingly, the dependence of Rṁ with R for a given
E, qualitatively follows the pattern of Chakrabarti (1999). For a given E, xs decreases
with decreasing λ. This increases the compression, and drives more matter into the jet
channel. But with decreasing xs , the post-shock area decreases too, and that also limits
the total amount of matter leaving the disc. Hence Rṁ will depend on increasing R, as
well as the decreasing total post-shock area, and hence Rṁ peaks at some intermediate
value of R.
Keeping E = 1.0003, we now vary λ, of flow with following compositions ξ = 1.0
(solid), ξ = 0.635 (dotted), and ξ = 0.27 (dashed). We plot xs with λ (Fig. 4.8a), Rṁ
with xs (Fig. 4.8b), R with xs (Fig.4.8c), and Rṁ with R (Fig. 4.8d). We reconfirm
that indeed Rṁ increases with the increasing R or decreasing xs , although decreasing
post-shock surface area finally decreases Rṁ . Rṁ is highest for ξ = 0.27, compared to
flow of other compositions. To ensure this we scan the entire E & λ parameter space
for a given value of ξ, and find out the maximum mass outflow rate possible for that
m = max(R ),
particular ξ. In Fig. 4.9, we plot the maximum mass-outflow rate i.e.,Rṁ
ṁ

as a function of ξ. It easily shows that maximum outflow is possible for ξ = 0.27.
In Figs. 4.10a-b, we show the parameter space where standing shocks form (the
so-called ‘shock-domain’) for various ξ. Similar to the behaviour of MCP domain,
the shock domain in E − λ parameter space shifts to the higher energy and angular
momentum region as ξ is decreased from its e− − p+ value up to ξ = 0.27. If ξ is
decreased further, the flow becomes less energetic and the shock-domain moves towards
the lower energy and lower angular momentum corner, with subsequent decrease in the
bounded area of the shock space. Finally, the shock domain disappears for ξ = 0.0.
In Fig. 4.10c, we compare the shock domain for ξ = 1.0, of the accretion flow which
includes mass loss (solid) and which does not include mass loss (dotted). In Fig. 4.10d,
we compare the shock domain for ξ = 0.25, of the accretion flow which includes mass
loss (solid) and which does not mass loss (dotted). This shows that the reduction of
post-shock pressure due to mass loss, reduces the steady shock domain. Flow from
that part of the parameter space which admits shock without massloss, actually do not
show steady shock when massloss is allowed. So there is a possibility of massloss driven
shock oscillation too.
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Figure 4.8: Nature of Rṁ with ξ, λ - (a) Plot of xs with λ, (b) Rṁ with xs , (c) R
with xs , and (d) Rṁ with R for E = 1.0003. Each curve corresponds to ξ = 1.0 (solid),
0.635 (dotted), and 0.27 (dashed). Kumar et al. (2013).
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m
m
Figure 4.9: Rṁ
with ξ - The plot of maximum mass outflow rate Rṁ
with the composition
parameter ξ. Kumar et al. (2013).
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Figure 4.10: Shock -domains with ξ - Shock-domain in the E−λ parameter space with
mass loss. Flow composition ξ is marked. (a) Parameter space for ξ = 1.0 → 0.27 and (b)
for ξ = 0.25 → 0.025. (c) Comparison of the domains in E − λ space with mass loss (solid)
and without mass loss (dotted) for ξ = 1.0 and (d) Comparison of the ’shock-domain’ with
mass loss (solid) and without mass loss (dotted) for ξ = 0.27. Kumar et al. (2013).
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4.2

General fluid flow with PW-potential

Here, we are considering dissipative flow, which has viscosity and radiative cooling
around the BHs. We obtained the generalized Bernoulli parameter (ε), which is constant of motion in presence of viscosity and radiative cooling. We have studied the
all possible transonic accretion solutions for variety of boundary conditions, viscosity
parameters and accretion rates. We have also calculated the accretion disc luminosities
for given flow parameters. For the study of dissipative flow used fluid equations of
motion in form of differential equations are presented below.
Differential equations: We have simplified fluid equations (2.14 - 2.18) with
the help of relativistic EoS (2.70) and considering both viscous and radiative
cooling process, we obtained spatial derivatives of v, Θ and λ:
2
5x−3
a2 [ Γ+1
dv
2x(x−1) ] +
=
dx

νx2
vN (Γ+1)


dΩ 2
dx
v−

f (xs )
−
vN (Γ+1) [QS
a2 2
v [ Γ+1 ]

−

+ Q−
B] +

λ2
x3

−

1
2(x−1)2

,

(4.10)
derivative of temperature,


 2
2Θ
1 dv
5x − 3
νx2 t̃
dΩ
t̃f (xs )
dΘ
=−
+
−
+
[Q− +Q−
B ],
dx
2N + 1 v dx 2x(x − 1)
(2N + 1)v dx
(2N + 1)v S
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and derivative of specific angular momentum,

where,

dλ
dΩ
= 2xΩ + x2
,
dx
dx
dΩ
ΓuΩk (λ − λ0 )
=−
dx
αa2 x2

(4.12)
(4.13)

here Γ varies with distance. The cooling term is defined as Q− = Λ− /Σ =
−
χf (xs )(Q−
S + QB ), where χ is the cooling parameter, such that the radiative

cooling will be turned off by putting χ = 0, or will be turned on if χ =
1. Here, f (xs ) is a polynomial function (A.1) and called as Comptonization
parameter (Kumar et al. 2014), which is assumed to be generic and has been
presented in details in appendix (A). It is computed once the accretion shock is
present in the flow, otherwise, for shock free solution, f (xs ) = 1. The cooling
term also contains synchrotron emissivity, or, Λ−
S (Shapiro & Teukolsky 1983),
and bremsstrahlung emissivity, or, Λ−
B (Rybicki & Lightman 1979; Svensson
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1982)and are defined as
Q−
S

=

Λ−
S /Σ

S0 Θ3e

and
= √
v Θx3 (x − 1)

Q−
B

=

Λ−
B /Σ

√
B0 Θe

,
= √
v Θx3 (x − 1)

(4.14)

where,
S0 =
and

1
16 × 1.44 × 1017 e4 β ṁ
3
m3e c3 K 3/2 GM

1.44 × 1017 Kep ξ(2 − ξ)ṁ
1
,
GM c2
16πm2e K 3/2
p
= 32me c3 re2 αf (2/π)/3 = 1.2135 × 10−22 , ṁ = Ṁ /ṀEdd is the
B0 =

where, Kep

accretion rate in units of Eddington rate, the fine structure constant is given
by αf = 1/137.036 and classical electron radius re = 2.81794 × 10−13 cm. Here
we have considered ṀEdd = 1.44 × 1017 MB /M . The magnetic field (B) is
stochastic and is assumed to be in total or partial equipartition with the gas
pressure. The ratio between magnetic and gas pressure is β = B 2 /(8πp), such
that 0 ≤ β ≤ 1. To find an accretion solution, we have to integrate equations
(4.10)-(4.12). Since, accretion solutions are necessarily transonic in nature but
for dissipative flow the location of sonic point (xc ) or number of sonic points
are not known a priori.
Sonic point conditions: The sonic point conditions are mathematically represented as dv/dx = N/D −→ 0/0 and gives two equations, one by N = 0 and
other by D = 0. Which are
Mc2 =

2
ϑ2c
=
2
ac
Γc + 1

(4.15)
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−
−
1
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The bulk velocity gradient at the critical point is calculated by l0 Hospital rule
and is given by


dϑ
dx




=
c

dN/dx
dD/dx


.

(4.17)

x=xc

Equations (4.15—4.17) give the critical point conditions, which are used to
obtain the location of critical point and value of the flow variables of the flow.
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since, accretion solutions may pass through two critical points, which are inner
sonic point (xci ) and outer sonic point (xco ). These two critical points are
connected through shock transition.
Shock conditions: The explicit form of the shock conditions (2.27 - 2.30) in
a compact form for accretion solution are,



λ2−
t̃
λ− λ0
2
ϑ− − 2 c1 − h− + 2 −
+ ζ− = 0, Θ− =
c0 ϑ− − ϑ2−
2
2xs
xs
2
2
c2 a−
,
(4.18)
and
λ− = λ0 +
Γ− ϑ−
where c0 = [2Θ+ /t̃+ϑ2+ ]/ϑ+ , c1 = ϑ2+ /2+h+ −λ2+ /(2x2s )+λ+ λ0 /x2s −ζ+ , ζ+ =
1/2

1/2

ζS + + ζB + , c2 = Γ+ ϑ+ (λ+ − λ0 )/(a2+ ) and ζ− = (fΘ3 e ζS + + fΘe ζB + )/(fϑ2 fΘ ).
Moreover, fΘe = Θe− /Θe+ , fϑ = ϑ− /ϑ+ and fΘ = Θ− /Θ+ . All three quantities (ϑ− , Θ− and λ− ) in equation 4.18 are obtained simultaneously in terms of
post-shock quantities which eventually gives us the shock location xs .
If α 6= 0, χ 6= 0 and conserving E equation (2.23) instead of ε, it gives dissipative shock in presence of viscosity and cooling. Putting, ζ− = ζ+ = 0 in
equation (4.18), then we get dissipative shock and energy dissipation at shock
front can be calculated as 4ε = ε− − ε+ .

4.2.1

Solution procedure

We have solved equations (4.10)-(4.17), by using set of flow parameters, ε, λ0 , α, ξ and
in presence of radiative cooling (ṁ, β). Since, the sonic point for dissipative flow is
not known a priori, so as the first step to find complete solutions, one need to find
a method to compute the location of the sonic point. For the calculation of critical
point, we have used same mathematical techniques as before in chapter 3 but in solving
asymptotic values of flow variables near the horizon, we use the conservation equations
judiciously and do not need to make an explicit assumption of free fall close to the
horizon. So, we have get values of exponents (τ and B) of equation (3.13) are different
from as calculated in section (3.2), which are
√
2Θ
2
τ =2
and B = 4αλrg √
exp(k3 )Θ3/2 (3Θ + 2)k1 (3Θ + 2/η)k2 a2 .
Γ K Ṁ
And remaining computational techniques are same as in previous chapter 3, to find sonic
point. Once we find the sonic point then we can integrate equations (4.10, 4.11 and
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4.12) to and fro from sonic point then we get complete solutions for given parameters.
When integrating equations of motion outward from sonic point, also checking for
shock conditions. we calculate the supersonic branch quantities ϑ− , Θ− , and λ− at
the tentative jump radius x̄s . Using these variables and x̄s as the starting point, we
solve the equations of motion to find out the outer sonic point of xco by checking
the sonic point conditions (4.15-4.17) iteratively. Once xco is determined, then the
corresponding x̄s is the tentative shock location. Now supplying x̄s in equation (A.1),
we find the Comptonization factor F (x̄s ) and update Q− . With this new cooling,
we again recalculate the shock location by recalculating the sonic point and checking
shock conditions (4.18). Once the shock location converges to a value xs , we have a
self consistent shocked accretion solution.
Here, the accretion solutions are characterized by the following flow parameters: the
generalized Bernoulli parameter ε, and ṁ which are constants of motion. Furthermore,
λ0 or the angular momentum on the horizon is a constant of integration, and viscosity
parameter α are the two more parameters. On the top of that, ξ the composition
fraction determines the flow composition and therefore the EoS, and β controls the
synchrotron emission, by estimating the magnetic energy. It is to be understood that
the equations of motion (equations 2.27-2.30) are not over determined, because ṁ and
β together controls the cooling processes. It is to be remembered that supplying the
inner boundary condition (ε, λ0 , ṁ) to determine the sonic points in presence of α,
ξ and β is equivalent to, supplying the outer boundary condition (ε, λinj , ṁ), where
λinj is the specific angular momentum at the outer boundary. The outer boundary of
the disc is symbolized by xinj . Following equation (4.14), the total surface luminosity
of the disc is given by
Lt = 4π

Z

−
F (xs )(Q−
S + QB )Σxdx, and ` = Lt /LEdd ,

(4.19)

where Lt is the total luminosity and ` is the dimensionless luminosity in units of
LEdd ≈ 1.3 × 1038 (MB /M ). The relation between Eddington accretion rate and
Eddington limit is ṀEdd = LEdd /c2 .

4.2.2

All possible transonic accretion solutions for e− − p+ flow

In Fig. 4.11, we present the full ε − λ0 parameter space, and all possible accretion
solutions, corresponding to ξ = 1.0 or e− − p+ flow, α = 0.05, β = 0.01 and ṁ = 0.1.
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Figure 4.11: Division of parameter space - Division of the parameter space in ε − λ0
according to number of critical points and representative accretion solutions. Area ABDEA
and BCDB has three and two critical points, respectively. Area outside the bounded
region D0 BAEI and ε > 1 has single critical point, but for regions outside D0 BCDEI
and ε < 1 no critical points exit. Inset panels labelled as a, b, c, d, e, and f present
Mach number M = ϑ/a versus log(x), corresponding to the ε, λ0 values at the locations
marked in the parameter space. The dotted region FGHF is the shock parameter space,
and in panel (c) the vertical jump shows the position of the shock. Accretion solutions
are represented by solid curve. This parameter space and the associated solutions are for
α = 0.05, β = 0.01 and ṁ = 0.1. Kumar & Chattopadhyay (2014).
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Figure 4.12: Effect of α and ṁ - Effect of accretion rate and the viscosity parameter
on shock-free inviscid flow. The Mach number M are plotted with log(x) in all the panels,
for parameters ε = 1.001, λ0 = 1.46, β = 0.1 and ξ = 1.0. (a) Shock free solution
with only xco in the inviscid limit. Vertically down ↓ viscosity increases e.g.,(a - e), α =
0.0, 0.025, 0.03, 0.048 and 0.065, respectively, and χ = 0.0. Left to right, ṁ increases. For
panels a1 − a3 , we have cooling i.e.,χ = 1.0 and the accretion rates are ṁ = 3.5, 4.0 and
5.0. For panels b1 − b3 , χ = 1.0 and ṁ = 0.7, 1.4 and 2.1. For panels c1 − c3 , χ = 1.0 and
ṁ = 0.2, 0.8 and 1.6. For panels d1 − d3 , χ = 1.0 and ṁ = 0.1, 0.5 and 1.0. For panels
e1 − e3 , χ = 1.0 and ṁ = 0.01, 0.1 and 1.0. Wind type solutions are plotted as dotted
curve and dashed part of the transonic solution which is not followed by the flow. Kumar
& Chattopadhyay (2014).
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The solutions or the Mach number distributions M (= ϑ/a) for various parameters
are plotted in the inset. In Fig. 4.11, the inset panel labelled ‘a’ presents M versus
log(x), corresponding to location ‘a’ in the energy-angular momentum parameter space
for coordinates (ε, λ0 = 1.0005, 1.3). Increasing λ0 , we move to locations ‘b’ (ε, λ0 =
1.0005, 1.41), ‘c’ (ε, λ0 = 1.0005, 1.425) and ‘d’ (ε, λ0 = 1.0005, 1.52). And then for
higher ε, solution of panel ‘e’ represents solution corresponding to location ‘e’ (ε, λ0 =
1.003, 1.55), and panel ‘f’ corresponds to solution for (ε, λ0 = 0.985, 1.6). The global
transonic accretion solutions in the inset are represented by solid curve (black), and
solutions which represent wind-type solutions are represented by the dotted curve (red).
The dashed curve represents the transonic solution through which matter may pass.
Accretion flows with any value of ε and λ0 in the bounded region ABDEA has three
sonic points, and have a combination of closed and global solutions (e.g.,Figs. 4.11b - e).
In the domain of multiple sonic points, if the steady shock solution cannot be obtained,
and in addition, the solution through xco does not connect the horizon and infinity, then
the solutions through xco cannot be determined exactly, and so, only solutions through
inner sonic point are shown for Fig. 4.11d. The rough location of xco can be ascertained
for Fig. 4.11d, at the location where global solution through xci (solid, black), shows
a maximum. An ADAF-type solution, i.e.,monotonic M distribution through rci , is
shown in Fig. 4.11e. On the other hand, flows with ε and λ0 in the region BCDB have
two critical points, and produces only closed topologies and therefore no global transonic
solution (Fig. 4.11f). Within ABDEA, the bounded region FGHF produces steady,
non-dissipative shocked solutions (e.g.,Fig. 4.11c), which are obtained from equations
(2.27)-(2.30). The region outside BAEI and ε ≥ 1, there is only one sonic point
(e.g.,Figs. 4.11a & f). Figure 4.11a, has low angular momentum and therefore produces
a Bondi-type solution characterized by a single sonic point far away from the horizon,
even in presence of dissipation. Figure 4.11e, on the other hand, produces a solution
which is mostly subsonic and becomes transonic close to the horizon, and is similar to
ADAF-type solutions. Regions outside D0 BCD and ε < 1 and right of the curve DI,
there exists no critical point, and consequently steady state black hole accretion is not
allowed for such inner boundary conditions. The coordinates of the important points
which represents the multiple sonic point domain in the energy-angular momentum
parameter space are A (1.0055, 1.311), B (1.0, 1.385), C (0.959, 1.682), D (1.0, 1.822)
and E (1.0003, 1.824).
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We have shown that how solutions of electron-proton flow depend on ε and λ0 for
given values of α, β and ṁ, we now present dependence of advective solutions on α
and ṁ for given values of ε and λ0 . We choose flow parameters (ε, λ0 ) = (1.001, 1.46)
which produces shock-free solution with a single xco -type sonic point in the inviscid
limit, i.e.,for α = χ = 0 (Fig. 4.12a). Panels on the left, Figs. 4.12(a) - (e), represent
solutions without cooling i.e.,χ = 0.0, but increasing viscosity α = 0.025 (Fig. 4.12b),
α = 0.03 (Fig. 4.12c), α = 0.048 (Fig. 4.12d), α = 0.065 (Fig. 4.12e). We show that
a shock-free solution through a single xco in the inviscid limit (Fig. 4.12a), enters into
multi-critical point domain (Fig. 4.12b), and eventually generates shock (Fig. 4.12c) as
α is increased for the same inner boundary condition i.e.,ε − λ0 . Further increase of α
removes steady shock while still being in the multi-critical point domain (Fig. 4.12d),
and eventually produces a monotonic shock-free solution through xci or ADAF type
solution. In Figs. 4.12(a)-(a3 ), the solutions are inviscid, but ṁ is increased step by
step to values 3.5 (Fig. 4.12a1 ), 4.0 (Fig. 4.12a2 ), and 5.0 (Fig. 4.12a3 ). For Figs. 4.12
(b1 )-(b3 ), α = 0.025 (same as Fig. 4.12b), ṁ varies from 0.7, 1.4 and 2.1, respectively.
For Figs. 4.12(c1 )-(c3 ), α is same as in Fig. 4.12c, but ṁ varies as 0.2, 0.8 and 1.6,
respectively. The accretion rate ṁ increases from 0.1 in Fig. 4.12d1 , to 0.5 in Fig.
4.12d2 and then up to 1.0 in Fig. 4.12d3 , and has the same α as Fig. 4.12d. On the
other hand, α of Fig. 4.12e is used for Figs. 4.12(e1 )-(2e3 ), but accretion rates are
ṁ = 0.01 (Fig. 4.12e1 ), ṁ = 0.1 (Fig. 4.12e2 ) and ṁ = 1.0 (Fig. 4.12e3 ). Therefore,
it is clear that the very inner boundary condition (read ε − λ0 ) which produces a
shock-free, monotonic solution with only one xco sonic point in the inviscid limit, for
different α and ṁ will produce such varied λ and Θ distributions that would generate
solutions comprising multiple-sonic points, shocks, or monotonic ADAF-type solutions.
In Figs. 4.13 (a)-(h), we compare accretion solutions by varying α, χ or ṁ but
for either same inner boundary condition (IBC) or same outer boundary condition
(OBC). In Figs. 4.13 (a)-(d) we plot M , and in Figs. 4.13 (e)-(h) we plot log(λ) with
log(x). Each pair of horizontal panels show the Mach number and angular momentum
distribution of flows with same boundary condition. For example, Figs. 4.13 (a) and
(e) presents M and log(λ) distribution of accretion flows with same inner boundary
condition, i.e.,ε = 1.0001, and λ0 = 1.577, where each curve represents α = 0.0, χ =
0.0 (solid, black), α = 0.01, χ = 0.0 (dotted, red) and α = 0.01, χ = 1.0 (dashed, blue).
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Figure 4.13: Effect of α and ṁ with fixed either OBC or IBC - Variation of M (a-d)
and corresponding log(λ) (e-h) with log(x), for e− − p+ flow. Solutions (a and e) are plotted
for same ε = 1.0001, λ0 = 1.577. Each curve corresponds to α = 0.0, χ = 0.0 and a shock
at xs = 12.2236 (solid, black), α = 0.01, χ = 0.0 and a shock at xs = 22.1412 (dotted, red)
and α = 0.01, χ = 1.0 and a shock at xs = 49.4872 (dashed, blue). Each curve in (b and f)
is generated for α = 0.0, χ = 0.0 with xs = 183.9687 (solid, black), α = 0.01, χ = 0.0 with
xs = 13.5259 (dotted, red) and α = 0.01, χ = 1.0 with xs = 10.6728 (dashed blue), but for
same outer boundary conditions λinj = 1.7, Θinj = 9.811 × 10−2 and ϑinj = 1.928 × 10−3 ,
at xinj = 3686.02. Plots a and e, b and f have common parameters, β = 0.1 and ṁ = 0.1.
Each curve in (c and g) is plotted with α = 0.0494 and produces a shock at xs = 85.1545
(solid, black), α = 0.0534 and xs = 52.3582 (dotted, red), α = 0.0545 and xs = 24.5147
(dashed, blue) and χ = 1.0 but keeping other parameters, λinj = λK (xinj ) = 74.12, Θinj =
0.3999 and ϑinj = 4.3568 × 10−5 fixed at the outer boundary xinj = 10986.38 with β =
0.01, ṁ = 0.1. Each curve in (d) and (h) are plotted with different accretion rates ṁ = 0.1
(solid, black), 0.3 (dotted, red) and 0.5 (dashed, blue) and α = 0.01, β = 0.1 are fixed.
We keep λinj = λK (xinj ) = 136.67, Θinj = 3.554 and ϑinj = 1.1571 × 10−5 are fixed at the
outer boundary xinj = 37354.32. The shocks are at xs = 49.4872, 23.13107 and 12.3237,
respectively. Kumar & Chattopadhyay (2014).
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Clearly, λ = λ0 is a constant of motion for inviscid and adiabatic solution. Evidently,
the shock recedes as viscosity is turned on (xs = 12.2236 → 22.1412), and then
further recedes to xs = 49.4872 as the cooling is turned on over and above the viscous
dissipation. Since the effect of viscosity is to reduce angular momentum inwards, and
the effect of cooling is to reduce temperature inwards, therefore, keeping same inner
boundary and increasing viscosity and cooling implies both angular momentum and
temperature increases outwards. Higher temperature and angular momentum means
the shock front is shifted outwards. In Figs. 4.13 (b) and (f), we again compare
inviscid flow (solid, black), with flow in presence of viscosity, i.e.,α = 0.01, and χ =
0.0 (dotted, red), and viscous flow in presence of cooling ,i.e.,α = 0.01, χ = 1.0
(dashed, blue), but now the flows are launched with the same outer boundary condition,
i.e.,λinj = 1.7, Θinj = 9.811 × 10−2 and ϑinj = 1.928 × 10−3 , at the injection radius
xinj = 3686.02. The accretion rate is ṁ = 0.1 and β = 0.1 for the flow with χ =
1. Since in this case we start with the same temperature, angular momentum and
velocity at the outer boundary, viscosity and cooling processes decrease both λ and
Θ inwards. Therefore, for flows starting with same outer boundary condition, the net
effect of increasing viscosity and cooling is to reduce both the centrifugal force and
the pressure, so the shock front shifts closer to the horizon for viscous fluid with and
without cooling, compared to the inviscid flow. In Figs. 4.13c & g, we compare viscous
flows in presence of cooling (β = 0.01, ṁ = 0.1 and χ = 1.), and starting with the
same outer boundary condition (λinj = λK (xinj ) = 74.12, Θinj = 0.3999 and ϑinj =
4.3568 × 10−5 at xinj = 10986.38), but now for different viscosity parameters, namely,
α = 0.0494 (solid, black), 0.0534 (dotted, red), 0.0545 (dashed, blue). In the previous
panel, the solution started with sub-Keplerian flow at the outer boundary. In this
figure we compare flows with different α, but in presence of same cooling parameters,
and starting with Keplerian angular momentum (indicated by suffix K) at the outer
boundary. Increase of α shows that the reduction of λ causes the shock to shift inward
(see inset), even in presence of cooling. This shows that xs reduces with increasing
α for flows starting with same outer boundary condition. In the next pair of panels
Figs. 4.13 (d) and (h), we compare accretion solutions starting with the same outer
boundary condition (λinj = λK (xinj ) = 136.67, Θinj = 3.554 and ϑinj = 1.1571 × 10−5
at xinj = 37354.32), and same α = 0.01, but different ṁ = 0.1 (solid, black), ṁ = 0.3
(dotted, red) and ṁ = 0.5 (dashed, blue), in other words, we study the effect of
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cooling in a viscous flow starting with the same outer boundary condition. In this case,
although cooling does not directly affect the angular momentum equation (3.3), but it
affects the entropy equation and therefore the thermal energy, which reduces the postshock pressure. As a result shock moves inwards with the increase of cooling. Since
kinematic viscosity parameter (i.e.,ν, defined in equation 2.15) depends on both α and
a2 , so cooling processes will affect a and thereby in an indirect way cooling processes
will affect the angular distribution too, as is shown in Fig. 4.13h.

Figure 4.14: Variation of emissivity - Variation of emissivity per unit mass Q− (a)
and M (b) with x. Each curve represents a shock free (solid, black) and shocked accretion
solution (dashed, blue) generated with the same λinj = λK (xinj ) = 82.51 at xinj = 13614.44,
ε = 1.0005, β = 0.01 and ṁ = 0.1. The shocked solution is generated with α = 0.05 and
the shock free for α = 0.0505. Both the solutions are for e− − p+ flow. Luminosities for
shock free and shocked solutions are ` = 1.40 × 10−4 and 1.67 × 10−4 , respectively. Kumar
& Chattopadhyay (2014).
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We compare the emissivity per unit mass i.e.,Q− (Fig. 4.14a) and the Mach number
M (Fig. 4.14b) between a shock free (solid, black) and a shocked (dashed, blue)
accretion solution, starting with the same outer boundary condition ε = 1.0005, β =
0.01 and ṁ = 0.1 and λinj = λK (xinj ) = 82.51 at xinj = 13614.44. The shocked solution
is generated with α = 0.05 and the shock-free for α = 0.0505. Although the radiative
output is almost similar in the outer regions, but the post shock flow is more luminous.
The over all luminosity of shocked solution is more compared to the shock free solution,
even for flow with same composition, outer boundary condition and ṁ. Although we
can choose to compare even hotter shock free and shocked solutions, but the greater
Comptonization efficiency of shocked solution will in general be more luminous and will
also produce a harder spectrum.
In Fig. 4.15a, we plot the non-dissipative shock parameter space (SPS) ε − λ0
of accretion flow in presence of cooling (χ = 1, β = 0.01, and ṁ = 0.1), but for
different viscosity parameters α = 0.01 (solid, black), 0.05 (dotted, red), 0.1(dashed,
blue), 0.2 (long-dashed, cyan), and 0.3 (dotted-dashed, magenta). One can obtain
steady shocks at α > 0.3 in presence of cooling too. In Fig. 4.15b, we plot shock
parameter space ε − λ0 of accretion flow for a particular α = 0.01 but for different accretion rate ṁ = 0.1 (solid, black), 1.0 (dotted, red), 10.0(dashed, blue) and
20.0 (long-dashed, cyan), however, with synchrotron processes ignored, i.e.,β = 0. It
is interesting to note that shocked accretion solution can be obtained for fairly high α
and ṁ.
4.2.2.1

Dissipative shock in accretion flow

All shocked solutions presented in the preceding subsection have been examples of nondissipative shocks (fe = 0) obtained by solving equation (4.18). However, we have
also discussed, if the energy flux is not conserved and still there is a shock, then that
would be considered as a dissipative shock (fe = 0) but conserving E instead of ε
in presence of cooling(χ 6= 0). The dissipative and non-dissipative shock solutions
are presented Fig.4.16. In this figures, we compare accretion solutions starting with
the same outer boundary condition [ε = 1.000021, λinj = λK (xinj ) = 109.19 at xinj =
23842.73], same α = 0.01, β = 0.01 and ṁ = 1, but one solution harbours dissipative
shock (solid black) and the other solution harbours non-dissipative shock (dashed blue).
We compare M (Fig. 4.16a), log(λ) (Fig. 4.16b), ε (Fig. 4.16c) and E (Fig. 4.16d) as a
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Figure 4.15:
Non-dissipative SPS - (a) Non-dissipative shock parameter
space (SPS) with general Bernoulli parameter (ε) versus specific angular momentum (λ0 ) for α = 0.01 (solid, black), 0.05 (dotted, red), 0.1 (dashed, blue),
0.2 (long-dashed, cyan) and 0.3 (dotted-dashed, magenta) and with constant cooling parameters, ṁ = 0.1 and β = 0.01. (b) ε-λ0 parameter space for non-dissipative shock
for different ṁ = 0.1 (solid, black), 1.0 (dotted, red), 10.0 (dashed, blue) and 20.0(longdashed, cyan) and keeping α = 0.01 and β = 0.0 fixed. Both the plots are for e− − p+
flow. Kumar & Chattopadhyay (2014).
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Figure 4.16: Comparison of non-dissipative and dissipative shocks - Variation
of various physical quantities of the accretion flow such as Mach number M in plot (a),
specific angular momentum λ in plot (b), general Bernoulli parameter ε in plot (c), and
grand specific energy E in plot (d) are plotted with radial distance log(x). In all plots
solid (black) curves represent dissipative shock and dashed (blue) curves represent nondissipative shock solutions and having shock locations at 16.61 and 18.51, respectively.
The solutions are generated for α = 0.01, β = 0.01, and ṁ = 1. Outer boundary condition
is ε = 1.000021, λinj = λK (xinj ) = 109.19 at xinj = 23842.73. For dissipative shock, the
energy dissipated at the shock is ∆ε = 0.00221. Kumar & Chattopadhyay (2014).
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Figure 4.17:
SPS for non-dissipative and dissipative shocks - ε − λ0
parameter space for non-dissipative (a and b) and dissipative (c and d) shocks
in the flow.
Bounded regions in (a, c) are plotted with different accretion
rates, ṁ = 0.1 (solid line), 1.0 (dotted line) and 10.0 (dashed line) but keeping β = 0.01 fixed, and regions in (b, d) are plotted with different β =
0.01 (solid line), 0.1 (dotted line) and 1.0 (dashed line) but keeping ṁ = 0.1 fixed. All
plots are for the same viscosity parameter, α = 0.01. Kumar & Chattopadhyay (2014).
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function of log(x). Conservation of E across the shock is equivalent to a discontinuous
decrement in ε across the shock (solid curve in Fig. 4.16c), corresponding to an energy
dissipation of ∆ε = 0.00221. Compared to the non-dissipative shock, the dissipative
shock forms closer to the horizon because of ∆ε released at the dissipative shock. It is
also clear from Figs. 4.16c and d, that ε is a constant of motion in presence of viscous
dissipation and cooling processes, and E is not. In Figs. 4.17a-d, we plot the ε − λ0
shock parameter space for non-dissipative shock (Figs. 4.17a and b) and dissipative
shocks (Figs. 4.17c & d). In Figs. 4.17a and c, the steady shock parameter space are
bounded regions for ṁ = 0.1 (solid, black), ṁ = 1 (dotted, red), and ṁ = 10 (dashed,
blue), all the plots are generated for given values of α = 0.01 and β = 0.01. In Figs.
4.17b and d, the shock parameter space are the bounded regions characterized by β =
0.01 (solid line), 0.1 (dotted line) and 1.0 (dashed line) but keeping α = 0.01, and ṁ =
0.1 fixed. So in Figs. 4.17a and c, we compare non-dissipative and dissipative shocks
for same proportion of synchrotron losses but different mass supply, and in Figs 4.17b
and d, we compare non-dissipative and dissipative shocks for same mass supply but
different synchrotron losses. We kept the viscosity parameter same to see the effect of
ṁ and β. Clearly the parameter ranges for dissipative steady shock is larger. Evidently,
the combined parameter space for both non-dissipative and dissipative shocks is quite
significant. From Figs. 4.15a-b and 4.17a-d, it is clear that steady shock may exist
> 0.3, and
for fairly extreme flow parameters like super Eddington accretions rates, α ∼
fairly high magnetic energy.

4.2.2.2

Hyper-accretion rate

In Figs. 4.18a and c, we plot shock parameter spaces i.e.,bounded region of ṁ − λ0
and the corresponding ` − λ0 for a viscosity parameter α = 0.01, and in Figs. 4.18b
and d, the ṁ − λ0 and ` − λ0 shock parameter spaces for α = 0.05. Each curve are
plotted for ε = 1.0001 (solid, black) and ε = 1.001 (dotted, red). For all the plots χ = 1
and β = 0.01. It is interesting to note that a steady shock can form in accretion flow
even for super Eddington accretion rate, and can also radiate on or above Eddington
luminosity. The efficiency of conversion of accretion power to radiation also varies, for
example we consider two accretion solutions corresponding to ε = 1.0001 and α = 0.01,
and λ0 = 1.57 (S1 ) and λ0 = 1.515 (S2 ). The dimensionless temperature Θ of the
two solutions are plotted with x in log-log scale and are presented in the inset of Fig.
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Figure 4.18: SPS and luminosities - Shock parameter space ṁ − λ0 in panels (a and
c) and corresponding luminosities ` in panels (b and d). Plots (a and b) are generated for
viscosity parameter, α = 0.01 and plots (c and d) are generated for α = 0.05. Each curve
corresponds to, ε = 1.0001 (solid line) and 1.001 (dotted line). We keep β = 0.01 same
for all the plots. Inset in (a), Θ as a function of xin log-log scale. Solution S1 (shown in
ṁ − λ0 space) ε = 1.0001, λ0 = 1.57, α = 0.01, β = 0.01, ṁ = 0.1, xs = 20.02547 and
disc luminosity ` = 2.766 × 10−4 . Solution S2 (shown in ṁ − λ0 space) is for ε = 1.0001,
λ0 = 1.515, α = 0.01, β = 0.01, ṁ = 7.0, xs = 12.73524 and disc luminosity ` = 0.677. All
the plots are for e− − p+ flow. Kumar & Chattopadhyay (2014).
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4.18a. S1 corresponds to ṁ = 0.1 and ` = 2.766 × 10−4 and S2 corresponds to ṁ = 7
< 10−3 , while for
and ` = 0.677. The radiative efficiency defined as `/ṁ of S1 is ∼
S2 the efficiency is ∼ 0.1. Therefore, the range of radiative efficiency obtained from

our solutions, spans from radiatively inefficient advective flow to radiatively luminous
regime, and solely depends on the outer boundary conditions. So the cycle of low
luminosity to luminous but intermediate hard states in micro-quasars can be addressed
if all the solutions in the advective regime be considered.

4.2.3

Accretion-ejection in dissipative flow

Figure 4.19: Mass outflow rate in dissipative disc - Plot (a) Shock location, xs
versus λ0 , (b) outflow rate Rṁ with xs , (c) compression ratio, R = v− /v+ with xs and
(d) Rṁ with R. Each curve corresponds to constant general Bernoulli parameters, ε =
1.0002 (solid line), 1.0004 (dotted line) and 1.0006 (dashed line) and other parameters, α =
0.01, ξ = 1.0, β = 0.01 and ṁ = 0.1.
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Here accretion-ejection solutions and outflow rate (3.23) are calculated by a method
similar to that of the previous section (4.1). In fig. (4.19), we have plotted xs with
λ0 in plot (4.19a), Rṁ with xs in (4.19b), R with xs in (4.19c) and Rṁ with R for
composition parameter ξ = 1.0 and each curve plotted for different ε. In plot (4.19a),
xs increases with ε for a given λ0 and similarly for a given xs , Rṁ increases in plot
(4.19b) but R decreases in plot (4.19c) with increasing ε. This means Rṁ increases
with ε. Rṁ initially increases with increasing R, but maximizes at some value and then
start to decrease (Fig.4.19d). Very small R means the shock is located at large distance,
obviously the thermal driving would be less since the average post shock temperature
is lower for large xs . As R increases, i.e.,xs decreases, the flow gets hotter and hotter
post-shock disc can drive larger fraction of accreting matter as jets so Rṁ increases.
However decreasing xs means smaller post-disc. So till some optimal value of xs , the
thermal driving maximizes and dominates the decreasing volume of the post-shock disc,
beyond that, Rṁ decreases with increasing R. So, dissipative flow qualitatively follow
the same trend in Rṁ as in adiabatic flow, shown in Kumar et al. (2013).

4.3

Study of advective accretion disc in General relativistic approach:

Up till now, we have studied the black hole accretion ejection system with the help of
a pseudo potential obtained by Paczyńsky & Wiita (1980). For micro-quasars, observations by Fender et al. (2010) showed very little evidence of the role of black hole spin
in driving jets via Blandford-Znajek mechanism (Blandford & Znajek 1977). Although
the same has not been shown for AGN or quasar jets, but the morphological similarity
of micro-quasar and quasar jets prompts the community to expect similar properties for
jets around larger black holes too. This in effect means that the formation of jets has
more to do with the plasma physics in strong gravity, rather than the properties of the
space-time only. Therefore, we are quite justified to consider non-rotating black hole,
so that we can focus on the plasma physics part and not digress on the characteristics
of the space time. However, what is not justified, is to draw definitive conclusions only
on the basis of it, since PW potential itself violates the basic tenets of relativity close to
the horizon. It is because of these problems that we attempted to study the accretionejection system in pure general relativity. However, the problem is compounded by the
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lack of a thorough investigations of advective, transonic dissipative solutions in general
relativity, and therefore makes the problem more challenging.
In this section, we present rotating, steady-state, viscous accretion disc in vertically
hydro-static equilibrium around Schwarzschild black holes with relativistic multispecies
EoS (Chattopadhyay 2008; Chattopadhyay & Ryu 2009). The relativistic fluid equations (2.48 - 2.47) are simplified with the help of viscous shear rate equation (2.53),
assuming Q− = 0 and EoS (2.70). Here we have chosen geometrical unit system as
G = MB = c = 1. We present spatial derivative of flow variables v, l and Θ, and
chronologically they are
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These differential equations are again solved by using critical point conditions and
L0 hospital rule at critical point.
Sonic point conditions: Mathematical form of critical point equation is
dv/dr = 0/0, which gives two equations as,

 22
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p
where, radial four velocity urc = (1 − 2/rc ) vc γvc , total Lorentz factor γc =
p
p
γ v c γ φc =
γv2c + lc2 /rc2 , bulk velocity Lorentz factor γvc = 1/ 1 − vc2 and
q
√
angular Lorentz factor γφc = 1/ 1 − vφ2 c . Here, vφc = λc Ωc = lc /(rc γc ) and
subscript ‘c0 denotes the physical quantities at the location of critical point.
Shock conditions: The relativistic shock conditions are same as described in
subsection (2.1.2) of chapter 2. So, relativistic shock conditions in presence of
mass loss is written as,
˙ = 0; [Σhur2 + g rr W] = 0 and [Ė] = 0,
Ṁ+ = Ṁ− − Ṁout ; [J]

(4.25)

where, J˙ = Ṁ L0 = Ṁ (L − 2νσφr /ur ), Ė = Ṁ E, Σ = 2ρH and W = 2pH. We
have solved four shock conditions (4.25) simultaneously, then we get relation
between pre-shock and post-shock flow variables and are,
L+ = L− ; h0− u2− − k1 u− + 2Θ− = 0; k2 − exp(Xf − )h0− γv − = 0,

(4.26)

where, k1 = (1 − Rṁ )(h0+ u2+ + 2Θ+ )/u+ , k2 = exp(Xf + )h0+ γv + , h0 = (f +
2Θ) and u = vγv . Here, Xf − = (fl /fγ )2 Xl+ + fu fL2 XL+ /(fν fh ), Xl+ =
2
R r−3 l+
R ur (L+ −L0 )2
( r−2 ) r3 γ 2 dr, XL+ = − 2ν++ h+ r(r−2) dr, fl = l− /l+ , fγ = γv − /γv + , fu =
v+

ur− /ur+ , fL = (L− − L0 )/(L+ − L0 ), fν = ν− /ν+ , fh = h− /h+ , and Xf + =
Xl+ + XL+ .
Spherical Outflow geometry :- For simplicity, we have assumed non-rotating
and spherical outflow from the disc, so the relativistic fluid equations in spherical polar coordinate is written as, radial momentum equation,
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2
1
1 dpj
r
r r
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+ 2 + 1−
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drj
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ej + pj drj
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(4.27)

The integrated from of continuity equation,
Ṁout = 4πρj urj rj2 (1 − cos(θj )),

(4.28)

dej
dρj
− hj
= 0,
drj
drj

(4.29)

and entropy equation,

where, all the symbols have usual means but subscript ’j’ represents flow variable for jet. Now mass outflow rate defined as,
Rṁ =

Ṁout
1
=
r
r
2 (1 − cos(θ ))) + 1] ,
[Σ+ u− rs /(2Rρj ujb rjb
Ṁ−
j
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where, ρj = ρe exp(−rb /Hb ), urbj , rbj = (rc + rs )/3 and θj are jet base density,
radial four-velocity at jet base, jet base radius and angle from vertical axis.

4.3.1

Solution procedure

Accretion solutions of dissipative flow in full general relativity is mathematically and
technically very challenging, than those obtained by using the simplified pseudo-Newtonian
potential. As in the case of PW potential, in general relativity too we do not know the
location of the sonic point a priori. However, the major problem in general relativity
is that the shear tensor itself do not go to zero on the horizon. Moreover, the shear
tensor is far more complicated. The r − φ component of the shear tensor is not simply
proportional to dΩ/dr, but contains terms with radial four velocities and its derivatives, as well as, terms containing the angular speed Ω and uφ and their derivatives.
The other feature is the dependence of the angular momentum equation on the local
enthalpy of the flow. In short all the equations are highly non-linear and solving them
is non-trivial.
Since, close to the horizon gravity dominates all other physical process, so the
infall timescale of matter will be smaller than viscous time scale or any other time
scales. In other words, very close to the horizon matter is freely falling therefore,
E ' E. It may be remembered from chapter 2, that E is the generalized Bernoulli
parameter (also known as grand specific energy parameter) in presence of viscosity
and E is the canonical relativistic Bernoulli parameter. In steady state, for inviscid
flow E is a constant of motion and for viscous flow E is a constant of motion. In
addition, on the horizon matter is almost falling freely, therefore we assume that matter
p
velocity is close to free fall velocity, i.e ., at a distance rin → rg , vin = δ 2/rin . Here,
rg = 2rs = 2GMB /c2 , rin = 2.001rs and δ < 1 is determine by iteration method and
eventually satisfying critical point equations (4.23 and 4.24). These assumptions are
helpful in finding correct asymptotic values of flow variables very close to the horizon,
which are bulk velocity vin and flow temperature Θin and also bulk angular momentum
(L0 ) at the horizon by providing four flow parameters, constant of motion E, viscosity
parameter α, composition parameter ξ and specific angular momentum λin at rin .
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4.3.1.1

Method to find L0 and Θin

We have provided four flow parameters (E, ξ, α and λin or Lin ) and by using vin ,
we can calculate Θin from relativistic Bernoulli equation E = −hut . Since we know
p
ut [= − (1 − 2/r) γ] from vin , λin and E = E at r = rin = 2.001rs , so enthalpy (h)
can be expressed as cubic equation in Θ from enthalpy equation (2.71), which is
X3 Θ3 + X2 Θ2 + X1 Θ + X0 = 0,

(4.31)

where, X3 = 72η, X2 = 3[16(η + 1) − 3η t̃Xc ], X1 = 2[10 − 3t̃(Xc − 1)(η + 1)], X0 =
−4t̃(Xc − 1) and Xc = −E/ut . Equation (4.31) gives three real roots but two are
negative and only one is positive number, so we used positive root because negative
temperature is unphysical and symbolized as Θin . Now, L0 can be calculated from
equation (2.57) by assuming E = E at rin . Therefore, equation (2.57) can be written
as,
E=

E
,
γφ exp(Xf )

(4.32)

where, E = −hut . Since, we assumed at very close to the horizon E = E, so equation
(4.32) must satisfy the relation, γφ exp(Xf ) = 1. This condition written as,
1 dγφ
−
=
γφ dr



r−3
r−2




l2
ur (L − L0 )2
−
.
r3 γv2
2νhr(r − 2)

(4.33)

Now, simplifying just above equation with the help of equations (4.20) and (4.21), we
get quadratic in L0 equation. Which is
b2 L20 + b1 L0 + b0 = 0,

(4.34)

where, b2 = ur [t̃vvφ2 d/(4ΘDN Γ) + 1/h]/[2νr(r − 2)], b1 = −2Lb2 − a1 and b0 = b2 L2 +
a1 L + a0 . Here, a1 = [ur vφ2 (v − d/v)]/[νγv2 l(1 − 2/r)D], a0 = vvφ2 [−1 + (5r − 8)d/2 +
(r − 3)γφ2 d(vφ2 + 1/v 2 ) + (r − 2)(1 − d/v 2 )(1 − 2/γφ2 )]/[r(r − 2)D], d = 2a2 /(Γ + 1) and
D = [v − d(vφ2 v + 1/v)]. Equation (4.34) gives two real roots, one is greater than Lin
and other less than Lin , since viscosity transported angular momentum outward, so we
have chosen second root, which is less than Lin in our study.
Now, we have vin , Θin , Lin at rin = 2.001 and L0 or λ0 at horizon by using four flow
parameters, E, ξ, α and λin , so we can integrate equations (4.20 - 4.22) simultaneously
outward from rin .
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4.3.1.2

Method to find sonic point and shock

For a particular set of input parameters, we have flow variables, vin for a choice of δ < 1,
Θin from equation (4.31) and L0 from equation (4.34) at rin . Now we can integrate
equations (4.20 - 4.22) from rin outward and also check for critical point conditions
(4.23 - 4.24), if these conditions are not satisfied, we have to change the choice of δ
and again go for the next iteration. We have repeated this integration process until
the critical point conditions are satisfied with change in δ. When these conditions are
satisfied then we have location of critical point (rci ) corresponding to a unique L0 at
the horizon and other flow variables at rci such as Lc , Ec , Θc and vc . Once we know the
location of critical point for a particular set of parameters, we can integrate differential
equations (4.20 - 4.22) inward and outward from the rc and have full accretion solutions.
These accretion solution may passes through more than one critical points, so to find
such kind of solutions then we have to check for the shock transition. Therefore, when
we integrate outward from critical point, we check for the shock conditions (4.25), using
which we compute the pre-shock quantities (4.26). With these pre-shock quantities, we
integrate outwards but now check for critical point conditions (4.23 - 4.24) to locate the
outer critical point (rco ). Once we have obtained rco , then the corresponding location
of the shock jump is the shock location rs . From rco we can integrate outwards till
the outer edge of the disc. And in such cases we have a complete shocked viscous
accretion solution in general relativity, with all the flow variable obtained from very
close to the horizon, through the inner sonic point rci , shock location rs , through the
outer sonic point rco and finally to the outer edge of the accretion disc. Of course the
accretion solution might just pass through either of the sonic points, but no shock may
be obtained, which we term as shock-free solutions.

4.3.2

All possible accretion solutions

In this subsection we have generated all possible accretion solutions from the choice
of set of accretion parameters (E, ξ, α and λin ). In Figs. 4.20, we have drawn various
flow variables for a shock solution, for the same set of parameters, E = 1.0001, α =
0.01, ξ = 1.0 and λin = 2.99. In Fig. 4.20a, we have shown variation of accretion
Mach number(M = v/a) with radial distance (log(r)). Far away from the BH, flow
has very small Mach number i.e., very low bulk velocity and low but finite temperature
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Figure 4.20: Variation of accretion flow variables - In plots (a-i), we have plotted
variation of flow variables, Mach number (M ), matter velocity (v), temperature (Θ), constant of motion (E) and relativistic Bernoulli parameter (E), relativistic entropy accretion
rate (Ṁ), adiabatic index (Γ), angular velocity (uφ = l), specific angular momentum (λ)
and bulk angular momentum (L) with radial distance (log(r)), respectively. This accretion
solution are generated for set of flow parameters, E = 1.0001, ξ = 1.0, α = 0.01 and λin =
2.99. Chattopadhyay & Kumar to be submitted.
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(see, for example r → large in Figs. 4.20b, c). Sudden vertical jumps in the curve of
flow variables represent shock transition. In Fig. 4.20d, we have plotted variation of
Bernoulli parameter (E) with dashed line (blue) and grand specific energy parameter
(E) with solid line (red) for viscous accretion disc and E is constant throughout the
flow, similar to that shown by Kumar & Chattopadhyay (2013) in pseudo-Newtonian
regime. The variation of entropy accretion rate (Ṁ), specific angular momentum (λ)
and bulk angular momentum (L) shown in Fig. 4.20(e, h, i), respectively. They can be
shown to be constant in inviscid accretion flow. One more defining difference between
relativity and Newtonian regime is in the concept of angular momentum. In the Newtonian regime, the definition of angular-momentum for particles is not different from
that in fluid. However, since in relativity any form energy may respond to gravity, the
definition of specific angular momentum is different for particles and fluids in relativity.
For particles the definition of specific angular momentum is uφ or l, but for fluid the
definition is uφ /ut or λ. So in conservative system for example a rotating particle in
free fall in gravity, l is constant of motion, but for an adiabatic and inviscid fluid λ is
a constant of motion and l varies in space. In Fig. 4.20g, we show how uφ = l varies
with r for viscous flow. Variation of adiabatic index Γ has been plotted in Fig. 4.20f.
It shows, values of Γ is large at larger distance from the BH, which implies that the
flow is non-relativistic and of lower temperature, while very close to the BH value of Γ
is less and represents high temperature of the flow.
In Fig. 4.21, we present the full E − L0 parameter space, and all possible accretion
solutions, corresponding to ξ = 1.0 or e− − p+ flow, α = 0.01. The solutions or
the Mach number distributions M (= v/a) for various parameters are plotted in the
inset. In Fig. 4.21, the inset panel labelled ‘a’ presents M versus log(r), corresponding to location ‘a’ in the energy-angular momentum parameter space for coordinates
(E, L0 = 1.0005, 2.701). Increasing L0 , we move to location ‘b’ (E, L0 = 1.0005, 2.851),
‘c’ (E, L0 = 1.0005, 2.951) and ‘d’ (E, L0 = 1.0005, 3.051). And then for higher E, solution of panel ‘e’ represents solution corresponding to location ‘e’ (E, L0 = 1.0015, 3.054),
and panel ‘f’ corresponds to solution for (E, L0 = 0.9995, 2.948). The global transonic
accretion solutions in the inset are represented by solid curve (black), and solutions
which represent wind-type solutions are represented by the dotted curve (red). The
dashed curve represents the transonic solution through which matter may pass. Accretion flows with any value of E and L0 in the bounded region ABDEA has three sonic
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Figure 4.21: Division of parameter space - Division of the parameter space in E − L0
according to number of critical points and representative accretion solutions. Area ABDEA
and BCDB has three and two critical points, respectively. Area outside the bounded
region D0 BAEI and E > 1 has single critical point, but for regions outside D0 BCDEI
and ε < 1 no critical points exit. Inset panels labelled as a, b, c, d, e, and f present
Mach number M = v/a versus log(r), corresponding to the E, L0 values at the locations
marked in the parameter space. The dotted region FGHF is the shock parameter space,
and in panel (c) the vertical jump shows the position of the shock. Accretion solutions are
represented by solid (black) curve. This parameter space and the associated solutions are
for ξ = 1.0 and α = 0.01. Chattopadhyay & Kumar to be submitted.

119

4. FLOW SOLUTIONS WITH VARIABLE Γ AROUND BLACK HOLES

points, and have a combination of closed and global solutions (e.g.,Figs. 4.21b - e). In
the domain of multiple sonic points, if the steady shock solution cannot be obtained,
and in addition, the solution through xco does not connect the horizon and infinity,
then the solutions through xco cannot be determined exactly, and so, only solutions
through inner sonic point are shown for Fig. 4.21d. The rough location of xco can
be ascertained for Fig. 4.21d, at the location where global solution through xci (solid,
black), shows a maximum. An ADAF-type solution, i.e., monotonic M distribution
through rci , is shown in Fig. 4.21e. On the other hand, flows with E and L0 in the
region BCDB have two critical points, and produces only closed topologies and therefore no global transonic solution (Fig. 4.21f). Within ABDEA, the bounded region
FGHF produces steady, non-dissipative shocked solutions (e.g.,Fig. 4.21c), which are
obtained from equations (2.27)-(2.30). The region outside BAEI and E ≥ 1, there is
only one sonic point (e.g.,Figs. 4.21a & f). Figure 4.21a, has low angular momentum
and therefore produces a Bondi-type solution characterized by a single sonic point far
away from the horizon, even in presence of dissipation. Figure 4.21e, on the other
hand, produces a solution which is mostly subsonic and becomes transonic close to the
horizon, and is similar to ADAF-type solutions. Regions outside D0 BCD and ε < 1
and right of the curve DI, there exists no critical point, and consequently steady state
black hole accretion is not allowed for such inner boundary conditions. As far as we
know, investigation of viscous accretion disc in full GR with multi-species equation of
state has not been done before. We have investigated full parameter space having accretion solutions for given viscosity parameter and plotted all type of possible accretion
solutions. The coordinates of the important points which represents the multiple sonic
point domain in the energy-angular momentum parameter space are A (1.0066, 2.629),
B (1.0, 2.832), C (0.940, 3.403), D (1.0, 3.892) and E (1.0014, 3.908).

4.3.3

Accretion-ejection solutions

In Fig. 4.22a, we have represented accretion Mach number M (dotted line) and jet
Mach number Mj (solid line) with radial distances log(r) and log(rj ), respectively.
Other plots in fig.

4.22(b-f) represents variation of jet flow variables, vj (jet ve-

locity), Ej (jet Bernoulli parameter or jet specific energy), Θj (jet temperature), Γj
(jet adiabatic index) and Ṁj (jet entropy accretion rate) with radial distance, respectively. This accretion- ejection solution correspond to four input parameters, which
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Figure 4.22:
Jet flow variables - Represented the jet flow variables,
Mj , vj , Ej , Θj , Γj and Ṁj and accretion Mach number, M with radial distances log(rj )
and log(r). Here suffix ’j’ represents flow variable with jet quantities. This jet solution
associated with accretion disc parameters are E = 1.002, L0 = 2.8557, ξ = 1.0 and α = 0.01
and it generates shock at xs = 30.15 and mass outflow Rṁ = 0.015. Chattopadhyay &
Kumar to be submitted.
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are E = 1.002, L0 = 2.8557, ξ = 1.0 and α = 0.01. This produces shock location at
rs = 30.15 and mass outflow rate, Rṁ = 0.015.

Figure 4.23: Mass outflow rate - Plot (a) variation of shock location (rs ) with bulk
angular momentum (L0 at horizon). Plot (c) variation of compression ratio (R) with rs .
Plot (b) and (d) variation of mass outflow rate Rṁ with rs and R. Solid line, dotted line and
dashed line curves are corresponding to energy constant E = 1.0007, 1.0009 and 1.0011,
respectively and viscosity parameter, α = 0.01 with composition parameter, ξ = 1.0.
Chattopadhyay & Kumar to be submitted.

In fig. (4.23) we have shown variation of rs with L0 in plot (a), Rṁ with rs in plot (b),
R with rs in plot (c) and Rṁ with R in plot (d) for α = 0.01, ξ = 1.0. Each curve correspond to different energy, E = 1.0007 (solid-line), 1.0009 (dotted-line) and 1.0011 (dashed-line).
For a given value of L0 shock location(rs ) increases with E, but compression ratio
R = v− /v+ decreases. So mass outflow rate Rṁ increases but only by a small amount
because increase in energy is almost compensated by decrease in R. But Rṁ increases
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with rs means increase in post shock region, which drives the jet due to shock generated
extra thermal energy in it.
It is very clear that the mass outflow rate is lesser than that in PW potential
regime. This is because close to the horizon the solutions with PW potential is hotter
than the solutions in general relativity, therefore the thermal driving in the post-shock
general relativistic flow is lesser by almost 50% than that due to the PW potential. The
compression ratio R increases as the shock location moves closer to the horizon, but if rs
moves within a range, R actually decreases. The Rṁ vs R plot is also multivalued (red,
solid) unlike that due in the PW regime. These show a marked difference in the results
obtained in pure general relativity than those obtained in PW potential, justifying our
contention that ultimately all the solutions are to obtained using the general relativity
for a better understanding of the physics around black holes.
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5

Discussion and conclusion
Here, we discuss the conclusions of my thesis that are presented in different chapters.
Quasars and microquasars may show strong jets, and microquasar jets are correlated
with the spectral state of the objects. These jets and spectra are generated from
fluid accretion discs. So, in this thesis we have studied the accretion disc, origin of
the outflows or jets and change in jet strength with spectral index by changing disc
parameter and effect on outflows with composition of the fluid. We started with a
formalism which was comparatively a bit easy to implement and slowly added more
and more physics. In that endeavour, we started with Newtonian fluids under the
influence of gravity described by pseudo potential and Newtonian equation of state
of the fluid, then progressed to relativistic equation of state and then into relativistic
equations of motion and relativistic EoS of the fluid. In the following, we discuss the
salient points presented in various chapters.

5.1

Discussion with chapters

In chapter 2, we presented the general fluid equations in pseudo-Newtonian regime, as
well as, in full general relativistic regime. We have also discussed the general shock
conditions for the accretion solutions and jet geometry for the rotating outflows. We
have presented the form of the constant of motion for the general flow with appropriate assumptions. The form of Newtonian and relativistic EoS has also been presented
in this chapter. The aim of this chapter is to present all the equations in systematic
manner and to reduce repetition.
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As has been pointed above, in chapter 3 we consider Newtonian fluid equations with
non-relativistic EoS (read fixed Γ) of the fluid, but use a a form of viscosity which is
proportional to the shear (dΩ/dx) of the fluid. It is indeed elementary to show from the
first principles, that a purely x − φ component of shear in axisymmetry is proportional
to dΩ/dx. All though many studies have been conducted on viscous fluid, but there
has not been a thorough study of accretion-ejection system with this particular form of
viscosity. Most of the work done earlier, suffers from the assumptions that either the
viscous stress is proportional to gas pressure or total pressure. Little bit of work that
has been conducted with this form of viscosity do not either study all possible accretion
solution, or do not consider all possible shock solutions. So all those works are limited
by their choice of assumptions. We on the other hand studied all possible accretion
solution. In section (3.3), we have investigated all possible accretion solutions with this
shear viscosity. While doing so, we have compared solutions with same inner and outer
boundary conditions with change in viscosity, and have shown that these differences
produce a significant difference in interpreting the results. Solutions with same inner
boundary conditions (i.e., Fig. 3.2a), we found two critical viscosity parameters, the
first one being the onset of shock (αcl ), and other being the one above which offset the
standing shock (αcu ) and generates shock free global solution which is wholly subsonic
except close to the horizon or ADAF-type solution. If inviscid solution is having shock
(Fig. 3.2b) then only αcu will exist, while if inviscid solution is I or W − type then
neither αcl nor αcu exists. For solutions with the same outer boundary condition, i.e.,
flow starting with same E, λinj = λk (xinj ) at some injection radius xinj (e.g., Figs.
3.3), there would be an additional critical viscosity parameter α1 , which would allow a
global solution, when α ≥ α1 . We have also confirmed that fluids in such cases (e.g. Fig.
3.4), xs , would decrease or increase with the increase in α and it depends on the chosen
OBC. The decrease in xs with the increase in α is interesting. Chakrabarti & Titarchuk
(1995) for the first time argued that the post-shock disc is the elusive Compton cloud,
which inverse-Comptonizes the pre-shock soft photons to produce power law tail. If
the shock remains strong then we have the canonical hard state and when the shock
becomes weak or disappear we have the canonical soft state. Moreover, Molteni et al.
(1996a) showed that if the shock oscillates, it does with a frequency ω ∼ x−β
s , where
β = 1 → 3/2. If the shock oscillates then the hard radiation from it would oscillate
with the same frequency and could explain the mHz to few tens of Hz QPO observed
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in stellar mass black hole candidates. Outburst phase in microquasars starts with low
frequency QPOs in hard state, but as the source moves to intermediate states the QPO
frequency increases to a maximum and then goes down in the declining phase, a fact
well explained by approaching oscillating xs with the increase of viscosity (Chakrabarti
et al. 2009). Our steady state model also shows that if every other conditions at the
outer boundary is same, then xs decreases with the increase of α (Fig. A.1a), so we
expect with the increase of viscosity the shock oscillation too will increase, and therefore the shock oscillation model of QPO seems to follow observations.
In section (3.4), we have studied radiatively and thermally driven self-consistent bipolar
outflows. We can conclude that radiations from the pre and post shock disc participate
in multistage acceleration of the jets (Figs. 3.7, 3.9 & 3.11). Since radiation from the
post-shock disc affect the jet base, mass outflow and jet critical point, it is effective in
acceleration at the subsonic part (Figs 3.10), but pre-shock disc radiation only affect
and accelerate in the supersonic part of the jet and generates jets with high terminal speed (Figs 3.12). In Appendix (A), we have estimated `s /`ps (xs ) from radiative
losses from a set of solutions of advective disc. We used this relation to estimate `s ,
for given values of `ps and xs . It has been observationally established that steady jets
are observed from BH candidates, when the spectrum of the disc is in the hard state
(Gallo et al. 2003). In our model, the presence of strong shock is similar to the hard
state. We have shown that with increase of α for the disc solutions starting with same
E, λinj at xinj and calculated simultaneously disc-jet solutions, xs decreases and the
disc moved from low-intensity to brighter-intensity disc, then simultaneously the jet
becomes stronger (outflow rate increases) and faster as shown in Fig. (3.14). This
resembles qualitatively the transition of the disc from hard to intermediate-hard states
with associated strengthening of the jets from slow jets to faster and stronger jet, as
has been reported in observations. Since, xs decreases with increase in α so, we may
conjecture about evolution of QP Os frequency as ω ∼ x−β
s , β = 1 −→ 3/2 (Molteni
et al. 1996a). We are still to include a few more physical processes in our disc-jet
model, but our results qualitatively shows the correlation of disc spectral states and
the jet states, as are observed in microquasars. Moreover, our result also indicates that,
with multi-stage acceleration mechanism, truly relativistic jets from accretion disc are
a distinct possibility.
In last section of this chapter, we have studied time-dependent hydrodynamic viscous
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accretion flow in 2-D cylindrical geometry around Schwarzschild BHs. This simulation
work is based on the Lagrangian Total Variation Diminishing (TVD) scheme and remap
routine (Lee et al. 2011). TVD scheme strictly conserve all fluxes and was employed
to capture the shock accurately, and Lagrangian method was employed to handle the
angular momentum accurately. Here we have again investigated the shock-free and
shock solution for inviscid and viscous flow. We found that simulation achieves steady
state and matches with our analytical solutions quite accurately. This points at two
important issue, one, the veracity of our analytical solutions, secondly the quality of the
code. As the viscosity parameter is increased, the steady shock became unstable and
produced quasi periodic oscillation. In simulations, shock solution produced bipolar
outflows automatically. If one employ the methodology of Kumar et al. (2014) on to
these numerical codes we can then study the relation between QPOs and jets too.
In the first section of chapter 4, we have studied effect of composition on accretion solutions and outflows with adiabatic fluid flow. This was the first work, which combined
relativistic EoS with the dynamics of PW-potential. The first time, integral form of the
entropy equation for adiabatic relativistic fluid was also obtained (equation 2.74) and
is coined as relativistic adiabatic EoS. Using this, we redefined the entropy-accretion
rate for the multi-species, variable Γ flow (Equation 2.75). Here we have shown that
e− − e+ flow is thermally least relativistic and e− − p+ flow is also not most relativistic
flow, which is consistent with the previous studies (Chattopadhyay 2008; Chattopadhyay & Ryu 2009 and Chattopadhyay & Chakrabarti 2011). Pure e− − e+ flow is not
hot enough, It shows only one critical point for E < 1.0 (Figs 4.2), very near to the
BH, so no shocks and no bipolar outflows could be obtained. However, the flow with
some amount of proton shows formation of multiple critical points and shocks (Figs
4.3). So, we can conclude that purely e− − e+ fluid jets are not found, although leptondominated jets are possible. But, we found that thermally the most relativistic flow is
for ξ = 0.27, and consequently the maximum outflow rates can be obtained from a disc
for such values of ξ (Fig.4.9). In Figs. (4.4) we show, a part from standing adiabatic
shock other dissipative and isentropic shock can also form in the accretion flow.
In section 4.2 of chapter 4, we have investigated accretion onto black holes in presence
of viscosity and cooling. As far as we know, such an effort has also not been undertaken
before in the context of BH accretion. We obtained for the first time the expression
of generalized Bernoulli parameter (equation 2.22), which is a constant of motion in
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presence of viscosity and cooling in the accretion flow. In this section we have also
discussed the general non-dissipative shock conditions, which are laid down from first
principles by Landau & Liftshifz (1959), which we used in dissipative accretion flow. In
Figs. (4.11), we presented the entire ε − λ0 parameter space and identified the positions
of various type of accretion solutions in the parameter space. We obtained again all
possible transonic accretion solutions for a variety of boundary conditions, viscosity
parameters and accretion rates in figs. (4.12). We also showed that increasing viscosity
or cooling the shock moves closer to the horizon, provided flow is launched with same
outer boundary (Figs. 4.13), this we have also showed with fixed Γ EoS. We have considered bremsstrahlung and synchrotron processes as the dominant cooling processes.
The inverse Comptonization process has been taken into consideration through a fitting
function presented in appendix (A), where the fitted function is the Compton efficiency
for all kind of seed photons (equation A.1). We have considered this fitted function as
generic, as an obvious effort to simplify things related to Comptonization but nonetheless to incorporate some effects of it in the solution. Since the post shock disc has a
jump in temperature and density, it is puffed up, and can hence intercept additional
photons from the post shock disc and Comptonize it. A shock free disc has smooth
solutions and therefore will not be able to intercept additional photons, reducing the
Comptonization efficiency. As a result we found that the shocked disc is more luminous
than the shock free disc, even when they start with the same outer boundary condition (Figs. 4.14). We have shown that shock solutions can be found for high enough
viscosity, as well as, very high accretion rates (Figs. 4.15, 4.17 & 4.18). We have
compared the shock parameter space for both non-dissipative shocks and dissipative
shocks, and if the total shocked domain in the ε − λ0 parameter space is considered
then it is indeed quite significant. Furthermore, Fig. (4.18) shows a very interesting
phenomena in which, for high accretion rate and moderate viscosity parameter values,
luminosities of up to and over Eddington limit is possible. This is very interesting,
because Fig. (4.18) show that the radiative efficiency also depends on the accretion
rate and other disc parameters, and both radiatively inefficient flow and efficient flow is
possible by tuning the matter supply at the outer boundary. Figure 4.18, further show
that luminosities up to ` ∼ 1039 erg s−1 for BHCs of M ∼ 10M i.e., stellar mass black
holes, and ` ∼ 1046 erg s−1 for BHCs of M ∼ 108 M for super massive black holes can
be achieved in advective and shocked accretion domain even when only non-rotating
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black holes are assumed. This means higher luminosities may be achieved for shocked
accretion flow if Kerr black holes are considered. The luminosities are similar to ULX
luminosities. Furthermore, since super-Eddington accretion is possible, then the growth
of the central mass also comes into the ambit of future study. Simple minded estimates
show, that a black hole of 10M

will increase its mass by 10 % in about 5 Myr, if it

continues to accrete at 10ṀEdd . Here, we have again estimated mass outflow rate for
general dissipative flow (Figs. 4.19), and we have found same type of variations as in
adiabatic flow.
In section 4.3 of chapter 4, we have presented viscous accretion solutions with full relativistic regimes. There are few efforts to study viscous accretion flows (Peitz & Appl
1997; Gammie & Popham 1998; Takahashi 2007). However, an inflow outflow solution
has not been attempted before. While Peitz & Appl (1997) solved general relativistic
viscous equations of motion for the first time, but he considered fixed Γ EoS. Gammie
& Popham (1998) used variable Γ EoS in Kerr metric, while Takahashi solved viscous
equations of motion also with variable Γ but in Kerr-Schild metric. And none of them
estimated mass loss. Here, we have perfected a general methodology for the calculation
of critical point rc and critical bulk angular momentum Lc for a given values of λin
at rin and constant of motion E. We have also defined new general Bernoulli parameter in equation (2.57) for viscous flow and which is also a constant of motion (Fig.
4.20d, solid line). Here, we also investigated all possible accretion solutions and division
of parameter space in general relativity (Figs 4.21) as in pseudo-Newtonian geometry
and estimated the outflow rate from shocked accretion solutions. All type of possible
accretion solutions and outflow from a general relativistic shocked disc qualitatively
matches with solutions of PW-potential around BH. But few things are different from
the solutions with PW- potential and they are (I) general relativity fully satisfied the
inner boundary condition of the horizon but PW-potential is not good very close to the
horizon, (II) GR shows the maximum in the compression ratio (R) of shock solutions
(Figs. 4.23), which is not found in PW-potential solutions (Fig. 4.19). Since BHs are
relativistic objects. So, accretion flow must be investigated with full general relativistic
fluid around BHs.
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We have generated outflow self-consistently from the shock accretion disc solutions
without using any external systematic forces. It is ejected due to generated extra thermal force in the post-shock region and this outflow matter propagated along the two
funnel walls (Fig. 2.1). Interesting thing is that this outflow has entropy values in
between the entropy of pre-shock and post-shock flow. So, this naturally explains the
automatic generation of outflow from the shocked disc. We have shown that as jets
originate from post-shock disc becomes stronger as the spectral state moves from LS to
IS as observed in microquasars. Since post shock disc is the seat of hard radiation, so
inward motion of shock location with increase in viscosity could explain the evolution
of the QPOs. Since generated outflow due to extra thermal energy in the strong shock
< 0.1c. So, it require acceleration and
solutions are weak jets and having jet velocity ∼
we have accelerated it by using pre and post shock radiations as a form of multistage

acceleration. We get mildly relativistic jets as observed in IS of microquasars. Keeping
the idea of multistage acceleration, in future we will extend this by using Keplerian
component of the disc and magnetic field component. Regarding magnetic field component we will proceed to magneto-hydrodynamic (MHD) formalism for accretion disc
in future. Moreover, since shock location moves inward when increasing disc accretion
rates, while keeping outer boundary fixed as shown in section (4.2) of chapter 4, we
can also conclude that the relation between outflow, spectral states and evolution of
QPOs can also be shown by changing only accretion rate. We expect that, with the
increase of viscosity parameter the decrease in the mean shock location would increase
the QPO, and would continue to increase, as long as, the post-disc is not disrupted.
Since we showed that the disc becomes luminous and the jet strength increases, so
our result corroborates exactly the observations that, in the out bursting phase the
microquasar would move from low-hard state to intermediate states accompanied by
the increase in QPO and jet strength, but with the disruption of the post-shock disc
the QPO and the jet will disappear, only to repeat the entire sequence as the microquasar achieves right outer boundary condition. With the study of relativistic EoS, we
can conclude that pure leptonic jets are unlikely to form in nature around the black
holes. We got maximum outflow rate around corresponding maximally relativistic flow
composition around ξ = 0.27. We got disc total luminosity range from 0.001 to 1.2
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times the Eddington luminosity. Which could explain the radiatively inefficient and
efficient disc flow and moreover disc radiative efficiency increases with increasing accretion rate. Since in LS source is radiatively inefficient and as it moves from LS to IS
radiative efficiency increases, so increasing efficiency due to increase in accretion rate
seems to follow observations. This high accretion rate can explain the hyper accreting
ultra luminous X−ray source with higher than 10% radiative efficiency. Since radiative
efficiency also increases with Kerr parameter, so, in future we will extend this study to
rotating metric and that can help in understanding of generation of highly relativistic
and collimated jets in a better way around BHs and highly luminous X− ray source.
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Appendix A

Estimation of post-shock
luminosity from pre-shock
radiations
We consider a general radiative transfer model (Chakrabarti & Mandal 2006) which
consists of two components, a Keplerian disc on the equatorial plane and a subKeplerian component on the top of the Keplerian disc.

The Keplerian disc sup-

plies the multi-colour black body photons and a fraction of that photons are inverseComptonized by post-shock region. The pre-shock sub-Keplerian disc emits radiation
via bremsstrahlung and synchrotron process whereas the post-shock region produces
the same as in pre-shock along with the Comptonization of the local and intercepted soft
photons. We calculate the radiation spectrum of accretion disc using the viscous transonic shocked solution for a given outer boundary condition E = 0.001, λinj = 18.592
at xinj = 104 . For a given value of α, a shock is formed at xs . The frequency integrated pre-shock and post-shock luminosity is then calculated. It has been shown
in Kumar & Chattopadhyay (2013) that for the same set of boundary conditions, xs
decreases if α is increased. In our case for a range of 0.0091 ≤ α ≤ 0.01, for flows
starting with the same injection values mentioned above, the shock location changes
from xs = 131 → 7.8 (Fig. A.1). We calculate the ratio of post-shock to pre-shock
luminosity `s /`ps for different values of xs in the range mentioned above and it has
been plotted by dots in Fig. (A.1b). In Fig. A.1c we plot the associated variation
in photon index, which shows the spectra softens as shock moves inward. The ratio
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(`s /`ps ) increases initially as the shock move inward, reaching a maximum value and
then decreases sharply. This behaviour is due to fact that initially as shock moves
inward both post-shock temperature and density increases and hence post-shock luminosity increases but as shock reaches closer to central object the pre-shock luminosity
`ps increases and the increased supply of pre-shock photons cools down the post-shock
flow, and therefore the ratio would decrease too. We have fitted a polynomial through
the model data points and this general behaviour of `s /`ps with xs is used to calculate
`s for given value of `ps . The fitted polynomial for the relation between post-shock and
pre-shock disc luminosity is,
f (xs ) = −0.659234 + 0.127851 xs − 0.00043 x2s − 1.13 × 10−6 x3s ,
where, f (xs ) is the fitted function for `s /`ps .
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Figure A.1: Variation of shock location and photon index - Variation of (a) shock
location(xs ) with disc viscosity parameter(α), and (b) ratio of `s /`ps with shock locations,
and (c) the photon index Γ for the same injection values E = 0.001, λinj = 18.592 at disc
outer boundary, xinj = 104 but varying viscosity parameter(α) from 0.0091 to 0.01. In
plot (b) dot points are actual data points and solid line is the fitted polynomial.Kumar
et al. (2014).
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